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PREFACE. 


THE present treatise contains all the propositions which 
are usually included in elementary treatises on the T'heory 
of Equations, together with a collection of examples for 
exercise. . 

As the Theory of Equations involves a large number of 
interesting and important results, which can be demonstrated 
with simplicity and clearness, the subject may advantage- 
ously engage the attention of a student at an early period 
of his mathematical course. The present treatise may be 
read by those who are familiar with Algebra, since no 
higher knowledge is assumed, except in Arts. 175, 267, 
308—314, which may be postponed by those who are not 
acquainted with De Moivre’s Theorem in Trigonometry. 

This work may in fact be regarded as a sequel to that on 
Algebra by the present writer, and accordingly the student 
has occasionally been referred to the treatise on Algebra for 
preliminary information on some topics here discussed. 

In composing the present work, the author has obtained 

assistance from the treatises on Algebra by Bourdon, Lefe- 
-bure de Fourcy, and Mayer and Choquet; on special points 
he has consulted other writers, who are named in their appro- 
| priate places in the course of the work. 
_ The examples have been selected from the College and 
University examination papers, and the results have been 
given where it appeared necessary; in most cases however, 
from the nature of the question, the student will be able 
immediately to test the correctness of his answer. 
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In order to exhibit a comprehensive view of the sub- 
_ ject, the present treatise includes investigations which are 
not found in all the preceding elementary treatises, and also 
some investigations which are not found in any of them. 
Among these may be mentioned Cauchy’s proof that every 
equation has a root, Horner’s method, the theories of elimi- 
nation and expansion, Cauchy’s theorem on the number of 
imaginary roots, and the theory of determinants. ‘The ac- _ 
count of determinants has been principally taken from a 
treatise on that subject by Baltzer, which was published at_ 
Leipsic in 1857; this is an excellent work, distinguished — 
for the ppascaace of its proofs of the fundamental theo- . 
rems, and for the numercus aE Rai of those theorems | 
which it affords. 

For the parts of the Theory or Equations which are 
beyond an elementary treatise, the advanced student may 
consult Serret’s Cours d Algebre Supérieure.  'There, for. 
example, will be found a demonstration of the theorem, 
that the general algebraical solution of an equation of a 
degree above the fourth is impossible. Valuable historical 
information, relating to the higher parts of the subject, will 
be found in papers on Approximation and Numerical So- 
lution, by Mr James Cockle, in the Lady’s and Gentleman's 
Diary for the years 1854 and 1855, and also in papers on 
Equations of the Fifth Degree by the same author in the 
same work, for the years 1848, 1851, 1856, 1857, 1858, and © 
1860. | 


I. TODHUNTER. 


St Joun’s CoLiEGE, 
September, 1861. 
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THEORY OF EQUATIONS, 


I. INTRODUCTION. 


1. Tue reader can easily obtain a general idea of the object 
of the following treatise by a reference to the theory of quad- 
ratic equations which he is supposed to have already studied. 
The equation ax’ +b«+e¢=0 has two roots, namely, 


—~b+/b?—4ac | 
2a ; 


and with respect to these roots, we know that their sum is a 
and their product is = 5 that is, their sum is equal to the coeffi- 


cient of the second term of the equation a + : m+ =0, with its 


sign changed, and their product is equal to the last term of this 
equation. (See Algebra, Chap. xxi.) Now it may be said that 
the general object of the following pages is to establish results 
with respect to equations of a higher degree than the second, 
similar to those which have been established in Algebra respect- 
“Ing equations of the second degree. The results obtained will be 
‘useful in other branches of mathematics, and the methods of 
investigation will afford valuable exercise to the student, since 
| they are not too difficult for a person who has gained a knowledge 
of Algebra, and at the same time have sufficient variety to oc- 
cupy his attention. 


2. The words equation and root are already. familiar to the 
student from their use in Algebra; but for distinctness we will 
give a definition of them. ; 

T. E. : 1 
' fy 
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Any Algebraical expression which contains « may be called 
a function of «, and may be denoted by f(x). Any quantity 
~ which substituted for « in f(x) makes f(x) vanish, is called a. 
root of the equation /(x)=0. | 


An expression of the form 


2 


ac” + ba" +00" * +... tha tl, 


where 2 is a positive integer, and the coefficients a, 0, c...h, J,, 
do not involve 2, is called a rational integral function of x of 
the n™ degree; and if we wish to find what value of « makes) 
this function vanish we have to find a root of a rational integral 
equation of the n™ degree; this is the kind of equation which 
we shall consider in the present treatise. In such an equation 
we may if we please divide by the coefficient of the highest. 
power of «, so as to leave that power with only unity for its 
coefficient ; the equation then takes the form 


nl —2 2 Be 
e+ pe + p+ tp et p at p =0. 


Ls Pas 


We shall say that the equation is now in its semplest form; 
as will be seen hereafter, some of the properties of equations can 
be enunciated more concisely when the equation is in this form 
than when 2” has a coefficient which is not unity. If we do 
not wish. to suppose the coefficient of 2” to be unity, we may 
conveniently denote it by p,; then the equation takes the form 


pc" + pa" + p,o"~* +..+p +p wtp =0. 


3. It must then be remembered that by equation we mean 
rational integral equation; an equation which is not of this form 
may often be reduced to it by algebraical transformations; for 
example, the equation ax*+bx+c,/x=f may be reduced to a 
rational integral form by transposing ¢/x and f and then— 
squaring ; it will thus become a rational integral equation of 
the fourth degree. Equations which involve logarithmic func-_ 
tions, or exponential functions, or trigonometrical functions, or 
irrational algebraical functions, will not be directly included in 
our investigations; for example, such equations as tan #—e°=Q, 
or xlogz—a=0, will not be included. However, the theory 
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which will be given of rational integral equations will indirectly 
throw some light on these excluded equations. 


And when we speak of any function f(x) we shall always 
mean a rational integral function of «, unless the contrary is 


specified. 


4, A remark of some importance must be made with respect 
to the coefficients p,, P,) Poo---P,) im the equation 
pe" + pa + pe 
In the quadratic equation ax +bx+c=0 we are able to solve 
the equation without knowing what particular numbers are de- 
noted by a, 6, c; all we require to know is that a, 0, ¢ are some 
numbers independent of «. If we have to solve the equation 
x —12¢+15=0 we may either transpose the 15 and complete 
the square in the ordinary way, or we may take the general 
formule given in Art. 1, and put in them a=1, b=—12, c=15. 
If we wish to solve an equation without having the numerical 
values of the coefficients previously assigned, we are seeking 
what may be called the algebraical solution of the equation; 
and if we can effect the algebraical solution of the general 
equation of any degree, we may obtain a numerical solution of 
an equation of that degree, by substituting the numerical values 
of the coefficients in the general formula which gives the alge- 
-braical solution. As we proceed we shall find that the algebraical 
solution of equations up to the fourth degree inclusive has been 
effected ; but both in equations of the third degree and of the 
fourth degree, when we substitute the numerical values of the 
coefficients in a specific equation in the general formula, the 
result takes a form which is sometimes practically useless. And 
beyond equations of the fourth degree the general algebraical 
solution of equations has not been carried, and it appears can- 
not be carried. 


n—2 


+b p gw +p a2+p =0. 


But with respect to what may be called the arithmetical solu- 
tion of equations in which the coefficients are given numbers, 
more success has been obtained. Thus, for example, although 

1—2 
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we cannot solve algebraically the general equation of the fifth 
degree, we can by numerical calculation discover any root which 
an equation of the fifth degree with known numerical coefficients 


may have, or at least we can approximate as closely as we please 
to such a root. 


5. Let us denote by f(x) the expression 
pe" +p,0"" + pert. +p +p e+p ; 
then the value of this expression when «=a may be denoted by 
f(a). We will shew how the numerical value of f(a) may be 


most easily calculated, supposing that the coefficients of f(a), and 
also a itself, are specified numbers. 


Take for example an expression of the third degree; then 
we wish to find the numerical value of 


Py + PU + PU + Dy 
First obtain Po& 
add p,, this gives POtP, 3 
multiply by a, this gives p.a’+p,a;3 
add p,, this gives PU +p,O+D,3 
multiply by a, this gives p,a°+ p,q" + p,o;5 
add p,, this gives DU +p,0 +p + p.. 
We may arrange the process in the following way ; 
Po P, Ps Ps 
pa pa +p,4 pb +p,0' +0 
POtP, = Po +P APs == yaa + ,0' + p+ P, 


We may proceed in the same way whatever may be the 
degree of f(x). For example, required the numerical value of” 
3u* — 20° —5x+7 when «= 3. , 

3-2 0-5 + 7 
+9421 +63 +174 
+7 +21 +58 +181 

Thus the result is 181. ‘ 
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6. If any rational integral function of x vanishes when 
x =a, the function is diwisible by x —a. 


Let f(x) denote the function; then we have given that 
f (a) =0, and we have to prove that f(x) is divisible by x—a. 


Divide f(x) by x—a@ by common algebra until the remainder 
no longer contains «; let Q@ denote the quotient and F the re- 
mainder if there be one. Then /(a)=Q(«—a)+f. In this 
identity put a for x; since is a rational integral function of x 
it cannot become infinite when «=a; therefore Y («%— a) vanishes 
when «=a. Also /(#) vanishes when «=a by supposition. Thus 
# vanishes when «=a; but & does not contain x, so that if it 
vanishes when «=a it always vanishes. That is, 2=0 and x-—a 


divides f(a). 

7. The above demonstration is important and instructive ; 
we may however prove the theorem in another way, which will 
moreover have the advantage of exhibiting the form of the 
quotient Y. Suppose : 

J («)=p,0" + pe +p + ...+p +p, wv+p., 
then since f(a)=0 we have f(x) =/(x)—/(a) 
= p, (a"— a") +p, (a""'—a"™) + p,(a"* —a"*) +... +p, (@—a). 
Now the terms 2"— a’, x""'—a"™"’,... are all divisible by «—a 


(see Algebra, Art. 483). By performing the division we obtain 
for the quotient 


Dy (a + a0 + ara + ta" eta") 


+p, (x"* + a" + a?" * +... +a"~*) 
+. 

+p _.(x#+a) 

+p) 


We may rearrange the quotient thus ; 
Pye HOR + +p0+p) itis: 


: +pa" Sia 2 mo 0 -t+Pi_» 
and we may pauate it by 
afr? a, n~—3 


qe" * + Ge RG he FOL PTR 
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The new coefficients are therefore connected with each other 
and with the old coefficients by the formule 


GW =Po 7, =99,+ Pr 7, =99, + Py 7, = 49, + Ps seeeee 5 


that is, each new coefficient is found by multiplying the preceding 
new coefficient by a and then adding the corresponding old coeffi- 
cient. It will be observed that these new coefficients are succes- 
sively determined by the process of Art. 5, 


8. If x—a divide f(x) which is any rational integral func- 
tion of x, then ais a root of the equation f(x) = 9. 


For let Q denote the quotient when f(x) is divided by x—a, 
then f(z)=Q(x—a). In this identity puta for x, then Q is not 
infinite, and therefore Q(#—a) vanishes. Thus f(x) vanishes 
when «=a, and therefore a is a root of the equation /(x) = 0. 


9. To find the remainder when any rational integral function 
of x is dwided by x—c, where ¢ is any constant. 


Let f(x) denote any rational integral function of 2, and divide 
F(z) by «x—ec until the remainder is independent of x; let Q 
denote the quotient and & the remainder. Then 


I (#) = Q(x—c) +R. 
In this identity put c for x, then Q is not infinite, and therefore: 


Q(«x—c) vanishes; thus f(c)=. That is, R is equal to /(c) when: 
a=c, but R does not contain x, so that & is equal to /(c) always. 


For example; if 32*—2u°—5x+7 is divided by x-3, the 
quotient is 32°+7a?+21xe+58 and the remainder 181; see Arts, 
5 and 7. : 


10. Let f(x) be any rational integral function of x, and’ 
suppose x+y put for x; then we propose to arrange /(x+y)) 
according to powers of y, and to deterthine the coefficients of! 
the different powers. | 
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7%, 


Let f(a) =p," $e a" + pa 


+p, ¢+p_; then 
Sflaty=p, (ery) +p, (e+y) integers +p (a+y)+p.. 


Expand («+ y)",(«@+y)"", ... by the Binomial Theorem, and 
arrange the whole result according to powers of y; we thus 
obtain for f(«+ y) the following series ; 


n n—1 a—~2 
Po + P,% + px ee Dae ye oe 


af y\ np ge +(a—1)p,a"* + (n— 2) pa? +... ihe 


+ 3 {rn (n—1) pa? * + (1 —1)(m-2) pa +... + Ip, : 
fit, 
- ee oe 1) pa" "+(n—1)(n—2)...(n—1) pw" + | 


+ +s 


y" 
+ fat lees 
The first line of this series is obviously / (a). We shall denote 
the coefficient of y by f(x), the coefficient of —— a 3 by Ja), the 


coefficient of % rE a F(x), and so on; this notation becomes 


inconvenient when the number of accents is large, and so in 


general the coefficient of / will be denoted by /’(x). Hence 


if 


Fe+)=fe)+uf'@+ re) + Erne) + 


| [3 
+f tle) ea AG) 


By age it will be seen that the functions f(x), f(x), /”(x), 
J'(&), ... f(x) ave connected by the following general law ; in 
order to obtain /"*'(x).we multiply each term in /’(a) by the 
exponent of « in that term and then diminish the exponent by 
unity. 
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11. Let us suppose, for example, that f(x) is of the fourth 
degree ; let 
SF (x) = pc +p, +p.0? + pc t+ p,. 
Then FI '(x) = 4p,0° + 3px" + 2p,0 + py 
J'(x) = 4. 3p,0° + 3. 2p,0 + 2p,, 
f(a) = 4.3. 2p, 44+3. 2p,, 
foe) = 4.3.2.0 


ST (e+ y) =f (a) + yf (%) + re SI ’(a) + E y ¢ (a) + E uf a | 


If we suppose numerical values assigned to p,, p,, DP.» P. Py» and 
2, we may calculate separately f(x), f(a), ... by the method of 
Art. 5; we shall however hereafter, in explaining Horner’s method 
of solving equations, shew how these calculations may be most 
conveniently and systematically conducted. 


12. If we write the series for f(«+y) beginning with the 
highest power of y, we shall have 


a , oe n(n—I1 a 
S(@+Y)=Poy"+(P, + DP) Y '+4p,+(0-1)p.e+ = *nxe'hy : 


+4p, + (n— 2) py . itn os “bp, aia aoe ~ pi hy 
oe 
“40,4 (n—r+1)p,_ e+... Filer ore z ~ phy 
+... +f (a). 


This may be seen from the form already given for f(x +y), or by 
expanding separately every term in /(« + y), and arranging ac- 
cording to descending powers of y. 


13. The function /’(«) is called the jirst derived function of 
J (x), the function f(x) is called the second derived function of 
J (#), and soon. ‘The reader, when he is acquainted with the ele- 
ments of the Differential Calculus, will see that each derived 
function is the differential coefficient with respect to x of the 
immediately preceding derived function, and that the expression 
for f(@+y) in powers of y is an example of Zaylor’s Theorem. 
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Moreover, it must be observed that f(x) is deduced from /"(x) 
in precisely the same way as f’(#) is deduced from f(x). Thus 


F(x) is the first derived function of f’(«), and /’’(a) is the second 


derived function of f(x), and so on. Hence by the preceding 
Article we have 


PCH) LO +O) +5 SO + BSO+ 


r—1 
~ 2S G+ et 


Similarly 
Fer =f'@) +W"@+ GIO +- 


r—2 


ie ge, 1. 5 


—S"(@) 


And so on. 


14. In any rational integral function of x arranged according 


to descending powers of x, any term which occurs may be made to 


P,-\% 


a eee aaaOOEOEESEESESEEOOEOOe 


contain the sum of all which follow it, as many times as we please, 
by taking x large enough, and any term may be made to contain 
the sum of all which precede tt, as many times as we please, by 
taking x small enough. 


Let pv"+p,0" +p" "+...+p, 6 +p, +p, be any ra- 
tional integral function of x; suppose for example that the 7 term 
"“r¥" occurs; that is, suppose p_, not zero. Let g denote the 
numerical value of the greatest of the coefficients p, p_,,, ..-D,- 
The sum of all the terms which follow the +” term cannot exceed 


Arner hi 
g(a" "+a"-""+...4+04+1), that is, q- or . . The ratio of the r™ 
gna rti 
term to this is “ . S Per th Lb” , that is, re rae y: By taking x 


large enough, the numerator can be made as large as we please, 
and the denominator as near to g as we please ; thus the ratio can 
be made as great as we please. 
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This proves the first part of the proposition. To prove the 


1 
second part put «= 9? then we obtain the series 


: | 
oP +PYtPy +..+p,y" +py \ 


We have now to prove that by taking x small enough, that 
is by taking y large enough, any term py" which occurs can be 
made to bear as great a ratio as we please to the sum of the terms 
P,t+Dyt-..+p,..y" which precede it; this has been already 
proved in the first part. 


15. One of the first questions which can occur in the theory 
of equations is whether a root must exist for every equation; and 
we shall now give some simple propositions which establish the 
existence of a root in certain cases.. We shall require a theorem 
which is often assumed as obvious, but which may be proved in 
the manner shewn in the next Article. 


16. Let f(x) be any rational integral function of x, and f(a), 
J (6), the values of f(a) corresponding to the values a and 6b of x; 
then as « changes from a to 6 the function /(«) will change from 
J (a) to f(b), and will pass through every intermediate value. 


Let any value c be ascribed to a, and let f(c) be the corre- 
sponding value of f(x); let e+ be another value which may*be 


ascribed to x; then by taking / small enough f(¢+h) may be © 


made to differ as little as we please from f(c). For 


Fle+B) =S 0) +1F0)+ og SO +t FOF ESO) 


Then, by Art. 14, by taking 4 small enough, the first term of the © 
series 1f'’(c), . J iy Z J’(c),... which does not vanish, can — 


be made to contain the sum of all which follow it as often as we — 


please, and by taking / small enough this term will itself be ren- 


_ dered as small as we please. Therefore f(c+h)—/(c) can be made — 


as small as we please by taking # small enough. This shews that — 


PERO ee Oe Se te 
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as 2 changes, f(x) changes gradually, so that if f(x) takes any 
value for an assigned value of x, it will take another value as near 
as we please to the former, by taking another value of x which is 
sufficiently near to the assigned value. Hence as « changes from 
a to b, the function f(x) must pass without any imterruption from 
the value f(a) to the value /(6); for to assert that there could be 
interruption would amount to asserting that f(x) could take a 
certain value, and could not take a second value as near as we 
please to the first value. 


17. We do not assert in the preceding Article that /(x) 
always increases from f(a) to f(b), or always decreases from / (a) 
to f(b); it may be sometimes increasing and sometimes decreasing. 
What we assert is, that it passes without any sudden change of 
value, from the value f(a) to the value f(b). The proposition is 
one of great importance, and probably will appear nearly evident 
to the student on reflection. Jt is obvious that /(~) has some 
finite value for every finite value ascribed to 2; also we have 
proved that an indefinitely small change in x can only make an 
indefinitely small change in /(«), so that there can be no break in 
the succession of values which / (x) assumes. 


18. The student who is acquainted with Co-ordinate Geo- 
metry will find it useful and interesting to illustrate the present 
subject by conceiving curves drawn to represent the functions. 
Thus let f(a) be denoted by y, so that y=/(«) may be conceived to 
be the equation to a curve; then by supposing this curve drawn 
for the part lying between «=a and x=6,a good idea is obtained 
of the necessary consecutiveness in the values assumed by /(x) 


between the values f(a) and /(b). ; 


It must be observed that we do not restrict a, 6, f(a), f(b), to 
be positive quantities; and by values intermediate between /(a) 
and /(b) we mean intermediate in the algebraical sense; that 
is, any quantity 2 is intermediate between f(a) and /(d), which 
makes z—/(«) and f(b) —% of the same sign. 
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19. Lf two numbers substituted for x in a rational integral 
expression f(x) give results with contrary signs, one root at least of — 
the equation f(x) =0 lies between those values of x. 


Let a and 6 denote the two numbers; then f(a) and f(b) have 
contrary signs. By Art. 16, as « changes gradually from a to 6, 
the expression /(x) passes without any interruption of value from 
J (a) to f(b); but since f(a) and (6) are of contrary signs the 
value zero lies between them, so that f(#) must be equal to zero 
for some value of « between a and 0; that is, there is a root of the 
equation f(x) = 0 between a and 0. 


20. An equation of an odd degree has at least one real root. 
Let the equation be denoted by f(x) =0, where 


fF @a=p +p +... +p et+p, sq 
and ” is an odd number. 


When « is large enough the first term of f(x), namely p,2", — 
will be larger than the sum of all the rest by Art. 14, and there- 
fore the sign of f(x), will be the same as the sign of pa". Thus, 
by taking « large enough, the sign of /(«) can be made the same 
as the sign of p, when « is positive, and the contrary to that of p, 
when « is negative. Since then f(x) changes its sign as 2 passes 
from a suitable negative value to a suitable positive value, there 
must be some intermediate value of « which makes f («) vanish ; 
that is, there must be some real root of the equation f(x) =0. 


We may determine whether this root is positive or negative. — 
For when we put zero for x the sign of f(a) is the same as that. of 
5 Pa 

Po 
there will certainly be a negative root of the equation /(x)=0; 


Pr, Lhusifp and p, have the same sign, so tha is positive, 


and if p, and p, have contrary signs, so that on is negative, there 


; : 
will certainly be a positive root of the equation f(«)=0. Thus if 
an equation be of an odd degree, and be brought into its simplest — 
form by dividing by the coefficient of the highest power of a, it | 
will have a real root of the sign contrary to that of the last term. 


I (x) =a \ pet + pa’ + p+... +p ——t— 48, 8 
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21. An equation of an even degree which is m ts simplest form, 
and has its last term negative, has at least two real roots of contrary 
Signs. 


Let f(z)=0 be the equation; then when « is zero, f(x) is 
negative by supposition. When « is large enough /(«) is posi- 
tive, whether x is positive or negative. Thus there is some 
negative value of « which makes /(«) vanish, and also some posi- 
tive value of « which makes /(#) vanish. That is, the equation 
J (x) = 0 has certainly one negative root and one positive root. 


22. If the rational integral expression f(x) consists of a set of 
terms in which the coefficients are all of one sign, followed by a set 
of terms in which the coefficients are all of the contrary sign, the 
equation f(x) =0 has one positive root and only one positive root. 


By Arts. 20 and 21 the equation /(~)=0 must have one 
positive root; we proceed to shew that it has only one positive 
root. 

Let f(a) =p," +p," "+p"? +...+p,_ 2+p,. 

Suppose the coefficients Py P»y---p, all positive, and the remaining 
coefficients negative; let p,,.=—-P,,, P.4.=—-P say P, =P.’ 
Then we may write /(x) thus, 


The expression 9.0°+p.0 4 pa" 724 0.04 ancreases aS x in- 
0 1 2 r 


creases, unless 7 = 0, and then it remains constant; the expression 
tas feo! ; ; 
— + Fe + ne thay dinunishes as « increases. Thus as @ in- 
creases from zero onwards, the two expressions cannot be equal 
more than once. That is, f(x) =0 has only one positive root. 

The demonstration will be the same if we suppose the first set 
of coefficients negative and the second positive. 


23. To prevent any mistake it will be useful to draw attention 
to the precise results obtained in the last three Articles, 


In Art. 20 it is proved that the equation considered has at least ~~ 
one real root ; it is not proved that it has only one. In Art. 21 
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it is proved that the equation considered has at least two real roots ; 
it is not proved that it has only two. In Art. 22 it is proved that — 
the equation considered has one positive root and only one positive 
root: it is not proved that it has no negative root. 


24. The propositions in Arts. 20, 21, and 22, as to the exist- 
ence of roots in certain cases, depend upon the fact that we are © 
able to shew that /(x) undergoes a change of sign or changes of — 
sign. On the other hand, if in any case we can prove that /(«) re- 
tains one sign within a certain range of values for x, there can be 
no root of the equation /(x) =0 within that range of values for 2. 
The following obvious cases of this proposition may be noticed. 

(1) If the coefficients in f(a) are all positive, the equation 
J (x) =0 has no positive root. | 

(2) If all the coefficients of the even powers of x in f(x) have | 
one sign, and all the coefficients of the odd powers of « the contrary 
sign, the equation /(«) = 0 has no negative root. 

(3) Iff(«) involves only even powers of x and the coefficients 
are all of the same sign, the equation /(x)=0 has no real root. 

(4) If f(#) involves only odd powers of x and the coefficients 
are all of the same sign, the equation /(«)=0 has no real root 
except «= 0. 

We say in the last two cases that the equation has no real 
root, and we do not say that: the equation has no root, for we 
know that by virtue of some conventions an equation may in some — 
cases have imaginary roots ; see Algebra, Chapter xxv. | 
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25. We shall now prove that every rational integral equation — 
has a root, either real or of the form a+b fe Bike , where a and 6 are 4 
real ; such an expression as a + 6 eee where a and 0 are real, we . ) 
shall call an imaginary expression. That is, when we use the term ~ 
imaginary we shall always mean that the expression to which we © 


apply this term is of the form a+ br/—1, where a and b are real. 


ON THE EXISTENCE OF A ROOT. 15 


26. Thestudent is supposed to know that by virtue of certain 
conventions, imaginary expressions can be used in algebraical 
investigations, and theorems can be established respecting them. 
Thus, for example, the positive value of the square root of a’ +0’ 
is called the modulus of each of the expressions a+bJ/—T and 
pig 2F 0 9 ; and with this definition we can shew that the modulus 
of the product of two imaginary expressions is the product 
of the moduli of those two expressions. For the product of 
a+b/—1 and a’ +UN—1 is aa —bv +(ab’+ab)/—1, and the 
modulus of this is the positive value of the square root of 
(aa’ — bb’)? + (ab’ + ab)’, that is, of (a* + 0°)(a@* +b); that is, the 
modulus is the product of the moduli of the two given expressions. 
Also an imaginary expression a + bd/ —1 is considered to vanish 
when a and 6 vanish; that is, an imaginary expression vanishes 
when its modulus vanishes. Thus by what has just been shewn if 
the product of two imaginary expressions vanishes, the modulus of 
one of the expressions must vanish ; so that if the product of two 
or more imaginary expressions vanishes, one of the expressions them- 


selves must vanish ;- and if one of the expressions vanishes the pro- 
duct vanishes. 


27. The student who has not paid attention to the subject of 
imaginary expressions may consult the Algebra, Chap. xxv. The 
proof however that every equation has a root, real or imaginary, to 
which we shall now proceed, is somewhat difficult; the student 
therefore on reading this subject for the first time may assume this 
proposition, and reserve the remainder of the present chapter for 
future consideration. 


28. We shall first shew that a root, real or imaginary, exists 
for each of the following four equations ; 
a" —1, co" ——l1, On OPA ORS Pe ER! BS 
(1) a*=1. It is obvious that x=1 is a root of this equation. 


(2) w#=-1. Ifnis an odd number it is obvious that x=—1 
is a root of this equation. If is an even number suppose it equal 
to 2m; we have then to shew that there is a solution of z’"=—1 ; 
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this amounts to shewing that there is a solution of «" =+/—1, and 
is therefore included in the next two cases. 

(3) a*=+ J-L iw is an odd number it must be of one of 
the two forms 4m +1 and 4m+3,; in the former case + J— lisa 
root, since (+ J 1)" = +/—1, and in the latter case —/—1 isa 
root, since (— /— 1)"*? =+/-1. If n is an even number suppose 
it equal to mp, where m is an odd number, and p is some power of 
2, say 2%. Put y=2’, then the equation 2”? =+ /-1 may be 
written 7” =+»/— 1, and by what has been already shewn + /—1 
or —/— 1 isa suitable value of y, according as m is of the form 
4r+1 or 4r+3. We have then to find a value of « which will 
satisfy a2? =+ J-1 or # =—N—1, where p=2'. The required 
value can be obtained by common Algebra. For take the square 
root of +V—1 or of —V—1; this will give an expression of the 
form a+ fB /—1, where o and f are real; take the square root of 
a+ /—1, which will give a similar expression ; and so on ; see 
Algebra, Chapter xxv. Thus after gq extractions of the square ‘oth 
we arrive at an expression a+b—1, such that (a SN ae 6 
=+ vr Die eal 

(4) 2*=- J—1. This case is treated like (3). If x be an odd 
number, —V—1 or + /—1 is a root, according as m is of the form 


4m +1 or4m+3. If be an even number suppose it equal to mp, 
where m is an odd number and p = 2’, and proceed as before. 


29. Every rational integral equation has a root real or 
imaginary. 

Let f(x) =p,a" + p02" + pe? + + + Py + Py C+ Py» Where 
the coefficients p, p,, ---P,-» Pav» P, may be either real or 
imaginary ; we have to shew that the equation f(a) = 0 has a root 
either real or imaginary. If any imaginary expression be substi- 
tuted for x in f(x), we shall obtain a result of the form U + ae BS 
where U and V are real quantities, and we have to shew that an 
imaginary expression must exist which will make U=0 and V=0. 
This we prove in the following manner. Since U*+V* is always 
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areal positive quantity, if it cannot be zero there must be some 
_ value which is not greater than any other value, that is, there must 


be some value which cannot be diminished; but we shall now prove 


_ that if U* + V* have any value different from zero we can diminish 
that value by a suitable change in the expression which is substi- 
- tuted for a; so that it follows that U? + V* must be capable of the 
- value zero, that is, U and V must vanish simultaneously. 


Suppose a particular value assigned to 2, namely, a+b,/—1; 


let f(x) then become P+ Q./—1, where P and Q are not both 


zero. Now put a+b /—1+h for x in f(x); the value which f(a) 
then takes may be found by first expanding /(«+h) in powers of 


| h, and then putting @+ b,/—1 for «x. Suppose then 


7 h’ 1} h”" 
Slat+h) =X +hX ner ino +7 ple 


| where X, X’, X”, ... are functions of «; see Art. 10. Put a+b /_1 


vanish, since the last coefficient, which is that of 


for. a, then X becomes P+Q/—1. Some of the coefficients 


hs eee may vanish for this value of x, but they cannot all 


n 


eas 
n? 1s Pp, |2- 


Suppose A” the lowest power of 4 for which the coefficient does 
not vanish, and denote the coefficient of h" by R+S/—1, so 


that R and S are not both zero. Thus when a+0/—1+h is 


substituted for # the function (a) becomes 


P+QN-14(R+8/—1)h" +..., 


where the terms not expressed can only involve. powers of h 


higher than 4", Denote this by P’+ Q@J/—1. 
Let h=et, where « is a real positive quantity. By Art. 28 
it is in our power to take ¢ so that ¢" may be + 1 or —1; thus we 
can make 
P+ QN-1=P + Q/—14(R+S/—1)e"+..., 
so that PSP & hak 
Q = Q + Se" +..., 
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and PP 4 Q? =P? + QsUPR+QS\e"+...; 


where the terms not expressed can only involve powers of ¢ 
higher than e”. 


Now e may be taken so small that the sign of all the terms 
involving ¢ in the value of P” + Q” will be the same as the sign 


of + 2(PR+QS)e", provided PAL + QS be not zero; see Art. 14. 


We will first suppose that PR+QS is not zero. Then the 
sign of P?+@Q?— P?— Q’ is the same as the sign of + 2(P2 + QS)e”, 
when ¢ is taken small enough ; and we can ensure that this sign 
shall be negative by supposing that ¢" is —1 or +1, according as 
PR+ QS is positive or negative. We can therefore make P* + Q 
less than P? + Q”. 


Next suppose that PR + QOS is zero. Then instead of taking 
¢"=-+1, take *=+,/—1. Proceeding as before we shall obtain 


we ae 4 =P +O Fe 8 — ei - 4 +. 


so that Pie Pe Se te a, 
OY =) & Re" + ..,, 
and Pes QP =P? +? + 2(QR-PS)e"+..., 


where the terms not expressed can only involve powers of ¢ 
higher than e”. 


Now (PR+ QS) +(QR-—PS)*= (P? + Q°)(R? +8"); and this 
cannot be zero, because by supposition P’+* is not zero, and 
i? +S? was proved to be different from zero. Thus since PR + QS 
is zero, QR—PS is not zero. Therefore the sign of P”?+Q°—P?—Q? 
will be the same as the sign of + 2(QA—PS)e” when ¢ is taken 
small enough; and we can ensure that this sign shall be negative 
by supposing that ¢” is — /—1 or +/—1, according as QR — PS is 
positive or negative. We can therefore make P”+Q” less than 
PP +. 

We have thus shewn that when U’*+V* has any value different 
from zero we can diminish that value by a suitable change in the: 
expression which is substituted for x; that is, U*+V* is not 
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susceptible of any positive value which cannot be diminished ; 
hence, as we have already stated, it must be possible that U=0 
and. V= 0 simultaneously. 


) riOb:h: Et remains to be shewn that a and 6 in the expression 
eeoyeT 1, which is the value of « that makes /(x) vanish, are 


JSunite. 


We have /(x) = ari Pe 4 Pes + Pat, 
K ) Po pt pe poe 
Substitute a+ bs/—1 for «; then f(x) becomes 
ae Py Ps Pn ) 
nr (a+b =iy{1+ ; ane romney EN 
‘ (a N pat b/—1 ) "pads } pat br 1)") 
Take any. term of the series within the brackets, for example, 
| that involving p,; we have 


Pr»  ple- 0 RY _ pa ot b*) _ 2p,abJ=1 
PA& + bnf 1)" Pla + 6° r ~ pa? ube b*)? pie 1 67)? 
=A+ Bs ~d, Say. 


| Then it is evident that A and £& diminish without limit as 
|a@ and 6 increase without limit. Thus denoting the value of /(z) 
| when z=a+bN—1 by U+ VN—1, we have 

U+ Vil=1=9,(a +b/= 1p + A+ BT, 

| where 4’ and B’ diminish without limit as @ and 6b increase with- 
out limit. Also we shall have 

U-ViJ-—1t=nfo—b/—-1 44 Bai} 

thus 0? + V'=p(at+by{(1+Ay+ Bb", 

and this increases without limit when a and 0 increase without 
limit; for the factor (a*°+06*)" increases without limit, and the 
factor (1+A’)?+ B® tends to unity as its limit. Thus U°+V° 


cannot vanish when a and 6 are indefinitely great, or when either 
of them is indefinitely great. 


31. It will be observed that in the demonstration of Article 
29, the coefficients of the proposed equation may be either real © 
2—2 
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or imaginary. We shall however in the subsequent part of this — 
book always suppose the coefficients to be real unless the contrary — 
be stated. 


32. The proof given in this chapter of the existence of a root — 
of an equation is called Cauchy’s proof. The subject has recently 
been again discussed by mathematicians, and two memoirs will be 
found on it in the Tenth Volume of the Transactions of the 
Cambridge Philosophical Society, one by Mr De Morgan, and the > 
other by Mr Airy; there is a supplement to the latter. It ap- 
pears from Mr De Morgan’s memoir that the proof known as 
Cauchy’s had been previously given in substance by Argand. 
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33. LHvery equation has as many roots as % has dimensions, 
and no more. 


Suppose the equation to be of the n™ degree, and denote it by 
F(a) =0, where f(a) =p,0" + p,0°"' + po + ...,.. +p, +p. By 
Chapter 11. the equation f(x) = 0 has a root either real or imaginary; 
let a, denote that root. Therefore /(x) is divisible. by «—a,, by 
Art. 6; so that f(x) =(«x—a,)¢,(x), where ¢,(x) is some integral 
algebraical function of # of the (n—1)™ degree. Again by Chapter 
u. the equation ¢,(~) = 0 has a root either real or imaginary; let 
a, denote that root. Therefore $x) is divisible by «—a,, by 
Art. 6; so that $,(x)=(x—4a,)$,(x), where ¢$,(x) is some rational 
integral algebraical function of « of the (x — 2) degree. Therefore 
f(a) =(%—a,)(x@—a,)¢,(x). By proceeding in this way we shall 
obtain 2 factors of f(x) denoted by x-a,, w—a,, ...... LH, ; 
and the only other factor must be p, because the coefficient of x" 
in f(x) isp, Thus | 

J(#) = p(x , a, (a a, a,)(a es a.) AG sty (2 ve a). 

Hence the equation f(x) = 0 has n roots, because /(x) vanishes when | 


we put for ~ any one of the ” quantities a,, a,, ...... a. And the 
equation has no more than 7 roots, because if we ascribe to x a | 


n—I] 
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value ¢ which is not one of the 7 values @,, @,, ...... a, the value 
of f(x) becomes 

ple ie a,)(¢ * a)(C on as) wie ee (¢ os a,,) ; 
this is not zero because every factor is different from zero; and the 
product of factors real or imaginary wili not vanish if none of the 
factors vanish ; see Art. 26. 


34. The roofs in the preceding article are all either real, or of 
the form a+b/—1, where a and b are real. And some of the 
TOOTS @,, Gy «+--+ a, may be egual so that there are not necessarily 
n different roots of an equation of the n™ degree. The student may 
perhaps be disposed to doubt the propriety of saying that an equa- 
| tion of the n™ degree has always ” roots, when these roots are not 
| necessarily all different. It is however found convenient to con- 
sider that an equation of the n™ degree always has m roots, although 
some of the roots may be equal ; just as in common algebra it is 
found convenient to speak of the quadratic equation aa + ba +¢=0 
|as having two equal roots when b*=4ac, rather than as having 
then only one root. 


35. The only preceding Article of the book which can be at 
all affected by the consideration of the possibility of egual roots, 
' which has just been introduced, is Article 22. In that Article it 
is shewn that an equation of a certain form cannot have two different 
| positiwe roots, but the demonstration there given does not exclude 
| the possibility of a second root or of more roots egual to the root 
which necessarily exists. After we have proved Descartes’s rule of 
| signs however it will be obvious that the equation in question can 
| only have one root without any repetition. 


36. If we know a root a, of the equation f(x) =0 we know 
that f(x) =(« —a,)$,(~) where ¢,(«) is a function of x one degree 
| lower than f(x); and the remaining roots of f(x) = 0 can be found if 
we can solve the equation ¢,(«) = 0 which is one degree lower than 
| f(«)=0. Similarly if we know two roots a, and a, of the equation 
f(x) =0 we know that /(x) = (#—a,)(x—a,)$,(w) where ¢,(x) is a 
_ function of x two degrees lower than /(x) ; and the remaining roots 
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of f(z) =0 can be found if we can solve the equation ¢,(x) = 0, 


which is two degrees lower than f(x)=0. And so on. 


37. IRf f(x) be any rational integral algebraical function of « 
of the m™ degree, we have shewn that f(x) must be capable of 
resolution into 2 factors of the first degree, so that 


J (&) = p,(@ — 4,)("@ — &,)...... (x — a,), 


where @, @,, ...... a, are either real or imaginary. It is to be | 
observed that there is only one system of factors into which /(x) — 


can be resolved; this has already appeared when the quantities 4, 


d,...@, are all unequal, but it still remains to be shewn that when 
some of the quantities a,, @,,...¢,, are equal, /(«) cannot be formed © 


n? 


in different ways in which the same factors occur with different 
exponents. If possible suppose that 


SF) = p,(x—a,)"(a — a,)°(@— a,)'...... 
and also I(x) = p,(@ — @,)P(@ — a) "(a — @,)7 0... 
Suppose 7 greater than p ; then dividing by (a —a,)? we have 


p(x — a,)” °(a —a,)(x —a,)'......=p,(@ — @,)"(a —A,)7... 


Now the left-hand member vanishes when x=a,, but the right- | 


hand member does not ; the expressions then cannot be identical, 
and therefore f(x) cannot admit of more than one system of factors. — 


38. If any rational integral function of x of the n™ degree — 
vanishes for more than n different values of x every coefficient in the — 
function must be zero, so that the function must be zero for every 


value of x. 


For if any coefficient in the function is not zero the function — 
will not vanish for more than 7 different values of x, so that if the © 
function does vanish for more than » different values of x every 


coefficient in the function must be zero. 


* 


39. The proof in the preceding Article makes the proposition — 
depend upon the fact that an equation of the n™ degree has ; 
roots, and thus ultimately upon the investigations in Chapter 1, | 


* 


teaveeha AO NRA. Cri AB ee NE Mea Sn 


PROPERTIES OF EQUATIONS. pe 


| We may however establish the proposition by an inductive proof 
| which does not require the investigations in Chapter m1. 


Suppose it true that when a function of x of the n™ degree 
vanishes for more than n different values of x every coefficient in the 
function is zero; and that we require to shew that when a function 


| of x of the (7+ 1)™ degree vanishes for more than n+ 1 different 
| values of « every coefficient in the function is zero. 


Let f(x) = 9,0) + 9,0" +," + eee. +¢,x+q,,,, and suppose 


that more than 2 +1 values of « make /(a) vanish. Let a be one 


of these values so that f(@)=0. Then f(x) = f(x) —f(a) 


=q(a"*' — a") + q(x" — a") +9(a**-— a") + 00... +q (a% — a). 


_ This may be written in the form 


S(®) =(@- a)b(@), 


| where (x) is a function of w of the n™ degree. Since then there 


are more than 7 different values of x, exclusive of a, which make 


_ f(x) vanish, there are more than 7 different values of « which make 
_ $(x) vanish ; therefore by supposition every coefficient in (zx) is 
zero, Now by Art. 7, 


P(X) = eee" + (Go +g) + (ye! + G4 + Y)aer + oars 
thus g,= 0 because the coefficient of «” is zero, then g, = 0 because 
the coefficient of z*~* is also zero, then q, = 0 because the coefficient 


w—2 


of a”~* is also zero, and so on. 


Thus every coefficient in f(a) is zero. 


This establishes the proposition, since it is known to be true 
for expressions of the first and second degree. 


40. If f(~) be any function of x of the n* degree we have 
shewn that /(«) may be resolved into m factors of the first degree. 
Each of these factors will divide f(a) so that f(x) will admit of x 
divisors of the first degree. Similarly as the product of any two 
of the factors of the first degree contained in f(x) will be a factor 
of the second degree contained in f(x), it follows that f(x) will 
nn —1) 


admit of 3 


divisors of the second degree. Proceeding thus 
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we see that f(x) will admit of as many divisors of the 7 degree 
as there are combinations of n things taken 7 at a time, that is, f(x) 


—Il)...(n—r+1),.. 
will admit of niet) ‘ watitl divisors of the 7 degree. 

But it must be remembered that the divisors of any degree, 
as for example the second, will not necessarily be all different, be- 
cause the factors of the first degree in /(x) are not necessarily all 
different. The proposition however shews that there cannot be 


more than i ic seth) different divisors of the r‘" degree. 


41. In an equation with real coefficients imaginary roots occur 
im pars. 

Let f(a) be a rational integral function of « in which the coeffi- 
cients are all real; then if a+ @/—1 is a root of the equation 
J (x)= 0 so also is a— /—1 a root. 

For when a+ 8-1 is put for « the function f(x) takes the 
form P + QB /—1, where P and Q involve even powers of B.. This 


is obvious, because if such an expression as x” be expanded, where 


2—a+f/—1, the even powers of B /—1 will give rise to real 


terms, so that ./—1 will occur only in connexion with odd powers 


of 8. And as the coefficients in f(x) are supposed real JT cannot 


occur except with some odd power of 6. If then a—BN—1 be 
substituted for x in f(x) the result will be obtained by changing 


the sign of @ in the result obtained by substituting a + B /—1 for 
a2; the result is therefore P — QB J—1. If then a+BN—1 isa 
root of f(x) =0 we have P=0 and Y= 0, so that a—£ r/—=1 is also 
a root of f(x) = 0. 


42. Thus if f(x) be a rational integral function of # with real 
coefficients, and have a factor «—a, where a4,=a+fP—1, it has 


also a factor «-—a, where a,=a— Balak The product of the q 


two factors e—a—B»/—1 and o- a4 Bala iin («—a)’ +B’, or 
x —2ax+a° + B° ; that is, the product is a real quadratic factor. 


a ee eT, ee ee ee 
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| 43. We have thus arrived at the result that any rational 
integral function of « with real coefficients may be regarded as the 
product of real factors, either simple or quadratic ; and that there 
is only one such system of factors for any given function. Thus 
f(x) roust be of the form (x —a)(w —6)(a—c)...(e—k) (x), where 
a, 6, ¢,...& are all the real roots of f(z)=0, and («) is a function 
consisting of the product of quadratic factors which cannot change 
its sign. 


44, In the manner of Art. 41 it may be shewn that if the 
coefficients of any rational integral function /(«) of « be themselves 
rational, and the equation f(a) =0-has a root of the form a+/b 


where »/6 isa surd, the equation has also aroot a—Vb. Thus f (x) 
has a rational quadratic factor (a — a)’ —b. 


45. To investigate the relations between the coefficients of the 
function f(x) and the roots of the equation f(x) =0. 


a 
y 


Let J (#) = x" +p te. + pe" + Roe + DP, _% 24> ( As 


and suppose that the roots of the equation f(x) =0 are @,, @,,...d, ; 
then 


J (x) = (% — a,)(%—a,)... (e—a,). 
Since these two expressions for J(«) are identically equal, relations 
exist between the coefficients p,, p,,...p,, and the quantities 
G,, G,...@,; these relations we shall now exhibit. 

By ordinary multiplication we obtain 
(x — a,)(% — a,) = a— (a, + a,)e+a,a,, 
(a — a,)(x— a,)(x — a,) a aa (@,+ G+ @,)a" 
é (@,0,+ G0, + U,)0 — 0,411, 

(% — a,)(@—a,)(% — a,)(*% — @,) = 2" —(a,+a,+a,+4,)2° 


2 
as (a,a,+ Uh, + U,A,+ hA,+ 0, + Aalt,)x 


‘ (4,4,0,+ 0,40, + A, Me HU, ye + A, 4,40 a 
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Now in these results we see that the following laws hold. 


I. The number of terms on the right-hand side is one more 
than the number of the simple factors which are multiplied 
together. 


II. The exponent of x in the first term is the same as the 
number of the simple factors, and in the other terms each exponent 
is less than that of the preceding term by unity. 


Iii. The coefficient of the first term is unity ; the coefficient 
of the second term is the sum of the second terms of the simple 
factors ; the coefficient of the third term is the sum of the products 
of every two of the second terms of the simple factors; the coeffi- 
cient of the fourth term is the sum of the products of the second 
terms of the simple factors taken three at a time, and so on; 


the last term is the product of all the second terms of the simple 
factors. 


We shall now prove that these laws always hold whatever be 
the number of simple factors. Suppose these laws to hold when 
n —1 factors are multiplied together ; that is, suppose 


(w—a,)(%—a,)...(e—a@,_,)=a" +9," "+90" %+ ...4¢, e+¢ 


n—~}? 


where g, =the sum of the terms — @,, — @,,...—@,_,) 


q, = the sum of the products of these terms taken two at a 


time, 


q,= the sum of the products of these terms taken three at 
a time, 


7,_, = the product of all these terms. 


7 


Multiply both sides of this identity by another factor «—a, ; thus | 


(a oe a,) (x es a,). (a er a,) = a" + (4, = Oe Ba CA i q,0,, 0” 


+ (J, ne qa," + sevens pi q — 1%,» 
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Now qd, -@, S34, SO... Oo, } 
= the sum of all the terms —@,, ~@,)...—G, 5 
Yo Nn = Tq + U,(G, + yt ave +4, _, 
=the sum of the products taken two and two of 
all the terms —a@,, —@,,...—@,3 


Ys — Wo, = Uy — %, (4%, + UU, +...) 
=the sum of the products taken three and three 
of all the terms —a,, —@,,...—@,3 


@seereoevreereeo ree ene 


—q,_,, =the product of all the terms —a,, —4a,, -.-—@,. 


Hence if the laws hold when x —1 factors are multiplied together 
they hold when 2 factors are multiplied together ; but they have been 
proved to hold when four factors are multiplied together, therefore 
they hold when five factors are multiplied together, and so on; thus 
they hold universally. 


Since if a,, a,,...@, are the roots of the equation 
a” + pa! + pa +. +p +p =0, 

the left-hand member is equivalent to the product of the factors 
x—-d,, #-G,,...c—a,, we have the following results. In any 
equation in its simplest form the coefficient of the second term is 
equal to the sum of the roots with their signs changed ; the coeffi- 
cient of the third term is equal to the sum of the products of every 
two of the roots with their signs changed ; the coefficient of the 
fourth term is equal to the sum of the products of every three 
of the roots with their signs changed }...... the last term is the 
product of all the roots with their signs changed. 


Or we may enunciate the laws thus: the coefficient of the 
second term with its sign changed is equal to the sum of the roots ; 
the coefficient of the third term is equal to the sum of the pro- 
ducts of every two of the roots; the coefficient of the fourth term 
with us sign changed is equal to the sum of the products of every 
three of the roots; and so on. Thus generally if p, denote as 
usual the coefficient of «"~" in the equation, (— 1)"p,=the sum 
of the products of every r of the roots. 
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46. It might appear perhaps that the relations given in 
the preceding article would enable us to find the roots of any 
proposed equation ; for they supply equations involving the roots, 
and the number of these equations is the same as the number 
of the roots, so that it might be supposed practicable to eliminate 
all the roots but one and thus to determine that root. But on 


attempting this elimination we merely reproduce the proposed — 


equation itself. Take, for example, the cubic equation 
c+ pe +p,e+p,=0; 
suppose the roots to be a, b, c; then 
—a-—b-c=p, 
ab +bc+ca= p, 
— abc = p,,. 


In order to eliminate 6 and ¢ and so to obtain an equation 


which contains only a, the simplest method is to multiply the — 


first of the above three equations by a’, and the second by a, 
and add the results to the third. Thus 


—a°—ab—a’c+ab+ abe + ca’— abe =p,a'+ p,a+ p, ; 


that is, a+pa+p.a+p,=0; 


we have thus the proposed equation with a instead of « to 1 


represent the unknown quantity. And it is not difficult to see 


that we ought to expect a cubic equation in a, if we eliminate © 
6 and ec from the relations we are considering. For the letters — 


a, 6, ¢ represent the roots without any distinction of one root 
from the others; thus any equation which we deduce for de- 


termining a ought to allow of three values for a, since @ may stand ~ 


for any one of the three roots of the proposed equation. Thus 


we may feel certain that we shall only reproduce the original — 
form of the proposed equation by performing any algebraical — 
operations on the relations which connect the known coefficients — 
of the equation with its unknown roots, with the view of elimi- — 


nating all the roots but one. 


47. Although the relations given in Art. 45 will not de- | 


TRANSFORMATION OF EQUATIONS. 29 


termine the roots of any proposed equation, we shall find that 
they will enable us to deduce various important results with 
respect to equations. For example, if @,, @,,...... a, are the roots 
of the equation | 

"+ pc '+ pe" "+ ...+p wt+p =0, 
we have ~D),=%+4,+G,+... +0, 

P= UA, + DG + 0. FAA, + oe} 

thus — Py — 2p, = 07407447 + ...4+4,", 


that is p,”—2p, is equal to the sum of the squares of the roots 


jof the proposed equation. If then in any equation p,*— 2p, is — 


negative, the roots of the equation cannot be all real. 


48. In the same manner as in the preceding Article we 
may deduce other relations involving the roots. Thus for ex- 
ample , 


(— See = the sum of the product of the roots n— 1 at a time, 
(— 1)"p, = the product of all the roots ; 


therefore by division 


ex ke 4d 1 
Seer oe ee ae 
ft e a, a, a, 


= the sum of the reciprocals of the roots. 


| y ale. 1 
Also p, fa = (a, +@,+...+4,) (— +—+... +=) 
P, a, 2 a, 
Cf 
=nt+oteoei ttt. 
a, 3 a, 3 
i Gia 
therefore Fi Eg A Se Se ee Bee 
'2 3 a, a, P. 


IV. -TRANSFORMATION OF EQUATIONS. 
49. The: general object of the present Chapter is to deduce 


from a given equation another equation the roots of which shall 


have an assigned relation to those of the given equation. It 


30 TRANSFORMATION OF EQUATIONS. 


will be seen as we proceed that various transformations of this 
kind can be effected without knowing the roots of the given 
equation ; and hereafter examples will occur shewing that such 
transformations may be of use in the solution of equations. 


50. To transform an equation into another the roots of which — 
are those of the proposed equation with contrary signs. 

Let f(«)=0 denote the proposed equation ; assume y= -— 2, 
so that when a has any particular value, y has numerically the — 
same value but with the contrary sign; thus a=—y, and the 
required equation is f(—y)=0. | 


n—2 


If F(x) =p," + px" +p +... +p wtp, 
the equation /(— vy) =0 is 
Pe Tae) OP) Sey 2, 2%, 
that is, py"— py" + py" —- =P, =p, =; 
thus the transformed equation may be obtained from the pro- — 


posed equation by changing the sign of the coefficient o every other — 
term beginning with the second. 


51. The rule at the end of the preceding Article assumes — 
that the proposed equation has all the terms which can occur | 
in an equation of its degree, that is, it is assumed that no co- — 
efficient is zero. But suppose we take an example in which 
this is not the case; thus let it be required to transform the ~ 


equation . 
a + 3x° — 4a° on Pe 0, 


into another in which the roots shall be numerically the same — 
but with contrary signs. Put «=—y, and we get 
y? — 3y° + 4y° + 4y4+7=0. 
We may if we please write the original equation thus, — 
xe + 30° + Oa* — 40° + On? —404+7=0; 
then the transformed equation according to the rule in Art. 50, is — 
y° — 3y° + Oy* + 4y° + Oy? +4y +7 =0, | 
that is, y — 8y' + 4y° +4y+7=0, 


as before. 
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An equation is said to be complete when it has all the terms 
which can occur in an equation of its degree, that is, when no 
coefficient is zero. And we shall sometimes find it useful to 
render an equation complete by the artifice used above, that is, 
‘by introducing the missing terms with zero for the coefficient 
of each of them. 


52. To transform an equation into another the roots of which 
are equal to those of the proposed equation multiplied by a given 
quantity. 

Let f(x)=0 denote the proposed equation; and let it be 
‘required to transform it into another the roots of which are 
k times as large. Assume y=a, so that when « has any par- 


ticular value, the value of y is & times as large; thus =F, 
‘and the required equation is / (7) = Q. 


53. For example, transform the equation 
a OD. 


Pr eed he ge 
| into another the roots of which are & times as large. Put w= J 


k 
and then multiply throughout by 4° ; thus we obtain 

| Shy? Shey 2h° 

ea fe ee 
ee Re 

This example will shew us an application which may be made 
of the present transformation. The coefficients of the proposed 
equation are not all integers; by properly assuming 4 we may 
make the coefficients of the transformed equation all integers. 
For instance, if £=6, the transformed equation is 

| y? — 9? + 45y — 48 =0. 

| Generally, suppose the proposed equation to be 


0. 


a” + pe" + pa? +... +p. “2+p =0, 
then if we put z= o) and multiply throughout by %", all that 


32 TRANSFORMATION OF EQUATIONS. 


is necessary to ensure that the coefficients of the transformed 


equation shall be integers is, that for each term of the transformed | 
equation pk’y""", every prime factor which occurs in the deno- 


minator of p, shall occur to at least as high a power in 4’, 


54. To transform an equation into another the roots of which 


shall be less than those of the proposed equation by a constant 
difference. 


Let f(x)=0 denote the proposed equation; and let it be — 
required to transform this equation into another the roots of 
which shall be less than the roots of the proposed by a constant — 
difference k. Assume y=x—k, so that when x has any parti-— 
cular value, the value of y is less by k; thus e=h+y, and the 


required equation is f/(k+y)=0. 
By Art. 10 the expanded form of the equation /(/ + y)=0 is 
Y pm, Ye pm ad (*) 
F(h) + uf (B) + ‘a 1a (4) +137 (h) +. +Y ae 
Thus if f(z) =p" +p" + pal? +... +P, +Pp 


the equation /(£+y)=0 when — according to descending © 
powers of y is by Art. 12 


or 
py" +(p,+wAy + ip. +(n—1\pk+ an 3 ) rely 


5 pee 


Hp,+ (ar +p, sk ie Ayes : ie bie vii ly ate 


+... +f(k) =90, 


55. If an equation is to be transformed into another the — 
roots of which exceed those of the proposed equation by the — 
constant quantity h, we use the method of the preceding article. — 
Let the proposed equation be denoted by f(x)=0, and suppose 


y=a“+h; then «=y-—h, and the required equation is f(y —h) = 0. 


Thus we have only to put —/ for & in the result of the preced- — 
ing article, and we obtain the required equation. But in fact © 


¢ 


\ 
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this is included in the preceding article; for that article does 
mot require & to be necessarily a positive quantity. 


56. The principal use of the transformation in Art. 54 is to 
obtain from a proposed equation another which wants an as- 
signed term. Thus if we wish the transformed equation in y to 
be without its second term, we take k& such that p,+np,k=0, 


that is, k=— Fi. . lif we wish the transformed equation in y 
| 0 3 

to be without its third term, we must find & from the quadratic 
equation 

n 1) 

P,+(n—-1)ph+ 93 pee = 0. 


And generally, if we wish the transformed equation in y to be 
without its (r+1)" term, we must find & from an equation of 


ithe 7 degree, namely 
tee as, eS 
nes + ...4+ [n p= 0. 
‘We shall see hereafter that the solution of an equation is some- 
times facilitated by first removing some assigned term. 


pk + - pik * + 


57. For example, transform the equation x*— 6x°+4a+5=0 
‘into another without its second term. Here p,=1, p,=— 6; thus 
|A= 2, and the required equation is 

(y + 2)° —6(y + 2)? + 4(y+2)+5=0, 

i that is, y? — 8y —3=0. 

| Again, transform the equation a* — 2a°— 4a +9-=0 into another 
i without its third term. Put y+ for x; the transformed ane 
) tion is 

| (y+! -2(y+ HA +h) +9 =0, 

tthatis, y°+ ¥°(3k—2)+y(3k — 4k — 4) +k — 2h’? -—4h+9=0. 

If the third term is to disappear 4 must be found from the 
Fequation 3h°-4k—-4=0; this gives k=2 or —§. With the 
i value k= 2 the transformed equation is 

y+4y°+1=9%. 

T. E. 3 
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With the value &—-— 2 the transformed — is 
283 
3 os 
y> —Ay? + a7 = =, 


58. To transform an equation into another the roots of which 
are the reciprocals of the roots of the proposed equation. 


Let f(x) =0 denote the proposed equation. Assume y= : ; 
so that when # has any particular value, the value of y is the 


reciprocal of that value; thus a and the required equation is: 


a+p, the equa- 


n—1 


Thus if /(x)=p,0" +p, "+p," + ...4+p 
1 ‘ 
tion () =0 is 
J y 


Po , Puig By 


a y" 
that is, py” + CO + SEM ie oe PY+P.= 0. 


‘ee — 
gt... t= 1+ p, =0; 
y Pr 


59. To transform an equation into another the roots of which 
are the squares of the roots of the proposed equation. 


Let /(x)=0 denote the proposed equation. Assume y=2", 50. 
that when a has any particular value the value of y is the square 
of that value: thus a=./y and the required equation is (Vy) =0. 


n—2 


Thus if f() =p," +p,0""'+ pe 
tion f(/y) = 0 is 


+...+p,_e+p, the equa- 


— 7 


i 
raf + py? +py* +. +P, iY" +P, = 9. 


By transposing and squaring we have 


(p,92 spy? +py? +. ) sf (ny? spy? + a 
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\Phe equation will be in a rational form when both sides are de- 
veloped, and by bringing all the terms to one side we obtain 
+(2p,p,+p, —2p,p,) yf"? +... =9. 


Poy" + (2p Pe Pr) 
| 60. These cases of transformation of equations might be 
|ncreased, but we have given sufficient to explain this part of the 
fubject. We will conclude with two examples which will illustrate 
the use of some of the relations established in Art. 45. 


(1) Required to transform the equation 2°+qzr+r=0 into 
hnother the roots of which are the squares of the differences of the 
foots of the proposed equation, 


, Let a, 6, c denote the roots of the proposed equation; then, by 
Art. 45, 


a+b+c=0, ab +be+ca=4q, abe=— 71; 


therefore a’ +B +c? =— 29. 


| The roots of the transformed equation are to be (a —d)*, (6—c)’, 
and (a—c)’; n 


(a — b)'=a?—2ab +B? = 07+ B+ o°— Qab — 8 = a? + B+ ae c 


| =- 29+ e; 


- | 
thus if y =—2q¢+ — — 2°, when « takes the value c the value of y 


jis (a— 6)’; and similarly when « takes the values a and 8, the values 
jof y are respectively (b—c¢)’ and (c—a)*. Thus the transformed 
equation will be obtained by eliminating x between the proposed 


equation and y=—2q+ = — x". 


Thus ev +gqut+r=0, 
and x? +(2¢g+y)e—2r=03. 
therefore + (gt+y)a—3r=0. 
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Thus x= ae substituting this value in the proposed equation 
and reducing, we have finally 
y’ + Gay’ + 9q’y + 277? + 4q° = 0. 


Hence if 27r’ + 49° is positive the transformed equation has a 
real negative root by Art. 20; and therefore the proposed equation 
must have two imaginary roots, since it is only such a pair of roots 
which can produce a negative root in the transformed equation. 


If 27r* + 49° is zero the transformed equation has one root equal 
to zero, and therefore the proposed equation must have two equal 
roots. 


(2) Required to transform the equation 2° + pu? + ga +r=0 
into another the roots of which are the squares of the differences 
of the roots of the proposed equation. 


Put x=2/—£; thus the proposed equation becomes © 


3,7 
Pe AG ae 2 ee 
(#3) +o(#-§) +9(#-$) +7=0 
that is, ve? +a +r =0, 
2 3 
, Sie 
where ¢=9-%, faa Be. 


Each root of the last equation exceeds the corresponding root of 
the proposed equation by . ; and thus the squares of the differences 


of the roots of the last equation are the same as the squares of the 
differences of the roots of the proposed equation. Thus by the 
former example the required equation is 


y+ 6g'y? + 9q?y +: 277? + 497° =0; } 
that is, 


2 3 
P+ 2.(3q —p*) y? + (3q—p*'y + LE cca +4 (3q—- “py 2 
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V. DESCARTES’'S RULE OF SIGNS. 


61. We have already in Arts. 21—24 given instances of the 
onnexion which exists between the signs of the coefficients in /(«) 
land the nature of the roots of the equation /(«)=0, and we now 
roceed to investigate a general theorem on the subject after some 
reliminary definitions. 


62. When each term of a set of terms has one of the signs + 
nd — before it, then in considering the terms in order, a continua- 
}tion is said to occur when a sign is the same as the immediately 
preceding sign, and a change is said to occur when a sign is the 
‘}contrary to the immediately preceding sign. Thus in the expres- 
sion a°— 3a7—4a%+ 7a°+ 3a*+ 2a°—a?—x+1, there are four con- 
|tinuations and four changes; the first continuation occurs at — 42°, 
the second at + 3x‘, the third at + 2x’, the fourth at —«; the first 
change occurs at — 3x’, the second at + 7x’, the third at — a’, the 
ffourth at + 1. 


It is obvious that in any complete equation the number of 
continuations together with the number of changes is equal to the 
| number which expresses the degree of the equation; see Art. 51. 
And if in any complete equation we put — x for x, the continuations 
| 


jand changes in the original equation become respectively changes 
jand continuations in the new equation. In an equation /(x)=0 
which is not complete, the sum of the numbers of the changes of 
J (x) and f(—«) cannot be greater than the degree of the equation ; 
because if terms are missing in f(x), although it may happen that 


the number of changes in f(a) or in f (—«) is thus diminished, it 
cannot be increased. 


_ We shall now enunciate and prove a theorem which is called 
Descartes’s Rule of Signs. 


63. In any equation, complete or incomplete, the number of 
positive roots cannot exceed the number of changes in the signs of 
the coefficients, and in any complete equation the number of negative 
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roots cannot exceed the number of continuations in the signs of tha 
coefficvents. 


We shall first shew that if any polynomial be multiplied by a 
factor «— a there will be at least one more change in the product 
than in the original polynomial. | 


Suppose for example that the signs of the terms in the original 
polynomial are ++—-—-—+—+-—-—+. We have to multiply the 
polynomial by a binomial in which the signs of the terms are + —. 
Then writing down only the signs which occur in the process and 
in the result we have 


++—-—-—+—+4+-=—+ 
wh ite 


Se i ne 
ee 


ft me RF me ee oe 


A double sign is placed where the sign of any term in the product. 
is ambiguous. The following laws will be seen by inspection to: 
hold: 


(1) Every group of continuations in the original polynomial 
has a group of the same number of ambiguities corresponding to) 
it in the new polynomial. 


(2) In the new polynomial the signs before and after an. 
ambiguity or a group of ambiguities are contrary. 


(3) In the new polynomial a change of sign is introduced at. 
the end. 


Now in the new polynomial take the most unfavourable case: 
and suppose all the ambiguities to be replaced by continuations; 
by the second law we may then without influencing the number of 
continuations adopt the upper sign for the ambiguities; and thus 
the signs of the original polynomial will be repeated in the new 
polynomial, except that by the third law there is an additional 


DESCARTES’S RULE OF SIGNS. 39 


change of sign introduced at the end of the new polynomial. Thus 
in the most unfavourable case there is one more change of sign in 


the new polynomial than in the original polynomial. 


‘If then we suppose the product of all the factors corresponding 
to the negative and imaginary roots of an equation already formed, 
by multiplying by the factor corresponding to each positive root 
we introduce at least one change of sign. Therefore no equation 
can have more positive roots than it has changes of sign. 


To prove the second part of Descartes’s rule of signs we suppose 
the equation conyplete, and put —y for «; then the original contt- 
nuations of sign become changes of sign. And the transformed 
equation cannot have more positive roots than it has changes; and 
thus there cannot be more negative roots of the original equation 
than the number of continuations of sign in that original equation. 


64. Whether the equation /(x)=0 be complete or not its 
roots are equal in magnitude but contrary in sign to the roots of 
J(—«) = 0, that is, the negative roots of f(x) = 0 are the positive roots 
of f(—«)=0; and whether the equation be complete or not the 


- number of the positive roots of /(— x) = 0 cannot exceed the number 


of changes of sign in f(—a). Thus the whole rule of signs may be 
enunciated in the following manner ; an equation /(«)=0 cannot 
have more positive roots than /(x) has changes of sign, and cannot 


have more negative roots than /(—«) has changes of sign. 


65. For example, take the equation 2*+3x°+5x2—-—7=0. 


- Here there is one change of sign, and therefore there cannot be 


more than one positive root. And by writing — « for x we obtain 
the equation «*+3a°—5«e—7=0; here there is one change of 
sign, and therefore there cannot be more than one positive root, 
so that the original equation cannot have more than one negative 
root. Thus the original equation cannot have more than two 
real roots. 


In this example we know by Art. 21 that there és one 
positive root, and that there 2s one negative root; and we have 


| just ascertained that there cannot be more than one of each. 
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Again, consider the equation «*°+quz+7=0, where g and r 
are both positive. Here there is no change of sign, and therefore © 
no positive root; this also appears from Art. 24. If we write 
_—« for #, we obtain an equation with one change of sign, so that 

the original equation cannot have more than one negative root, 
and therefore the original equation must have two imaginary 
roots. 


Again, consider the equation «*—qgx+r=0, where g and r 
are both positive. Here there are two changes of sign, and there- 
fore there cannot be more than two positive roots. If we write 
—« for x, we obtain an equation with one change of sign, so that 
the original equation cannot have more than one negative root. 


In this example we know by Art. 20 that there is one nega- 
tive root, and we have just ascertained that there cannot be more 
than one; whether the other two roots are real positive quan- 
_ tities or imaginary, we cannot infer from Descartes’s rule of signs. 
But from Art. 60 it follows that the equation which has for its 
roots the squares of the differences of the roots of the proposed 
equation is y’°—6qy’ + 9q’y + 277° —4q°=0; and by Descartes’s 
rule of signs, or by Art. 24, if 27r’— 49° is negative, the last 
equation has no negative root, and therefore the original equation — 
no imaginary roots ; also if 277° — 49° is positive, the last equation 
has a negative root by Art. 20, and seers the original equation 
must have two imaginary roots. 


66. The pridaat should observe that the results given in 
Art. 24, are all consistent with Descartes’s rule of signs, and 
may all be deduced from it. Also the proposition in Art. 22 is 
included in Descartes’s rule of signs; and we learn from this 
rule that such an equation as that considered in Art. 22 cannot 
have more than one positive root, equal or unequal ; see Art. 35. 


67. It is shewn in the proof of Descartes’s rule of signs, 
that on multiplymg a polynomial by the factor which corresponds 
to a real positive root, one change of signs at least is intreduced ; 
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it may be observed, that the number of the changes of signs 

introduced must be an odd number. For suppose in the first 
place that the last sign in the original polynomial is +; then 
since the first sign is +, the whole number of changes of sign 
in the original polynomial must be an even number or zero; and 
the sign of the last term of the new polynomial is —, so that 
the number of changes of sign in the new polynomial is an odd 
number. ‘Therefore an odd number of changes of sign must have 
been introduced. Next suppose that the last sign in the original 
polynomial is —, so that the last sign in the new polynomial is + ; 
then there must be an odd number of changes of sign in the 
original polynomial, and an even number of changes of sign in 
the new polynomial. Therefore an edd number of changes of 
sign must have been introduced. 


68. When all the roots of an equation f(x)=0 are real, the 
number of positive roots is equal to the number of changes of sign 
in f(x), and the number of negative roots is equal to the number 

of changes of sign in f (— x). 


Let ~ denote the degree of the equation, m the number of 
positive roots, and m’ the number of negative roots, » the number 
of changes of sign in f(x), and p’ the number of changes of sign 
in f(—«). Since all the roots of the equation are real m+m/ =n. 
Also m cannot be greater than p, and m’ cannot be greater than 
we’, by Art. 63. Therefore »+p’=n, for the sum of mw and p’ 
cannot exceed x. Thusm+m'=m+p’. And m cannot be greater 
than »; nor can m be less than p, for then m’ would be greater 
than p’, which is impossible. Thus m=yp, and m/ =p’. 


69. Suppose » the number of changes of sign in f(x), and p’ 
the number of changes of sign in f(—z). Then the equation 
J («) =9 cannot have more than p positive roots, and cannot have 
more than p’ negative roots, and therefore cannot have more 
than » +p’ real roots. Hence if ~ is greater than p+’ the 
equation /(x)=0 must have at least »—p—yp’ imaginary roots. 
In the next two articles we shall shew more definitely what 
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inferences we can draw as to the number of imaginary roots — 
of an equation when that equation is not complete. 


70. Lf any group consisting of an even number of terms sf 
deficient in any equation there are at least as many umaginar ye 
roots of the equation. 


Suppose the 27 terms which might occur in f(x) between 

x” and #""*~" to be deficient; then the equation f(x) =0 will 
have at least 2r imaginary roots. Let A and B denote the co- 
efficients of a” and «"~*~* respectively in f(x), and suppose the 
deficient terms introduced with coefficients q,, ¢,, dy... Then in 
the expression | 
Aa + qi + geet Lg a 4 Bat ! 

the number of changes of sign together with the number of 
- continuations of sign is 27+1; in other words the number of 
changes of sign in this expression, together with the number of q 
changes of sign which it would present if the sign of « were 
changed, is 2r+1. But now let the hypothetical terms be re- 
moved; then if A and B are of contrary signs there will be one 
change of sign for /(x), and no change of sign for /(—«); and 
if A and B are of the same sign there will be one change of sign — 
for f(— x) and no change of sign for f(x). Therefore in both 
cases the loss of 27 terms ensures the loss of 27 from the sum a 
of the number of changes of sign in f(x) and in /(—2). 


And this result holds for every deficient group consisting of 4 
an even number of terms. Thus there are at least as many — 


imaginary roots of the equation /(«)=0 as the sum of the num-— 
bers of terms in such deficient groups. 


71. If any group consisting of an odd number of terms is 
deficient in any equation, the equation has at least one more than 
that number of imaginary roots if the deficient group is between — 
two terms of the same sign, and the equation has at least one 
less than that number of imaginary roots if the deficient group 
is between two terms of contrary signs. ] 
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Suppose the 27+1 terms which might occur in /(x) between 

x” and «”" *~* to be deficient. Let A and B denote the coefficients 

| of a and «”"”*~* in f(«) respectively ; then if A and B are of 

the same sign the equation /(x)=0 has at least 27 +2 imaginary 

roots; if A and BS are of contrary signs the ie ice J (x) =9 
has at least 27 imaginary roots. 


Suppose the deficient terms introduced with coefficients ¢,, 7, 
| d»--- Then in the expression 


Ag” + qa" + gat" + os ok a” 2r— 14 Ba M2 m2 


the number of changes of sign together with the number of 
continuations of sign is 27+ 2; or in other words the number 
of changes of sign in this expression, together with the number 
of changes of sign which it would present if the sign of # were 
| changed, is 2r+ 2. But when the hypothetical terms are removed 
| there will be no change of sign either for f(a) or f(—«) if A and 
| B have the same sign, and there will be one change of sign for 
J (x) and one change of sign for f(— x) if A and B have contrary 
signs. Therefore the loss of 2r+1 terms from /(«) ensures the 
| loss of 27+2 or of 27, from the sum of the number of changes 
| of sign in f(@) and in /(—«), according as the deficient group is 
| between two terms of the same sign, or of contrary signs. 


And this result holds for every deficient group consisting of 
| an odd number of terms; therefore there will be at least as many 
) imaginary roots of the equation /(x)=0 as the sum furnished 
by considering the deficient groups. 


72. Thus as an example of Art. 71 we see that if a single 
| term is deficient any where in f (z) between two terms of the 
| same sign, there must be at least two imaginary roots; if a 
| single term is deficient between two terms of contrary signs we 
' cannot deduce from this fact any inference as to the number 
| of imaginary roots. - 


Tt will be observed that when in consequence of the deficiency 
| of terms the sum of the number of changes of sign in f(x) and 
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J(—«) falls short of the number which expresses the degree of 
the equation /(x)=0, the difference is always an even number. 
This appears from the examination of the two possible cases in 
Arts. 70 and 71. That is, with the notation of Art. 69 the 
number n—p—yp’ is always an even number. This might have © 
been anticipated from Art. 41. 


VI. ON EQUAL ROOTS. 


73. It is sometimes convenient or necessary to know whether 
a proposed equation has equal roots, as we shall see in the course © 
of the work. We shall therefore now explain how we can de- 
termine whether an equation has equal roots, and how we can ~ 
remove factors which correspond to the equal roots when they 
exist, and thus reduce the equation to one which has only un- 
equal roots. We have first to prove a property concerning the 
Jirst derived function of a given function. 


74.. Let f(x) be any rational integral function of x and f’(x) 
the first derived function ; then will 


f= £2, £9, 09... 29, 


where a, b, ¢,...k, are the roots real or imaginary of the equation 
£(x)=0. 


For let p, be the coefficient of the highest power of x in f(z), — 
then we have identically by Art. 33, 


; F(&) =p,(a — a) (@ —b) (a —c) ... (w—h). | (1) 
Put y+ for x; thus 
Sy +2) =p ly +2—a) (yt+2—b) (yt+2—c)... (y+%—&); 


expand each side in a series proceeding according to ascending 3 
powers of z; then the left-hand side becomes by Art. 12, 


SY) + FY +P'Y) fee + 
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Thus the coefficient of z is f(y), and therefore /’(y) must be 
equal to the coefficient of z on the right-hand side, that is, to 


py — 6) (y—e) -.. (Yy—*) + p(y —) (y—-¢) -.. (Y¥—-k) +. 

that is, to 

IG IO) Fe 

Yy — a rn y—b yt i capt y—k° 
And as it is immaterial what symbol we use for a variable which 
may have any value, we may change y into x; thus we have 

fa-9 (2) 

The result here obtained is true if among the quantities a, b, ¢,...h, 
there should occur one or more equal to a, or equal to 0,... and 
so on. Suppose that on the whole a occurs exactly r times, 
b exactly s times, c exactly ¢ times,...; then (1) may be written 


I(x) = pole —a)' («—b) (a@—e)\..., 
and (2) may be written 


Pik —o 12 14 tf ee 


15. The equation f(x)=0 has or has not equal roots according 
as f(x) and f’(x) have or have not a common measure which in- 
volves X. 


Suppose a, b, c,...2 the roots real or imaginary of the equation 
J (#) = 0, so that 


J (&) = po(% — a) (a — b) (x —c) ... (x —k) ; 
then 


J (&) =p,(% — 5) (@—c) ... (a —k) + p{e—a) (w—c)... (w—k) +... 
If a, b, c,...4 are all unequal, none of the factors x—a, x— 6, 
w—c,...e—k will divide f(x), for (e—a) for example divides 
every term in /"(x), except the first ; and no product of any number 
of them will divide /’(x). Thus if f(x) has no equal factors, (x) 


and f/"(«) have no common measure. Hence if f(x) and f(a) 
have a common measure the factors of f(z) cannot be all unequal. 
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Next suppose that the equation /(~)=0 has equal roots; 
suppose that @ occurs r times, that 6 occurs s canes that ¢ occurs 
é times, and soon. Then 


Cee end tens st ma of 


In this case the factor (w—a)" (a —6)*"(e@—c¢)'*... occurs in 
every term of f(x). Thus if /(«) has equal factors, f(z) and /’(«) 
have a common measure. Hence if f(x) and /’(x) have no com- 
mon measure, f(x) has no equal factors. 


76. For example, consider the equation 
J (e) = «* — 11a’ + 442° — 7624+ 48=0. 
Here J (x) = 40° — 33x? + 88a — 76. 
It will be found that f(x) and /’(«) have the common measure 
a2 — 2; this shews that (w — 2)* isa factor of f(z). ‘It will be found 
that 
J (a) = (@— 2)" (a? —Ta + 12) = (a — 2)? (a — 3) (a — 4); 
thus the roots of f(x) = 0 are 2, 2, 3, 4. 


Again, consider the equation 
I(x) = 2° — 120° + 192? — 62+ 9=0. | 


Here f(x) and /’(«) will be found to have the common measure 4 


«—3; and f(x) =(#—3)’(22°+1). Thus the roots of /(~)=0 are 


33+ B/C) 


77. In the enunciation of Art. 75, the words “which involves 
x” occur at the end. We mean to indicate by these words that 
we do not regard the factor p,, although that may in a certain 
sense be considered as a common measure of f(x) and f(z). 


As we are here for the first time making an important use . 


of common measures of expressions it will be convenient to in- 
troduce a remark on the subject. It is usual to consider the 
theory of common measures and of the greatest common measure 


a bal Secon NT A 
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in works on Algebra; but the theory is not necessary at an early 
stage of mathematical study, and becomes more intelligible after 
the result has been obtained which we have given in Art. 33. 
Let f(x) and (x) denote two rational integral functions of a ; 
then f(a) and (x) may be resolved into factors, so that 

J (@) =p (ae BY a,) Ce is! Gs) (x — a) aed se 


p(x) igs q.(e@— b,) (x — .) (x — b,) rey 


and each of the functions can be thus resolved in only one way. 
Hence the function of « of the highest degree which will divide 
both f(x) and (x) is the product of all the common factors of 
the first degree in «; and this we may call the greatest common 
measure of f(«) and (2). | 


Here we have taken no notice of p, and %; but we may if 
we please find their greatest arithmetical common measure if they 
are numbers, or if they are both functions of another quantity, 
as y, we may find the greatest common measure of these functions 
of y. 


78. Suppose /(a) = p,(a—a)"(# — b)*(e—c)'...; then we have 
found in Art. 75 that /(«) and /’(x) have the common measure 
(a —a)’'(%—b)* (a —c)*"..... Thus the common measure involves 
all the equal factors which occur in /(«), but the exponent in each 
case is less than the corresponding exponent in f(x) by unity. If 
we divide /(x) by the common measure of f(x) and f’(2), the quotient 
involves all the factors which occur in f(x), each factor occurring 
singly. Thus the equation obtained by putting this quotient equal 
to zero contains withoué repetition all the roots which the equation 
J (x) =0 has. 


79. We see that if the factor (w—a)" occurs in f(x) the factor 
(~—a)"* occurs in /’(«); so that the equation /(x)=0 has r—1 roots 
each equal to a. Now /”(«) is the first derived function of f(a); 
thus if r—1 be greater than unity /(x) and /”(«) will have a 
common measure, and the equation /”(x)=0 will have r—2 roots 
equal to a+ Thus in this way we can shew that if (e-—a)’ is a 
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factor of f(x) then the derived functions f(x), /”(x),...f""(«), all 


vanish when 2 = a. 
This may also be proved in the following way. 


Let f(x) = (x—a)"h(x), where (x) is a rational integral func- 
tion of # which is supposed not to contain the factor «—a; put 
x=a+z2; thus 


2"o(a +2)= f(a + 2) 
= f(a) +f (a)e+ ... +f) f+ + f"(a) i 


As the left-hand member of this identity is divisible by 2” the 
right-hand member must be so too. Thus we must have 


Fava, J t=, ...... J (a=. 
And as the left-hand member is not divisible by a power of z 
higher than 2” the right-hand member cannot be, and therefore 
J'(@) is not zero. Thus the number of terms in the series /(x), /’(a), 
J(«),... which vanish when «=a, is the same as the exponent of 


x—a in f(x). 
For example, suppose 
J (&) = 0 + Qa* + 30° + Tx? + 82438 ; 


here it will be found that /’’(«) is the first of the series f(x), /’(«),... 


, 


| 
| 


which does not vanish when «= —1; thus the factor (# + 1)’ occurs — 


in f(x). It will be found that f(x) = (@ + 1)°(x’— a + 3). 


80. We will briefly indicate another way in which the test 
for equal roots may be investigated. If the equation /(a) = 0 has 


more than one root equal to a, then it follows that if f(x) be 


divided by «—a the quotient will vanish when wx=a. Hence by 
taking the form of the quotient given in Art. 7, we must have 


np a" +(n—1)pa"* +... + 2ap,_,+p,-, =9; 


that is, f’(x) vanishes when x = a. 


81. It appears then that when we wish to determine the — 
equal roots of an equation /(x)=0, we may begin by finding the — 
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greatest common measure of f(x) and /’ (a); then we equate this 
greatest common measure to zero, and we have an equation to 
solve which has for its roots those roots of the equation / (x) =0 
which are repeated. As this greatest common measure may be ° 
itself a complex expression, involving repeated factors, it is useful 
to have a systematic process by which the roots may be obtained 
with as little trouble as possible. This we shall now give. 


82. Suppose f(x)=0 to be an equation which has equal 
roots ; and let ; 


LO RPAA Ae ce 

where the product of all the factors which occur singly in f(z) 
is denoted by X,, the product of all the factors which occur 
just twice is denoted by X,’, the product of all the factors which 
occur just three times is denoted by YX,*, and so on. Any one 
or more of the quantities X,, X,, X,,... will be unity, if there is 
no factor in f(”) which is repeated just the corresponding number 
of times. : 

Now form the first derived function /’ (x) of f(a), and then 
obtain the greatest common measure of f (x) and f’ (x). We will 
denote this greatest common. measure by f(x), so that 

F(a) = XXX. XO. 
Next obtain the greatest common measure of f(x) and its first 
derived function /’(a), and denote it by f,(x), so that 
FAO) As 
Proceed in this way and form in succession _ 
J, (x) =X... > Sights 
A as aS dae 


_ Now form a new series of functions by dividing each term of the 


series f(z), f (a), x (a);...f,, («) down to Jn-i(?) by the immediately 
succeeding term. Thus we get . 


T. E. 4 
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. rte sal Sa a = p, (w) say, 
var AX, ... X= , (x) say, 
foal) oe Xn rAms = Py (2) Say, 
ant fo A, »= >, (a) say. 


Then finally 


(2) dl)» bane) rT 
cig. ie fe) ar Sal Su 


Thus the factors Ba ee are now separated, and by solving 


the proposed vitlation sf (a) =0; and any root found from X,=0 
occurs 7 times in the equation f(x) = 0. 


83. For an . example of the process of the preceding article 
suppose that 3 


J («) = a + 20” — 8a° — 6a’ + Qla* + 9a? — 220° — 40+ 8. 
Then retaining the notation of the preceding article we shall find’ 


that 
S (a) = x* + 2° — 3a” — x + 2, 


I(x) =%— a. 

F(x) =1, 

(a) = x* — 5a* + 4, 
(x) =a + 2x°- x —2, 


,(«) =x—1, 
A, =“%—2, 
X, =a" + 3a +2, 
A,=%— i, 


Therefore f(a) = (x — 2) (a* + 3a + 2)? (a—1)’ 
= («%—2)(«@+1)? (a+ 2)? (a@—1)*. 
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Thus the roots of the equation /(x)=90 are 2,—1, — , AE, rE 
4; 1, 1. 


84. When the coefficients of an eee are all commen- 
surable quantities the expressions X,, X,,... of Art. 82 have 
Dieowise all their coefficients eonitieheaalele Hence if one and 
only one of the roots of an equation, with commensurable quanti- 
ties for coefficients, is repeated 7 times, that root must be a com- 
mensurable quantity; for it will be determined by an equation 
X =0 which involves no incommensurable quantities. Hence 
we can infer that an equation of the third degree or of the fifth 
degree, with commensurable quantities for coefficients, which has 
no commensurable roots, can have no equal roots. If an equation 
jof the fourth degree, with commensurable quantities for coeffi- 
ients, has no commensurable roots, and yet has equal roots, it 
gust have two incommensurable roots each repeated twice, so 
‘that if f(x) =0 be the equation, /(~) must be a perfect square. 


A 
V { 


| VII. LIMITS OF THE ROOTS OF AN EQUATION. 
SEPARATION OF THE ROOTS. 


85. In the present chapter we shall first investigate some 
theorems which will shew between what limits al/ the real roots 
of any proposed equation must lie; and we shall then consider 
to some extent the possibility of discovering limits between which 
the real roots separately lie. The advantage of such a chapter 
larises from the fact that the algebraical solution of the general 
equation of a degree above the fourth has not been obtained; and 
as we shall see hereafter, the numerical solution of equations is 
a systematic process based on the supposition that we have some 
‘knowledge of the approximate values of particular roots. 


It is to be observed that unless any thing to the contrary 
‘is specially stated, the whole of the present chapter relates to the 
|: real roots of equations, 
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86. When we say that a certain quantity is a superior limit 
of the positive roots of an equation, we mean that no positive | 
root can be greater than that quantity. | 


87. The numerically greatest negative coefficient increased by 


unity is a superior limit of the positive roots of an equation which 
is in its simplest form. 


Let f(x)=0 be the equation ; suppose it of the n™ degree. 
Let p be the numerically greatest negative coefficient which occurs 
in f(a). Then if such a value be found for x that /(x) is positive 
for that value of « and for all greater values, that value is a 
superior limit of the positive roots of the equation /(~) = 0; now 
if any positive value of « make 


a” —p (ar +a 4+ +... +041) 
positive, it will @ fortiort make f(x) positive. That is, f (a) is | 
positive for a positive value of x if a” — > 


is positive, and 


n 


hee : oo 
therefore a fortiort if a2"—-1—p = 


2 : is’ positive, that is if: 
(a" — 1) (1 -?) is positive; and the last expression is positive 
if «—1is greater than p. Thus f(a) is positive if x is equal to ; 
p +1 or greater than p +1; that is, p+ 1 is a superior limit of the 
positive roots of the equation /(«) = 0, 


88. In the equation /(x)=0 put —y for x, and if n is an 
odd number change the sign of every term so that the coefficient 
of y" may be +1. Let q be the numerically greatest negative 
coefficient of the equation in this form; then g+1 is a limit of 
the positive values of y, and therefore —(¢+1) is a limit of the 
negative values of a, 


Hence all the roots of the equation /()=0 must lie between 
p+1 and —(¢g+1). 


Hence a fortiori if m be the numerical, value of the greatest 
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coefficient in an equation without regard to sign, all the roots of 
the equation lie between m+ 1 and — (m+ 1). 


89. In an equation of the n™ degree in its simplest form if 

p be the numerical value of the greatest negative coefficient, and 

x""" the highest power of x which has a negative sealionn, 1+%/p 
is a superior linut of the positive roots. 


Let /(«)=0 be the proposed equation ; since all the terms 
which precede «"~" have positive coefficients f(x) will certainly 
be positive for a positive value of « if 


a” —p (a +8 +... $0" +0"41) 


ee ie oe a 

be positive, that is, if a2” — p—— i be positive. Hence, sup- 

posing « greater than unity, f(x) will be positive a fortiori if 
n—r+1 

op — is positive, that is if a" (a—1)—pz""*? is positive, that 


is if x’ (a —1)—p is positive, that is a fortiori if («—1)' is equal 
to or greater than p. Hence if x=1 + ,/p or any greater value, 
J(«x) is positive, that is 1+ ,/p is a superior limit of the positive 
roots of the equation /(x) = 0. 


90. ILfeach negative coefficient be taken positively and divided 
by the swum of all the positive coefficients which precede it, the 
greatest of all the fractions thus formed increased by unity, is 
a superior limit of the positive roots. 


Let the equation be f(x) = ks where f denotes 
pc +p! +p? — pe + pt +. po +... +p. 
Now we have | 
a” = (a—1) (eh +ar P+... tet ))+1; 


let all the terms of the equation with positive coefficients be 
transformed by means of this formula, and let the others remain 
unchanged. Thus /(«) becomes 
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nell hal 3 aia dail 1) at? + ...4+p, (@—1) +p, 
+p, (e—1)a" "+p, (w—l)a*+...4+p,(w—1)+p, 
+p, (@ — 1) 2” a +...+p,(%—1)+p, 


Consider now the successive vertical columns of this expression. 
Where there is no negative coefficient the value of the column 
is positive if # is greater than unity. To ensure a positive value 
of the columns in which a negative coefficient occurs we must 
have ’ 

(Po +pP,+p,)(#—1) greater than p,, 


(p,+p,+p,t+.-.+p,_,)(@—1) greater than p, 


e@eseveveeee 


Therefore « must be greater than Ps +1, ...and greater 
Po TP, +P, 
than P, +1,... Therefore if x be taken equal 


PotP t+ Pot + +P,-; 
to.the greatest of the expressions thus obtained, that value of 2, 


or any greater value, will make /(«) positive; that is, the greatest 
of the expressions is a superior limit of the positive roots of the 
equation /(«) = 


91. We will now illustrate the rules by two examples. First, 
take the equation 


a’ + 8a* — 142° — 5327+ 562 —18=0. 


By Art. 87 we have 53 +1, that is 54, as a superior limit of 
the positive roots. By Art. 89, since »=5 and r=2, we have 


1+,/53 asa limit, so that 9 is a limit. By Art. 90 we have to 
53. 


Trath 


take the greatest of the following expressions ; nS +] 
18 
1+8+56 
Again, take the equation 
a” — 5ae* — 132° + 2a* + e-—70=0. 


+1, that is, we must take - +1; so that Visa limit. 
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Here Arts. 87 and 89 give 70 +1 as alimit; and Art. 90 gives 


| 3 +1, so that 19 is a limit. 


Thus, in both these examples, Art. 90 supplies us with the 
smallest superior limit. It is easy to see that Art. 89 always 
gives a smaller limit than Art. 87, except when r=1, and then 
the two limits coincide. Art. 89 is advantageous in general when 
several positive coefficients occur before the first negative coeffi- 
cient, so that r is large. Art. 90 always gives a smaller limit than — 
Art. 87, except when the greatest negative coefficient is preceded 
by only one positive coefficient, namely that of the first term, 
and then the two limits coincide. Art. 90 is advantageous in 
general when large positive coefficients occur before the first large 
negative coefficient. 


92. By particular artifices we may frequently obtain a smaller 
superior limit than the general rules supply. 


Consider the first example of the preceding Article. Here 
we have to find a superior limit of the positive roots of /(x)=0, 
where f(x) may be written thus, 


14 9 
x” (a* — 53) + 82” ( ~ =) + 56 (2- 98) 
now if « be equal to 4, or to any greater number, the expressions 


within the brackets are all positive, and so /(«) is positive. Thus 
4 is a superior limit of the positive roots of the equation /(«) = 0. 


Again, consider the second example of the preceding Article. 
Here we may write /(«) thus, 
a (as? — 5a — 13) + Qa* +a —70;. 
now by the aid of Art. 87 we see that «?—5x—13 is positive 
if «=13+1 or any greater number, and obviously 2a*7+a«—70 


is positive when x=14 or any greater number. Thus 14 is a 
superior limit of the positive roots of the equation /(z) = 0. 


93. We may now easily find an inferior limit of the positive 
roots of an equation, that is a number which is not greater than 
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any of the positive roots. For transform the proposed equation 
into one whose roots are the reciprocals of the roots of the pro- 
posed equation, and then the reciprocal of the superior limit of the 
positive roots of the transformed equation will be an inferior 
limit of the positive roots of the proposed equation. Thus sup- 
pose the proposed equation to be 
a" + pe + pe + tp, ctp =0; 

put : for «, and multiply by y” and divide by p,, so that the 
transformed. equation is 


ot + Partyt 4 re 4 Peyt Pry dep. 


P, Peay Re Oe 
Let a superior limit of the positive roots of this equation be found 
_ by one of the preceding Articles, and denote it by Z; then 
ie af is an inferior limit of the positive roots of the proposed equa- 


L 
tion. Suppose that we use Art. 87; let se denote that coefficient 


which is numerically the greatest of the negative coefficients of 


the transformed equation ; then 1—7 is a superior limit of the 


n 


Pr 


positive roots of the transformed equation, and therefore 


n of 


is an inferior limit of the positive roots of the proposed equation. 
Here p, is in fact the numerically greatest among those coefficients 
of the proposed equation which have the contrary sign to the 
sign of p.. 


For example, in the first equation of Art. 91 we have p =—18 


—18 . ao 3 er ga 
and p,= 56; thus 71856? that is 7g 18 an inferior limit of 


the positive roots. 


94, To find the limits of the negative roots of an equation 
J (x)= 0 we put —y for x, and then find the limits of the positive 
roots of the transformed equation in y; then these limits, with 
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their signs changed, will be limits of the negative roots of the 
proposed equation. 
Take, for example, the equation 
ae” — Ta* — 152° +327 + 404+48=0; 
put —y for « and we obtain 
y° +Ty* — 15y’ — 3y’? + 4y —48=0. 


+1, that is 5, as a superior 


limit of the positive roots, and by Art. 93 we have Mtoe as 


4 
By Art. 90 we have T3344 


an inferior limit of the positive roots. Thus the negative roots 


48 
of the proposed equation must lie between —5 and — BB’ 


95. We will now explain another method of determining 
a superior limit to the positive roots of an equation ; this method 
is called Newton's Method. 


Let f(«)=0 denote the equation which is to be considered ; 
put h+y for «and expand /(i + y) by Art. 12. Thus the equa- 
tion becomes ; 


Th) +y f'"(h) + s PY bie 4 f(b) = 0. 


Now suppose / positive and of such a value that /f(h), /’(h), 
S(h),......f"(h) are all positive ; then no positive value of y can 
satisfy the above equation. But y=a—h, and as y cannot be 
positive, w cannot be greater than 4; thus / is a superior limit 
of the positive roots of the equation /(~)=0. We may observe 
that if the proposed equation is in its simplest form /"(h) is neces- 


sarily positive, being equal to | x. 


96. For example, take the equation 
x” + a* — 4° — 6x® — 700 + 500 = 0. 
Here S(h) =? + h* — 4h? — 6h? — 700A + 500, 
—- f'(h) = 5h* + 4h? — 12h? = 12h — 700, 
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5f'(h) = 10%" + 6h? — 12h ~6, 
1 dA ook 2 
Ee (h) = 10h? + 4h—4, 


a0) = 5h+1. 

Jt is convenient to begin with the last function of A and 
ascend regularly. Any positive value of h makes f”’(h) positive ; 
h=1 makes f’"(h) positive; h=2 makes f’(h) positive; h=4 
makes /’(h) positive ; h=5 makes /(h) positive. Then it will be 
found that h =5 makes all the functions of f positive; and there- 


fore 5 is a superior limit of the positive roots of the proposed 
equation. 


Jt must be observed, that when according to the method here 
given we begin with the last function and inerease the value 
of # suitably as we ascend to the other functions, we shall not 
require ever to re-examine the sign of those functions of 4 which 
we have passed. For suppose, for example, we have ascertained 
that a certain value a when put for / renders all the functions 
of h positive up to f”(h). Then put a greater value for h, say 
a@+6; and since 


flard)=f"(a)+df"(a)+ Ps SMa) + 


and all the terms on the right-hand side are positive by sup- 
position, /”(a +6) is positive also. Hence in the preceding ex- 
ample, when it was found that h=5 rendered /(h) positive, it 
was unnecessary to try whether this value of A rendered the other 


functions of h positive, because the method of proceeding ensured. 
this result. 


97. Having thus shewn how limits may be found between 
which all the real positive roots of an equation must lie, and 
limits between which all the real negative roots of an equation 
must lie, we proceed to give some theorems with respect to the 
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situation of the roots taken singly or in groups. It will be seen 
hereafter that the complete investigation of this part of the 
subject is involved in Sturm’s Theorem. 


98. If we substitute successively for x in f(x) two quantities 
which include between them an odd number of roots of the equation 
f(x)=0, we shall obtain results with contrary signs; if we sub- 
stitute successively two quantities which include between them no 
root or an even number of roots we shall obtain results with the 
same sign. 


Suppose A and p two quantities of which 2X is the greater ; 
let a, 6, c,..., &, be all the real roots of the equation /(«)=0 which 
lie between A and »; by Art. 43 we have 

J (x) = (a — a) (@ — b) (x—c) ... (w—k) (a), 
where W(x) is a function formed of the product of quadratic factors 
which can never change their sign, and of real factors which 
cannot change their sign while « lies between A and p. 


Substitute successively A and p for x; thus 
F() = (=a) (A-1) =o)... AB) ¥Q), 
I (pH) =(#— @) (4 — 6) (He)... (4) Wp). 
Now all the factors \—a, 1-6, A\—c, ...’—4&, are positive, and 
all the factors w—a, w—b, w—c,...4—h, are negative; and yA) 
and Y(u) have the same sign. Therefore /(A) and /() have the 


same sign or contrary signs, according as the number of the roots 
a, b, ¢,..., , is even or odd. 


99. Hence conversely if two quantities when substituted 
for « in f(x) give results with contrary signs, an odd number 
of the roots of the equation /(«)=0 must lie between the two 
quantities ; if they give results with the same sign either no root 
or an even number of roots must lie between the two quantities. 


This result includes that of Art, 19 as a particular case. 


100. It is to be observed that the demonstration in Art. 98 
does not require the roots a, 6, ¢,..., %, to be all unequal; only 
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it must be remembered that a root repeated m times is to be 
counted as m roots. 


We see that if f(A) and /(u) be of the same sign, either no 
root of the equation /(x)=0 lies between A and yp, or else an 
even number of roots. Now in the preceding Articles of the 
present chapter an argument of the following kind has been 
sometimes used; the value mw or any greater value of « makes f(a) 
positive, therefore w is a superior limit of the positive roots of | 
the equation /(x)=0. It must be observed that by the words 
makes f(x) positive, we mean makes /(x) a positive quantity and 
not zero. For example, if f(x) = («—4)° («—1), then if x is greater 
than unity f(x) cannot become negative; but we must not infer 
that unity is a superior limit of the positive roots, for 4 is a root. 


If then we only know that /(«) cannot become negative for 
any value of x greater than p, we cannot infer that there is 
no root greater than »~; but we may infer that there is either 
no root or else a root or roots each repeated an even number 
of times. 


101. We shall now investigate an important theorem which 
furnishes relations between the roots of the equation /(«)=0 
and the roots of the equation /’(«)=0, where f(x) is the first 
derived function of f(x). The theorem is sometimes called by 
the name of folle, who first used it. 


102. A real root of the equation f'(x)=0 a between every ad- 
jacent two of the real roots of the equation F(x) = 


Let the real roots of the equation /(«) = 0 ‘aunt in de- 
scending order of algebraical magnitude be denoted by a, 6, ¢,...k. 
Let $(«) be the product of the quadratic factors corresponding 
to the imaginary roots of the equation /(x)=0, so that (x) 
cannot change its sign. Then by Art. 43 


J (x) =(a— a) (a —b) (a—c) ... (e—) $(@). 
In this identity put y+ for x; thus 


Sut =yte-4) (yt2—B)(yt2—C)... (y+%—h) Py +2). 
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Suppose each member of this identity expanded in a series pro- 
ceeding according to ascending powers of z The coefficient of 
z on the left-hand side will be f(y) ; see Art. 12. The coefficient 
of z on the right-hand side will be 


{Y-8)(y—6) (YB Y-a) yn YB +. by) 
+ (y~a) (y—8) (y—c) ... (y—F) $y). 


By equating these coefficients of z, and changing y into x in 
the resulting identity, we have 


fe) =\@-0) (a—c)...(a~—k)+(a—a)(w—c) ...(e—k)+ .} $(@) 
+ (a —a)(x—b)(a—c)... (a—k) f(x). 


Now put successively a, b, ¢,..., & for x; the last term on the 
right side of the identity vanishes in every case, and thus the 
signs of f’(a), f(b), f(c),..., f'(k), are respectively the same as 
the signs of (a—6) (a—c)...(a—k), (b-a) (6-c)... (6-4), ..., 
(k —a) (k—b) (k—c)...; and these signs are alternately positive and 
negative, for the first expression has no negative factor, the 
second expression has one negative factor, the third expression 
has two negative factors, and so on. Hence by Art. 99 an odd 
number of the roots of the equation /(x)=0 lies between every 
adjacent two of the roots of the equation /(«) = 0. 


103. The demonstration of the preceding Article implies 
that the roots a, b, c,...% are all unequal. Suppose however 
that the root @ is repeated r times, that the root 6 is repeated 


s times, that the root ¢ is repeated ¢ times, and soon, We shall 
have 


f(a) =(@—a) (w—by (eof... $2), 
P'(@)= #0) | r(e—aY™" eB) (2-0... 9(0—0) (2B) (aoa 


+(x—a)' (a—b)'(x—c/.. 4 at 
Let f(«) denote the greatest common measure of / (x) and f’ (*); 
that is, let /(«) = (a— a)" («— 6) (a ce)... Then 
Jah = $e) {r(@—1) (@-2) .. +4(@-a)(e- 2)... +... 


+ (e-a) (#0) (e—6)...$(@) 
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Call this expression /’(x); then as before we see that the equa- 
tion /’(«)=0 has an odd number of roots between a and J, an 
odd number between 6 and c, and so on. And since we have 
J (®) =f(«) F(«), whenever F(a) vanishes so also does /’(2). 
Thus an odd number of the roots of the equation /’(x) =0 lies 
between every adjacent two wnequal roots of the equation /(x) = 0. 


With respect to the equal roots of the equation /(x) =0, we 
know that the root a which is repeated r times in the equation 
 f(«)=90 is repeated *»—1 times in the equation /’(x)=0. Simi- 
larly the root 6 which is repeated s times in the equation f(x) =0 
is repeated s— 1 times in the equation /’(~)= 0; and so on. 


It will be convenient for us to imagine that the r roots equal 
to a of the equation /(x)=0 include r—1 intervals, in each of 
which a root @ occurs of the equation /(«)=0; and similarly 
for the other repeated roots. With this conception we may 
regard the enunciation of Art. 102 as holding universally, whe- 
ther the roots of the equation f(a) =0 are all unequal or not. 


104. No more than one root of the equation /(«)—0 can 
lie between any adjacent two of the roots of the equation /’(x) = 0, 
For if there could be more than one there would be a root or 
roots of the equation /(«)=0 comprised between them, and so 
the two roots of the equation /"(«) = 0 which were by supposition 
adjacent would not be adjacent. 


And similarly the equation /(x)=0 cannot have more than 
one root greater than the greatest root of the equation /’(«) = 0, 
or more than one root less than the least root of the equation 
S (a) = 9. 

105. If the equation /(x)=0 has ail its roots real, so also 
has the equation /’(x)=0; for the latter equation is of a degree 
lower than the former by unity, and a root of the latter equation 
exists between each Adjacent two of the roots of the former 
equation. And generally if the equation /(x)=0 has m real 
roots the equation ’(x) has certainly m-—1 real roots, and may 
have more. . 
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106. Since /”(x) is the first derived function of /’(x), the 
equation /”(«)=0 has an odd number of roots between every 
two adjacent roots of the equation /’(«)=0. Thus if the equa- 
tion f(z)=0 has m real roots, the equation /’(a) = 0 has at least 
m-—1 real roots, and the equation /”(z)=0 has at least m— 2 
real roots. Proceeding in this way we arrive at the result that 
if the equation f(x) =0 has m real roots, the equation /’(x) = 0 
has at least m— 7 real roots. 


Hence if the equation /’(x)=0 has m imaginary roots, the 
equation f(x) =0 has at least » imaginary roots. For if the equa- 
tion /(«)=0 had less than p imaginary roots it would have more 
than n—yp real roots, supposing 2 the degree of the equation ; 
thus the equation /’(x)=0 would have more than n —p—r, real 
roots, and as this equation is of the degree n—~vr it could not 


have so many as m imaginary roots, which is contrary to the 
supposition. 


For example, let f(a) = x" (1— x)". 

The equation /(«)=0 has all its roots real, namely, equal 
to zero, and ” equal to unity. Hence the equation /"(«)=0 will 
have all its ~ roots real and all lying between 0 and 1; this 
equation is | 

mn+1  n(n—1)(n4+1)(n+2 
O= 1-7 —- a+ ~ ) ah Mii Pole 


107. If we know all the real roots of the equation /’(x) =0 
we can determine how many real roots the equation /(x) =0 has. 
For let the roots of the equation /(x)=0 be a, B, y,..-, &; 
arranged in descending order of algebraical magnitude. Substi- 
tute for « in f(x) successively a, B, y,..., «, and observe the signs 
of the results. Then one root or no root of the equation £ (a) = 0 
lies between any adjacent two substituted values, according as 
the corresponding results have contrary signs or the same sign. 
This follows from Arts. 98 and 104. 


The equation /(«)=0 has one root algebraically greater than 
a, or none, according as /(a) is negative or positive; and it has one 
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root algebraically less than « if the equation be of an even degree 
and f(x) be negative, or if the equation be of an odd degree and 
J («) be positive, otherwise not. See Arts. 98 and 104. 


Hence the number of real roots of the equation f(x) =0 will 
be the same as the number of changes of sign in the series ob- 
tained by substituting +0, a, B, y,... x, —, for x in f(x) suc- 
cessively. If however f(a) vanishes when any of the substitutions 
are made, it indicates that the equation /(«)=0 has equal roots, 
and the number of these may be discovered by Chap. VI. 


108. As an example we will investigate the conditions that — 
the equation 2° ~ga+r=0 may have all its roots possible, sup- 
posing gq a positive quantity. Here /(x)=3x°—4q, so that the 


roots of the equation f(a)=0 are + 7 (3); ees xa (2) 
st JQ) 
‘Then f(a)=+ (4)'-4 (2) +r=-2 (2) + 
rn--(Qlas( ora 


\2 3 
First suppose G) greater than (3) ; then if 7 be positive 


F(a) and f(8) are both positive, and the equation /(x)=0 has only 
one real root, which is algebraically less than 8; if r be negative 
F(a) and f(f8) are both negative, and the equation /(#)=0 has 
only one real root, which is greater than a. | 
2 3 

Next suppose G) less than (3) ; then f(a) is negative and 
J (B) is positive, and the equation /(~)=0 has three real roots, 
namely one greater than a, one between a and £, and one algebrai- 
cally less than /. : 


109. A method of discovering the situation of the real roots 
of an eyuation was indicated by Waring, and reproduced by 
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Lagrange, which we shall now explain; it is called Waring’s 
Method of separating the Roots. 


Let us suppose that the equal roots of an equation, if it has 
any, have been discovered and the corresponding factors removed, 
so that we have to deal with an equation which has only unequal 
roots. Let /(x)=0 represent this equation. Suppose & to be 
a quantity which is less than the difference of any two roots, 
and let s be a superior limit to the positive roots. Substitute 
for «in f (a) successively s, s—k, s—2k, s—3kh,... and so on down 
to a quantity which is algebraically less than the least root which 
the equation can have; and observe the series of the signs of 
‘the results. Then when a change of sign occurs one root exists 
between the two corresponding substituted values, and when 
there is a continwation of sign no root exists in that interval. 
For since & is less than the difference of any two of the roots 
we are sure that more than one root cannot occur in each in- 
terval. 


We have then to consider how the quantity k may be de- 
termined. Suppose that the equation has been formed which 
has for its roots the squares of the differences of the roots of 
the proposed equation, and that an inferior limit of the positive 
roots of this equation has been found ; denote this by 6. Then 
Jd is a suitable value for &. 


We have already in Art. 60 given an example of the con- 
struction of an equation which has for its roots the squares of 
the differences of the roots of a proposed equation, and we shall 
hereafter consider the question generally. It will then be seen 
that on account of the complexity of the result obtained, Waring’s 
method of separating the roots of a proposed equation is generally 
useless in practice for equations of a degree higher than the 
third, although theoretically it, attains its proposed object. 


110. As an example of Waring’s method take the equation 


ae —3x* —-474+13=0. 
TE. 5 
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By Art. 60 the equation which has for its roots the squares of 
the differences of the roots of the proposed equation is 


y —42y’ + 441y — 49 = 0, 
Put roe thus 492° — 4412+ 422-1=0 
ae ; 


that is, 492"(2—9) +42 (2-75) =0; 


thus 9 is a superior limit to the values of z, and therefore . is 


an inferior limit to the values of y. Hence 7 ‘ , that is, = is 


jess than the difference of any two roots of the proposed equa- 
tion. 

Now 4+1, that is 5, is a superior limit of the positive roots 
of the proposed equation, by Art. 87. And —(1+,/4) is nume- 
rically a superior limit to the negative roots, by Arts. 94 and 89. 
Thus all the roots of the proposed equation lie between 5 and — 3.. 
By substituting in succession for x the values 5, 5-4, 5— 
it will be found that one root lies between 3 and 22, one root: 
between 22 and 24, and one root between — 2 and — 21. 


111. We will conclude this chapter with a proposition which) 
may serve as an example of some of the principles already esta- 
blished. In the equation /(z) = 0, 
where - J (@) =p,e" + pa" + toe +x—7, 
if g is the numerical value of the numerically greatest coefficient,, 


and r is positive and less than there is a real positive root! 


ot 


GBs g 
2+4¢ 
less than 2r. 


When 2 is zero f(x) is negative. Nowa positive value of « 
will make /(#) positive, a fortiori, if it make | 


e—r—q (eta +... 40° + x’) 
n—1 


eas x ° e 
positive. 
x 


ae 


positive, that is, if it make a —r— qa" 
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Hence a fortiori f(x) is positive if # is less than unity and 
(1 —x)(x—1r) — qu” is positive. Now put 2r for « in the last ex- 
pression and it becomes 7 {1 —2r—4gr}, and this is positive be- 


cause by supposition r (2 + 4q) is less than unity. Thus /(«) is 
‘positive when «= 27; and /(x) is negative when 2=0; therefore 


and multiply all through by 6""'; thus. 


a root of the equation / (a) = 0 lies between 0 and 2r. 


~ In like manner if the last term in f (a) is r instead of —7 and 


x is positive and less than the equation f(x) =0 has a root 


1 
2+4q 
between 0 and — 2r. 


VIII. COMMENSURABLE ROOTS, 


112. By a commensurable root is meant a root which can be 
expressed exactly in a finite form, whole or fractional; so that it 


involves no irrational quantities. We shall now shew that when 


the coefficients of an equation are rational numbers, whole or frac- 
tional, the commensurable roots of the equation can easily be 
found. 


We have seen in Art. 53 that if the coefficients of an equation 
are rational but not all integers, we can transform the equation 
into another which has all its coefficients integers and the coeffi- 
cient of its first term unity. We may therefore confine ourselves 
to equations of the latter form; and we shall first shew that equa- 
tions of that form cannot have rational fractional roots. 


113. Jf the coefficients of an equation are whole numbers, 
and the coefficient of its first term unity, the equation cannot 
have a rational fractional root. 


_ Let the equation be 


"+ pe! + pe 7+ tp tp et+p =0, 


Tas | 


and if possible suppose it to have a rational fractional root which 


in its lowest terms is expressed by z Substitute this value for x, 


5—2 


: 4 
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n 


- +p,a"" +p.a" "b+...+p,_,a°b"* +p,_ab"? +p 6°-'=0, 


and therefore 


nT 


ae n—1 a~2 272-3 n— - 
—% =P,4 + pa" *b+...+p,_a@b°*+p ab’? +p bo", 


The last result is impossible because the right-hand member of. 
the equation is an ma and the left-hand member is not an 


integer. Therefore © 3 cannot be a root of the proposed equation. 

114. Thus we are only concerned with the investigation of 
integral commensurable roots, and we shall now explain the method ~ 
by which they may be found. The method is sometimes ca'‘led 
the Method of divisors, and sometimes Vewton’s Method. 


Let the eg be 


n—2 


a” + pa" + pa +..4+ 9, +p, 2+p, =0, 


and suppose @ an integral root. Then substituting and writing 


the terms in the reverse order we have 
D,, + Py % +p a +...+p,a" "+p a +a'= 90, 


1 


and therefore by division by a 


Ps ~3 n~2 om 
2 +), + Pgh t ++ +PO +p" +a = Q. 


Hence Es * must be an integer; denote it by qg, and divide 
again by a; thus 


re ris. 4 . 
% = Pant +p, yt +...¢pa"*+p a" * +a"? =0. 


Hence “7 ?+-1 must be an integer; denote it by g, and divide 
a 


again by a, and we shall find that de fo Pans "=2 must be an integer. | 
Proceeding in this way after dividing n times by a we shall arrive) 


at a result denoted by feos Ph +1=0, 
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Hence the following conditions are necessary in order that the 
integer a may be a root of the equation /(x) = 0. 


The last term of the equation must be divisible by a Add to 

the quotient thus obtained the coefficient of « in the equation ; 

the sum must be divisible by a. Add to the quotient thus obtain- 

ed the coefficient of x’ in the equation; the sum must be divisible 

by a. Proceed in this way until m—1 divisions have been effected, 

add to the quotient the coefficient of a"; the sum must be divisible 
by aw and the quotient must be — 1. 


If at any step the required condition is not satisfied the inte- 
ger a@ is not a root. 

115. We have in the preceding article found the conditions 
which are necessary in order that the integer a may be a root of 
the equation f(x) =0; it is easy to see that if the last of these con- 
ditions is satisfied the integer @ is a root. For that last con- 
dition may be expressed thus ; 


| Po Par, Pa-ay Po Pr__y, 

| a a a | a a 

| and if this is true we see by multiplying by a” that a is a root of 

S@)=0. 

In order then to find all the commensurable roots of an equa- 

_ tion we have only to determine all the divisors of the last term, 
and try whether they satisfy the conditions of Art. 114. The 
labour will often be lessened by first finding positive and negative 
limits of the roots, because of course no integer need be tried which 
does not fall within these limits. 


116. For an example take the equation 
a? + 5a + a* — 16a° — 20a—16 = 0. 


Here 1 + \/20 is a superior limit of the positive roots by Art. 
89; and by writing —y for « we obtain the equation 


ys (y—5) + y+ l6y (y-7)+16=0, 
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for which 5 is a superior limit of the positive roots. Hence all the 
roots of the proposed equation lie between 4 and —5. The divisors 
of — 16 which fall between these limits are 4, 2, 1, —1, —2, —4; 
and we proceed to try if any of these numbers are roots. 


4. 2 fee Pare rw 
- Rit Bw 16 RIG se Bs A 
ee mee = 66 2" Te Te TG 


— 6 -14 -36 +4+6 +4 
—-22 -—-30 —52 -I12 -10 -1I12 
—~15 —52 412 4+ 5 + °3 
—14 -—-51 +13 +6 +4 
Oe He aes) ee OS Oe eee 
— 2 —46 —- 8 + 2 +.4 
en ee RG Bs we ad. cas) 


In the first line all the divisors of the last term are written 
which it is necessary to try, and beneath each divisor the results 
are placed which arise from carrying on the trial with that divisor. 
Thus taking the divisor 4, we first divide the last term — 16 by it 
and set down the quotient —4; then we add this to the coefficient 
of x which is — 20, and set down the sum — 24; then we divide this 
by 4 and set down the quotient — 6; then we add this to the coeffi- 
cient of x which is —16, and set down the sum — 22; this is not 
divisible by 4, so that 4 is not a root. With respect to 2, — 2, and 
— 4 all the conditions are fulfilled, so that these numbers are roots. 
With respect to 1 and —1 the final condition is not fulfilled, that 
is, the last quotient is not —1, so that these numbers are not 
roots. 


Thus denoting the proposed equation by /(x)=90, we have 
found that (x —2)(#+2)(#+4) is a factor of f(x), and it will be 
found that the other factor is «* + «+1. 


117. It is usual to omit +1 and —1 from the divisors to be 
tried, as it is simpler to test whether these values are roots by sub- 
stituting them for x in the given equation. 
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|) aay powers of # are missing from the proposed equation 
they should be supposed to be introduced with zero coeflicients ; 
see Art. 51. 


When we have ascertained by the method here exemplified 
that certain numbers 4a, 6, c,..., are the only commensurable roots 
of an equation (x)= 0, it still remains to determine whether any 
of these roots are repeated. We may divide f(x) by the product 
(« —a)(a —b)(«—c) ... and denoting the quotient by ¢(~) we may 
apply the method to the equation ¢(x)=0, and thus determine 
whether any of the quantities a, 6, c, ... are roots of this equation. 
Proceeding in this way we shall determine the repeated roots of 
the equation /(x)=0, and how often each root is repeated. 


Or we may apply the test of equal roots found in Chapter vr. 
to the equation /(x) = 0. 


118. Suppose that instead of taking an equation, as in Art. 
114, with wnity for the coefficient of the first term, we take an 
equation with any wmteger p, for the coefficient of the first term. 
The only difference in the resulting conditions is that the last 
quotient must be —p, and not —1. Suppose for example 


2x° — 1227+ 138¢—15=0. 


2 
and there is no negative root by Art. 24, and by trial we see that 
1 is not a root; thus the only divisors of the last term to be 
used are 5 and 3. The process being arranged as before we 
have 


Here 2? +1 is a superior limit of the positive roots by Art. 90, 


5 3 
-— 3 —d 
10 8 
2 
— 10 
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Thus 5 is a root, for all the conditions are satisfied, the last 


quotient being —2; and 3 is not a root, because 8 is not divisible 
by 3. 


119. The number of divisors of the last term which it is 
necessary to try may sometimes be diminished by the following 
principle. Suppose a a root of the equation f(z)=0; for w put 
m+y, then a—m is a value of y which satisfies the equation 
J(m+y)=90. The term independent of y in this equation is f(m), 
and all the coefficients of y are integers, if the coefficients in — 
J (x) are integers and m also an integer; see Art. 12. Thus if 
a@ be an integer a—m is an integer and must therefore divide 
J(m) by Art. 114. Thus any integer a which divides the last 
term of f(x) is to be rejected if a —m does not divide /(m). 


Here m may be any integer positive or negative ; the values 
+1 and —1 are advantageous from the ease with which /(m) 
can then be calculated. 


Take for example the equation given in Art. 116; here 4 
divides the last term, but 4+ 1 does not divide f(—1) which is 
—9; thus 4 cannot be a root of the proposed equation. 


Again, take the example x — 20x’+1647%—400=0. This 
equation has no negative root by Art. 24; and by writing it 


in the form a(x — 20) +164 («-), we see that 20 is a 


superior limit of the positive roots. The positive divisors of 
the last term which are less than 20 are 2, 4, 5, 8, 10, and 16. Of 
these 5, 8, and 10 are not roots; for /(1)=— 255, and this is 
not divisible by 5—1, or by 8—1, or by 10—1. Thus the only 
divisors of the last term which remain for trial are 2, 4, and 16; 
it will be found that 4 is a root. 


120. As an example of a rational fractional root, consider 
the equation 4a*—1lz*+7«—6=0, that is, 


pies + ia—s=0. 
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= 5 , in order to transform the equation into one 
with integral coefficients ; see Art. 53. Thus 
y* — lly’ + l4y— 24 =0, 


that is, y' + Oy® — lly’ + 14y —24=0. 


First, put 2 


By Arts. 90 and 94 all the roots of this equation must lie 


between | + 4/24 and — (1+ af 24) ; and we see by trial that +1 
and —1 are not roots. Thus the only divisors of the last term 
to be tried are 4, 3, 2,-2,-3,—4. Also /(1) =— 20, and this is 
not divisible by 4—1 or by —2—1; thus the numbers 4 and 
—2 may be rejected, The process being arranged as before we 
have 
3 2-3 - 4 
-8 -12 8 6 
6 Soa ae 


2 1 — 95 
-9 -10 —16 
-3 -—-5d — 4 
oer 4 
—1] — | 


Thus 3 and — 4 are roots; and since x= ; we have 5 and — 2 


as roots of the original equation. 


IX. OF THE DEPRESSION OF EQUATIONS. 


121. In the present chapter we shall shew how the solution 
of an equation may be made to depend upon the solution of an 
equation of lower degree, in certain cases where known relations 


subsist among the roots; this process is called the depression of 
equations. 


122. When two equations have a root or roots in common, 
wu is required to determine the root or roots. 
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Suppose the equations f(x)=0 and /(x)=0 to have a com- 
mon root a@; then f(«) and /’(«) have the common factor x—-a. 
Hence the greatest common measure of /(x) and /’(x) must 
have «—a as a factor. Similarly every factor common to f(x) 
and /’(«) will be a factor of their greatest common measure, and 
no other factors will occur in the greatest common measure. 


Hence, if we find the greatest common measure of f(x) and 
F(x), and equate it to zero, the roots of this equation will coincide 
with the required roots which are common to the equations 


J (x)=0 and F(x)=0. 


If any factor is repeated in f(x) and F(a) it will also be 
repeated in their greatest common measure. 


123. Suppose, for example, we have the two equations 
a* + 30° — 5a — 62 -8 =0 
and a* + a — 9a? +10”%—8=0. 
The greatest common measure of the expressions which form 
the left-hand members of these equations is «°+2«%—8; and if 


this be put equal to zero we obtain x=—4, or x=2. Thus 2 
and —4 are the roots common to the two equations. 


124. Suppose we know that there exists between a and 6, 
two roots of the equation f(x)=0, the relation pa+ qb=r; it is 
required to determine these roots. 


Since a@ and 6 are roots of the equation f(~)=0, we have 


J (a)=0, and f(b)=0; but b= S = - , therefore f (- s “) =O, 


Thus @ is a common root of the equations f(«) = 0 and f € Be *)=0, 


Hence a may be found by the preceding Article. Thus @ is — 
known and then 6 from the relation pa+qb=r. Hence /(a) 
may be divided by the product of the factors x—a@ and x—6; 
and if the quotient be equated to zero we obtain an equation 
for determining the remaining roots of the equation f(a) = 0. 
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125, Suppose, for example, that we have the equation 
at — Ta? + lla’ —Tx+10=0...... (1), 
| and that it is known that two of its roots a and 6 are connected 
_ by the relation 6 = 2a +1. 
Substitute 2a+1 for x in (1); thus 
(2a +1)*—7 (2u@+1)? +11 (2a+1)—7 (2a+1)+10=0, 
that is, 16a* — 242° — 162° — 4a + 8=0, 
or Ag! — 62° — 4a? — 2 4+2=0 oe ee eee eee (2). 
: The greatest common measure of the left-hand members of 
_ (1) and (2) will be found to bea—2. Thus a= 2, and therefore 


6=5; that is, 2 and 5 are two of the roots of the proposed equa- 
tion, Then it will be found that 


: a — Tac® + lla? — Ta +10 = («@—2)(x —5) (x? +1), 
so that the other roots are = ,/(—1).. 


126. It may happen that another pair of roots a and f is 
subject to the condition pa+qB=r. In this case the expressions 


J (x) and f (a will have for their greatest common measure 


an expression of the second degree in « which will involve the 
factors «— a and x—a, 


If the roots a@ and 6 are both repeated in the equation /(x) = 0, 


the factor «—a will be repeated in the greatest common measure 


of f(x) and f (¢ *). 


127. Generally suppose that two roots a and 6 of the equa- 
tion /(#)=0 are connected by the relation b=¢(a). Then the 
equations /(x)—0 and f{(«)}=—0 have a common root, namely 
a, and we may determine this common root by Art. 122. 


_,) 
128. There is a case in which the method of Arts. 124 and 
126 does not assist us in solving a proposed equation. Suppose, 
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for example, we have an equation /(~)=0, and it is known that 
the roots of this equation occur in pairs, and that each pair of 
roots @ and 6 satisfies the relation a+6=2r. Then according 
to Art. 124 we should proceed to investigate the common roots 
of the equations f/(x)=0 and f(2r7—az)=0. But these equations 
will be found to coincide completely ; for by supposition f(a) = 0, 
that is, f(2r—6)=0, and /(b)=0, that is, f(2r—a)=0, so that 
the roots a and 6 are common to the two equations. Similarly 
every other pair of roots is common to the two equations, and 
so the two equations must coincide. 


129. There are various ways in which we may depress the 
equation in the case considered in the preceding article; we 
will explain two of them as they furnish exercises on the subject 
of the present chapter. | 


I. We may proceed thus. Assume a—b=2z, so that we 
have simultaneously 


J (a)=0, a+b=2r, a—b = 22. 


From the second and third of these equations a=z+7. Substitute 
in the first equation, so that f(z+7r)=0. From this equation 
values of z must be found, and then corresponding values of @ and 
6. It is easy to shew that the equation f(r + z)=0 only involves 
even powers of z, and so if we regard 2’ as the unknown quantity 
the degree of this equation will be half the degree of the proposed 
equation. For let a and b be one pair of roots of the proposed 
equation, a and # another pair, and so on; then 


Ff (0)= (ea) (w -b)(w- a) f).. 
flatry=(@4+r—a)(z+r—b)(2+r—a)(e+7—-f)... 


= (2+ ana) (2+ 95") (2 STP a) (x4 me FB)... 


e-Cae- CaP)} 


that is, /(z'+ 7) involves only even powers of z. 
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In fact, as no distinction in theory exists between the roots 
| a and b, it might have been i) ag that an equation which 
| 


should be constructed to have — ae for a root would also have 


| b-a ee 
—z- as a root ; and such is the case. 


II. We may also proceed thus. Assume z=ab. Then 
(a — a) (x — b) = 2° —(a+b)x+ab=a —2retz.. 


Hence if 2 be suitably determined, x’—2rxa+z2 will be a factor 
| of f(x). Perform the process of dividing f(x) by x«’*—2ra+z 
_ until the remainder takes the form Px +@Q, where P and Q are 
| functions of z, but do not contain 2 Hence the necessary and 
| sufficient conditions for 2*-—2rx+z2 being a factor of f(x) are 
| P=0 and Q=0. Find by Art. 122 a value of 2 which will 
satisfy both these equations ; then find a and 6 from 


a+b=2r and z=ab. 


| 130. Suppose we know that between three roots a, b,c of 
| the equation /(x)=0, the relation pa+gb+re=s exists; it is 
| required to determine these roots. 


Since a, b, and ¢ are roots of the equation /(«)=0, we have 
f (a)=0, f(b) =9, f(c)=0. Thus 
f(a) =0, £0)=0, f(=ME®) <0. 


Suppose 6 eliminated between the last two equations ; we thus 
obtain an equation which we may denote by ¢(a)=0. Thus the 
equations f(x) —0, and ¢(x)=0 have a common root a, and this 
may be found by Art. 122. 


‘131. We will here give a few miscellaneous examples con- 
nected with the subject of the present chapter. , 
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(1) It is required to determine the roots of the equation 
a" + pe + pe r+... +9, =0 
which are in arithmetical progression. 
Denote them by a, a+b, a+ 2b,.... 
By Art. 47, | 
—p,=a+ (a+b) +(a+2b)+... +(a+n— 1D), 
p,— 2p, =a’ + (a +b)? + (w+ 2b)? +... (a+ n— 1b). 


n(n—1) 
2 


n(a—1)(2n—1) 59. 
6 v3 


That is, —p,=na+ b, 


Pp; — 2p,=na’+n(n—1)ab+ 


see Algebra, Chapter xxx. 


By squaring the first result and subtracting it from n times 
the second we obtain 


; n?(n? — 1)8? 
(n—1)p, — Inp, = ( 12 3 


thus 0 is known, and then a can be found. 


(2) The equation x* + 32° — 12a? —48x~—64=0 has two roots © 
which are equal in magnitude and of opposite signs; find them. — 


Here the equation obtained by changing the sign of x will have 
a root in common with the proposed equation. That is, the 
proposed equation has a root in common with the equation 


a* — 32° ~ 122? + 48a —64=0. 


Then by Art. 122 we may proceed to find the greatest common 
measure of the left-hand members of these equations. Or thus; 
by subtraction, 

62° —962=0; 


therefore either x=0, or else x*= 16. 


The former does not give a root ; the latter gives s=+4; and 
+4 and-— 4 are roots of the proposed equation. : 
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(3) The equation 3a*— 192° + 9a? -19%+6 =0 has two roots 
the product of which is 2; find them, 


Suppose y to denote one root ; then , is another ; hence 


3y* — 19y° + 9y? —19¥+6=0 cee eeseecens (1); 


4 3 2 
ind 3(-) -19(-) +9(-) -19(-)+6=0, 
- Y Y 
that is, 6y*— 38y* + 36y? — 152y + 48 =0, 
or 3y*—19y° + 18y’?- 76y + 24=0........ ".(2). 


The greatest common measure of the left-hand members of 
(1) and (2) is 38y°—19y¥+6; and putting this equal to zero we 
obtain y=4, or y=6. Thus 4 and 6 are the required roots. 


X. RECIPROCAL EQUATIONS. 


132. <A reciprocal equation is one which is not changed 
when the unknown quantity is changed into its reciprocal. 
Hence if a be the root of such an equation, the reciprocal of a, 


that is, 3 is also a root. We shall see that the solution of a 


- reciprocal equation may be made to depend on the solution of 
an equation of not higher than half the degree of the proposed 
equation. We shall first determine the relations which must hold 
among the coefficients of an equation in order that it may be a 
reciprocal equation, and shall then shew how the equation may 
be depressed and so rendered easier of solution. 


_ 183. To find the conditions that a proposed equation may be 
a reciprocal equation. 


Let the equation be 


n—-] n—2 


2” + pe" + pe + ue +P e +p, c+p, =0...(1). 


Change « into E then multiply by 2" and divide by p, and 
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re-arrange the terms; thus we have 


op + Pama tty Pama gn ps ies 0 soe (2)s 
P. P, Maris Bac Ps 7 
In order that (2) may coincide with (1), the coefficients of 
the same powers of « must be coincident; thus — 
P; — ? Piet eae os fr er Pack 7) p= 
the last equation gives p,*=1, therefore p=+1, or —1, and this 


gives rise to two classes of reciprocal equations. 
I. Suppose p,=1; then we obtain 
PieP ay Py FP ig 0 Pag F Ps Pag Py 


Thus an equation is a reciprocal equation when the coefficients 
of the terms equidistant from the first and last are equal. 


II. Suppose py, =—1; then we obtain 


Pi Fe) ee Sand bh Oe, Pa Cee 

In this case if the equation is of even degree, we have among 
the above series of conditions p,=—p,, where m = 4n, and this 
is impossible unless p =0. Thus an equation is a reciprocal 
equation when the coefficients of terms equidistant from the 
beginning and end are equal in magnitude and of contrary signs ; 
with the condition that if the equation is of an even degree 
the coefficient of the middle term is zero. 


134. A reciprocal equation of the first class of an odd degree 
has a root —1, as is obvious by inspection. Thus if /(x)=0 
denote the equation, f(x) is divisible by x+1; see Art. 6. Let 
(x) be the quotient, then (x) =0 will be a reciprocal equation 
of an even degree with its last term positive. 


A reciprocal equation of the second class of an odd degree has 
a root + 1, as is obvious by inspection. Thus if /(~)=0 denote 
the equation, f(a) is divisible by x—1; see Art. 6. Let (x) be 
the quotient, then ¢(x)=0 will be a reciprocal equation of an 
even degree with its _— term positive. 
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A reciprocal equation of the second class of an even degree 
has a root +1, and a root —1, as is obvious by inspection. 
Thus, if f(#)=0 denote the equation, /(x) is divisible by x*—1 ; 
see Art. 33. Let (x) be the quotient, then ¢(~)=0 will be a 
reciprocal equation of an even degree with its last term positive. 


135. The statements made in the preceding article respect- 
ing the results of certain divisions will probably be admitted as 
obvious. But it is easy to give formal proofs. Consider the 
last case, that of a reciprocal equation of the second class of an 
even degree. Suppose (x)= 0 to represent the equation; then 


we know that f(x) is such that f(x)=—a"/f (=) and we know 


that f(x) is divisible by «*—1,; we wish to prove that the quotient 
is a function which has the coefficients of the terms equidistant 
from the first and last equal. 


We have /(x) =-a'f(2); 


3 ;) 
therefore J (2) = sa r(-) = 5 
as | Pak” Ve 1 1 

xn 


1 
f(3) 
And this shews the truth of the statement, since ae is what we 


a 


I (#) 
pee he 


eats 
obtain when we change x into — in — 
x ax 


136. It follows from Art. 134 that any reciprocal equation 
is either of an even degree with its last term positive, ‘or may 
be depressed to this form. We may then consider this as the 
standard form of a reciprocal equation, and we shall now shew 
that such an equation may be depressed to one of half its degree. 


137. It is required to depress a reciprocal equation which 
is of an even degree with its last term positive. 
,%. 6 
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Let the equation be a7"+ pa" + pa" *+...4 p,0° + p,2+1=0) 


2 


Divide by x” and collect the terms in pairs which are <egemiee 
from the beginning and end; thus 


w+ o+p,(e™' +55) 4 am? 4 : $0 
x” 1 zm Ps 2 aa PO 


1 
Now assume “+ Ze MS then 


eoeeveetees eee SCeoreseeeosteseetee eee 


and generally, a?*'+ af = (# + =) (2 +2) ~ ( ane =) 


1 , 
so that we can express a?*! +— “pri aS a rational function of y oi 


the degree y+1. Hence by substitution in the above equation! 
we obtain an equation in y of the degree m. Then from each 
value of y we deduce two corresponding values of x, and a factor 
x’ —yxtl. 


138. The general relation in the preceding article may be 
thus expressed ; | 


get 4 ih = (+ 5)y -(#"'+ ga) 


This shews that we may regard the quantities 


1 1 1 
a+, V+, WD! + a yee 


as forming a recurring series in which the scale of relation is 
1—y+1; see Algebra, Chapter xuix. We shall hereafter give 


al expression fi we L t f 
a gener pression for « a in terms of y. 
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139. Foran example of a reciprocal equation take the equation 
92° + 2 — 13a* + 132° -— a2 —2=0. 


Here +1 and —1 are roots by inspection ; and we can therefore 
divide the left-hand member by z*—1. Thus we obtain 


204 +2? -—lla’?+2+2=0; 


therefore Aas : (« +2) ~ eet « 
x. S x 


Put n+ aay; thus 


11 
y-24+5-— = ) 
or y+ 4-2-0; 

y=3 or—3 


eo 
Hence e+ a, MOT = —3; 


therefore x= 2 or 5 — or =f 3+ n/5). 


140. The following equation may be transformed into a re- 
ciprocal equation : 


90 DI DO AD +0. Ce +p ca * 
+...+p,0"" oo cate" =0. 


For assume «=z ,/e, and divide by c” ; we thus obtain a reciprocal 
equation in 2 of the standard form. 
XI. BINOMIAL EQUATIONS. 


141. An equation of the form 2*— A= 0 where A is a . known 
quantity is called a binomial equation. 


The roots of this equation are all different because the first 


6—2 


84 BINOMIAL EQUATIONS. 


derived function of #*—A is na"~', and no value of x will make 
a" — A and na”~* vanish simultaneously ; see Art. 75. 


142. If 2&*—A=0 we have x=*%/A; that is, x is equal to 
an n™ root of A. But the equation 2*—A=0 has m roots by 
Art. 33, and these roots are all different by Art. 141. Hence 
we obtain the following important result, any algebraical quantity 
has n different n roots. By an algebraical quantity here we 
mean either a real quantity, or an imaginary quantity of the 


form ptqn-l. 


143. Let a denote one of the n™ roots of any quantity A, 
so that a@*= A. Then in the equation a"—A=0 assume x=ay, | 
so that a’y” -A=0; therefore y"—1=0. Hence y= ,7/1, that is, 
y is equal to an n™ root of unity. And «=ay=a%/1; but w= 2/A; 
therefore Y/A=ax/1. Thus all the n™ roots of any algebraical 
quantity may be found by multiplying any one of them in succes- 
sion by the values of the n™ roots of unity. 


144. Let us now suppose that A is a real positive quantity, 
and that we have to solve the equation 2"—.A =0 and the equation | 
v'+A=0. Leta be the arithmetical value of the n™ root of A, 
which may always be obtained, at least approximately, by the aid 
of the Binomial Theorem; see Algebra, Chapter xxxvi. Assume 
a= ay, then the proposed equations become respectively y”—1=0,. 
and y"+1=0. These equations can both be solved by the 
aid of Trigonometry ; see Z'rigonometry, Chapter xx1u1. We shall! 
however now consider these equations without using the Trigono-- 
metrical expressions; and although we are not able te solve them: 
generally by means of algebraical expressions, we shall be able to 
prove important results respecting them. 


| 
| 


145. Ifa be any root of the equation x*—1=0, then a”™ is: 
ulso @ root, where m is any integer, positive or negative. 


For (a) = aia y= 4" =1, 


| 


] | 
a 
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146. Ifa be any root of the equation x"+1=0, then a” is 
‘also a root, where m is any odd integer positive or negative. 


| For (a”™)" = Pw ped (a.")" = (—- 1 ay = 1, if Mm be odd. 


147. Zfm be prime to n, the equations x" —1=0 and x"—1=0 
have no common root except unity. 


Let p and g be two integers which satisfy the relation 
pm— gn=1; such integers can always be found by Algebra ; see 
| Algebra, Chapter xtvi. And suppose that @ is a common root 
of the two equations. Then a”=1, therefore a’”"=1; and a*=1, 
therefore a”=1. Hence, by division, 7" =1; that is a=1. 


148. Jf nis a prime number, and a any root of the equation 
x" 1=0, except unity, then all the roots of the equation will be 
Jurnished by the series a, Cig We 


For these quantities are all roots by Art. 145. We have there- 
fore only to shew that no two of them are equal. If possible, 
suppose a”=a’; then a” *=1; and thus the equations «"—1=0 
and #"*—i=0 have a common root which is not unity. But this 
is impossible by Art. 147, since —s is less than m and therefore 
prime to it. 


149. If m is not a prime number, and a is any root of the 
equation 2"-1=0, it is true by Art. 145 that any power of a is 
also a root; but it is not necessarily true that the successive powers 
of a will furnish all the roots. Suppose for example that n= pq ; 
and let a be a root of the equation x? — 1=0; then a is also a root 
of the equation «"— 1=0, and so is any power of a. But we can- 
not obtain more than p different values by taking powers of a; for 
a’** =a? xa=a, a?** =a" x a* =a", and soon. Thus the powers of 
a will not furnish all the roots of the equation «*—1=0. 


If ~ be not a prime number it is still true that some of the 
roots of the equation «”— 1=0 have the property of furnishing all 
the roots by their. successive powers. This is easily shewn from 
the Trigonometrical expressions for the roots, | 
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150. The solution of the equation x°—1=0 where n is the pro- 
duct of different prime numbers can be made to depend upon the 
solution of equations of a similar form having for the index of x 
the different prime factors of un. 


Suppose, for example, that m is the product of three prime 


factors m, p, gq. Let a be a root of the equation «"—1=0, let B - 
be a root of the equation «”—1=0, let y be a root of the equation 


—1=0; these roots being all supposed different from unity. 


Then the roots of the equation «*—1=0 will be the terms of the | 


product 
(ltata'+...+a"”) (14+ 8+ 0? +...4+ 8") (Lliyty't... +79"). 


First, any term of this product is a root. For suppose a”6"y | 
to denote such a term; then (a” 6’ y’)” = 1, since a™=1, B"™=1, and © 


y"=1. Secondly, no two terms of this product are equal. For, 


if possible, suppose a” B*y'=a? B’ y’; then a”? =P" "*y"* The © 


quantity on the left hand is a root of the equation «"—1=0, and © 
the quantity on the right is a root of the equation #—-1=0; but © 
since m is prime to pq it is impossible that these equations can — 


have any common root except unity. 


Similarly we may proceed when n has more than three prime q 


factors. 


151. Next suppose that the prime factors of m occur more — 


than once in 7; for example, let n=p.a.x, where p, 7, x are 
respectively any powers of the prime numbers m, p, and 4g. 


Then it will still be true that if we obtain the p roots of : 


the equation #*—1=0, the w roots of the equation «™—1=0, 


and the x roots of the equation «*— 1-0, and take every possible | 
product of these roots, one from each system, we shall obtain all — 
the roots of the equation «"—1=0. But, by Art. 149, the roots — 


of each system cannot necessarily be represented by the powers of 
one root taken arbitrarily. 


Similarly we may proceed when m involves more than three 
different primes. 


a 


BINOMIAL EQUATIONS. 87 


152. It is usual to add one more proposition respecting the 
quation #"—1=0 when 7 is a power of a prime; and we will give - 
t here although it is of little practical importance. Suppose, for 
xample, that ~=m* where m is a prime number. Let a be a root 
of the equation «"—1=0, let 8 be aroot of the equation «”"—a=0, 
ind let y be a root of the equation x"—-B=0. Then the roots of 
the equation «"— 1 =0 will be the terms of the product 


Ttatar+...ta")(1+B+f'+...4 8") (lt yt yt. ty"). 


First, any term of the product is a root. For suppose a”B’y to 
denote such a term; then (a”B’*y')"=a"B"y"=1. Secondly, no 
two terms of this product are equal. Tor, if possible, suppose 
a” 3° = o? By" ; thus a'=a*, where 

fart — 4 x and N= pts + Bind 
m mM m mm 
Therefore a’-*=1, therefore o”—1=0, where v=m?(J—A). But 
m®* (i—-A)=m'* (r—p)+m(s—c)+t—7, and this is prime to m, 
and therefore to m*; and therefore the equations «"—1=0 and 
«”—1=0 cannot have a common root different from unity. 


153. The preceding article is of little practical importance, 
because the operations which it involves cannot be generally 
effected. Suppose that we can solve the equation «"—1=0, and 
so find a; then alli the quantities 1, a, a’,...a"’, are roots of 
the equation «"—1=0; so that we thus obtain m roots. But to 
find 8 we have to solve the equation x”—a=0, that is, we have to 
find Z/a where a=%/1; and there is no algebraical method of 
effecting this generally. 


Thus, for example, when we have solved the equations «*— 1 = 0 
and «—1=0 we can immediately form all the solutions of the 
equation «°—1=0 by Art. 150. But we cannot practically solve 
) the equations «°— 1=0 or «’—1=0 by the method of Art. 152; 
| we can only obtain three roots of the former equation and five 
roots of the latter equation. 


| 
. 
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154. We will now indicate the methods by which we can | 


practically solve the equations «"—1=0 and a"+1=0, when v is 
not too great. 


We may observe however that if 2 be any power of 2 these 


equations may be solved by the process given in Algebra for 
extracting the square root of a binomial surd, repeated as often as 
is necessary; see Art. 28. Ifn=pm, where p= 2’, assume w= y, 
thus the equations «"—-1=0 and «"+1=0 become respectively 
y"—1=0 and y"+1=0. Then if y can be found we can deduce x 
by the process of extracting the square root repeated 7 times. 


155. In the equation «"—1=0 suppose that m is an odd 
number, and letn=2m+1. The equation 2*”"*’—1=0 has only one 
real root, namely +1; for it has no negative root, and if x be made 
equal to any other quantity than unity 2°"*’ 


will not be equal to — 


unity ; thus the equation has only one real root. Divide «*"*’—1 by — 


x —1; thus we reduce the equation to be solved to the following, 
ge 5 ge Ri ae a he oe oe + 1 oO, 


This is a reciprocal equation, and its solution can be made to 
depend upon the solution of an equation of the degree m. 


156. In the equation «*"—1—0 suppose that » is an: even 


number, and let »=2m. The only real roots of the equation are 
+1 and —1; and we may divide «"—1 by the product of x—1 
and «+1, that is, by «’—1. Thus we reduce the equation to be 
solved to the following, 


ge rial Te peta ere gh Men EPP) 


This is a reciprocal equation, and its solution can be made to 
depend upon the solution of an equation of the degree m — 1. 


The equation «*"—1=0 may also be conveniently treated by © 


writing it thus, («”—1)(«"+1)=0, and so resolving it into the 


equations «"—1=0 and #"+1=0. Or we may adopt the method . 


given in Art. 154, 


157. In the equation ~"+1=0, suppose that ~ is an odd — 


number, and let n= 2m+1. The equation «”*'+1 —0 has 
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only one real root, namely —1; and we may divide «”"*'+1 
by «+1, and thus reduce the equation to be solved to the 
following, 


oom — a) 4 HF tae t+1=0; 


this is a reciprocal equation, and its solution can be made to 
depend upon the solution of an equation of the degree m. 


If m is an odd number in the equation 2*+1=0, and we 
change x into — 2, we obtain z*—1=0; so we may if we please 
solve the latter equation, and then change the signs of the roots, 
and thus obtain the solution of the former equation. 


158. In the equation 2*+1=0, suppose that nm is an even 
number ; then the equation has no real root. The equation is 
a reciprocal equation, and its solution may be made to depend 
upon the solution of an equation of half the degree. Or the 
equation may be treated by the method given in Art. 154. 


159. Thus in the four preceding articles we have shewn how 
the solution of the proposed equations can be made to depend 
upon the solutions of other equations which are not of higher 
degrees than half the degrees of the proposed equations. In 
each case we remove the factors which correspond to the real 


roots and then put a + : =z, and obtain an equation in z. Now 


it may be observed that this equation in z will have all its roots 


real. For suppose that a+$./—1 denotes one of the imaginary 
_values of x; then the corresponding value of z is 


a—Br/—1 

a” + Bp’ 
and this is a real quantity, namely, 2a, provided that a’+ B’=1. 
| We shall shew that a’+f? is =1. 


? 


seh 1 wine 
a+ BV 1+ RS , that is, a+ BNV—1+ 


Since a+ B/—1 is a root of the proposed equation x"+1=0, 
by Art. 41, a—Bry—1 is also a root. Thus 


(a + BV-1)"=+1, and (a—B/-1)"=+1; 
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hence by multiplication (a? + 6°)" = 1; therefore a* + ~*=+1, and 
since a° + 6° is necessarily positive it must be equal to + 1. 
160. We will now consider some examples of the equations 
x” +1=0 and z-1=0. 
(1) a—1=0; this gives (e@—1) @’+a+1)=0. 
~1+/—3 


Hence the roots are | and 5 ; these values are then 


the three cube roots of +1. By changing their signs we shall 
obtain the three cube roots of —1, or in other words the roots 
of the equation «*°+1=0. 


(2) a*+1=0. Put ian; we get 2°-2=0. 
Thus ama ,/2, 
Therefore «*+1 = (a°+a,/2+1) (a —x,/2+1); 


and the solution can be completed by finding the roots of two 
quadratic equations. 


(3) «#—-1=0. This gives (ae —1) (a4 + a0? + ce? + +1)=0. 


1 1 : 
Hence we have to solve 2’ + sgh Ot = 1=0, that is 


2°+2—-1=0. Thus <a 
Therefore 
x? —1 = (#—1) (2*+2 ; ats 1) (+e : ine + 1) 


and the solution can be completed by finding the roots of two 
quadratic equations. The roots with their signs changed will 
be roots of the equation «’?+1=0. | 


161. If we attempt to solve the equation «’—1=0, we ob- 
tain an equation of the third degree in 2; and if we attempt to 
solve the equation 2° —1=0 we obtain an equation of the fourth 
degree in z We shall in the next two chapters shew how to 
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solve equations of the third and fourth degrees ; it will however 
be found that the methods of solution are of little practical value 
‘when the equations to be solved have all their roots real, which 
is the case we have here to consider, by Art. 159. 


162. In an equation of the form x” +pxz"+q=0, we can 
by the solution of a quadratic equation find the values of 2”, 
and then the method of the present chapter may be applied to 
find the values of 2. 


We will close this chapter by a proposition respecting the 
number of values of the product of two surd quantities. 


163. Suppose A and B any two algebraical quantities, and 
m and 7 any positive integers. Then X/A has m different values, 
and 4/B has m different values by Art. 142. Hence the product 
of */A and ;/B cannot have more than mn different values ; 
‘and we shall shew that it cannot have so many values unless 
m and m are prime to each other. This we shall shew by 
proving the following proposition; the number of different values 
of the product of *%/A and /B is equal to the least conmon 
multiple of m and n. 


Let @ be one value of 2/4; then all the values of %/A are 
included in a¥/l. Let 6 be one of the values of </B; then all 
‘the values of ~/B are included in 6,/1l. Hence all the values 
of the product are included in ab x */1 x 2/1; and therefore the 
number of the different values of the product is the same as the 
number of the different values of X/1 x ./1. Let r be the least 
common multiple of m and »; then (X/1 x V/1)'=1. Thus 
~/1 x X/1 is equal to an r™ root of unity, and therefore cannot 
have more than r different values. 


We have however still to prove that %/1 x X/1 really has r 
different values. Let p be the greatest common measure of m 


and nm, and let ies pe; then the pw values of %/1 are included 
among the m values of </1; and r values of 2/1 x 4/1 will be 
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obtained by taking the various terms of the product of the p 
values of &/1 and the x values of Ni 1. And these 7 values will 
all be different. For let a and a’ be two of the p values, and 
B and ~ two of the n values; then a8 cannot =a'B’. For if 


af =a’ B’ we have = = i ; the left-hand member is a root of the 
equation «*—1=0, and the right-hand member is a root of the 


equation «"—1=0; and these equations can have no common 
root except unity by Art. 147. 


164. The essential part of the preceding article is sometimes 


mtn 
treated thus. We have </1 x */l=1™, andif me 


be reduced 


to its lowest terms, the numerator will be an integer and the 
mtn 1 
denominator will be 7; thus 1™ = 1 which has r different 


values. This method however is unsatisfactory, because the 
ordinary theory of surds in Algebra is only proved there for the 


arithmetical values of the surds, and thus does not furnish the 
1 1 mtn 


relation 1™ x ]* =1™) in the sense in which this relation is here 
required. 


XII. CUBIC EQUATIONS. 


165. It is unnecessary to say anything on the solution of 
quadratic equations because that subject is fully considered in 
treatises on Algebra. We propose in the present chapter to give 
the solution of equations of the third degree which are also called 
cubic equations. 


It appears from Art. 56, that any proposed equation can 
always be transformed into another equation without the second 
term. As the roots of a cubic equation without the second term 
are more simple expressions than the roots of a complete cubic 
equation, we shall suppose that the cubic equation which we have 
to solve is without the second term. The process which we shall 
now give is usually called Cardan’s solution of a cubic equation. 


CUBIC EQUATIONS. f 93 


166. To solve the equation x°+qx+r=0. 


Assume x=y+2, so that y and z are two quantities which 
are at present unknown. Substitute for x in the given equation ; 
thus 

(y+2)+q(yt+2)+r=0, 
that is y+ 2 +(3y2+ 9) (y+2)+r=0. 

Now we have made only one assumption with respect to the 
two quantities y and z, namely that their sum is the value of 
a root of the proposed equation. We are therefore at liberty gp. 
to make another assumption; suppose then that 3yz+q=0. ~ 
Thus we have ; 

yte+r=0. 


Substitute for z in terms of y; thus 


that is ye +ry?—-2 =0. 


wee a £) 
Hence yobs /(G+$ 
| ie ie we 5) 


Also x=y+z2; it will lead to the same result in the value 
of « whether we adopt the upper sign or lower sign in the 
values of y* and 2°; for distinctness suppose the upper sign taken. 
Therefore 


Hi GR EB 


Thus the expression for x is the sum of two cube roots, and 
as every quantity has three cube roots, we must examine which 


_ eube roots are to be used in the present case. Let 


a= 5(-1+=8) 
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then by Art. 160, the three cube roots of 1 are 1, a, and a’. 
2 3 a 
Let m denote one of the cube roots of — : + of G + oN, then | 
the other cube roots are ma and ma’; let denote one of the | 
2 3 7 
eube roots of — 57 4 (F + L); then the other cube roots | 
are na afid na. If we could ascribe to each of the cube roots | 
which occurs in the expression for « any one of its three values, — 
we should obtain on the whole nine values of x But a cubic 
equation can only have three roots, so that we are led to con-’ 
clude that only three values will be admissible for x And 
in fact the process of solution requires that yz=— 3, and it is | 
this condition which determines the admissible values of the cube 
roots. Suppose that m and 7 are so taken as to satisfy the 


condition ma=—; thus we can have y=m and z=n as ad- 


3 a 
missible values. Then we can also have y=am and z=a'n; 
and we can also have y=a’m and z=an; for in these two cases 


we have the relation yz=— 7 satisfied. _ No other pair of values — 


3 | 
however is admissible; for instance, if we suppose y=m and — 


z=an, we geb yz=— “fF and not — £, and any other pair of values 


3 3’ 
-except those which we have admitted will make yz=— “e | 
ag ‘ q 
or =~ oy instead of a 4 


——167. For example, suppose «+ 6a—20=0. Here g=6 and © 
¢=—20; thus Op . 
a= (10+ J108)} + (10 — /108)3. 


By numerical work it may be ascertained that 
(10 + /108)3 = 2-732 ..., and (10 —/108)} = — -732..., 


so that we may presume that «= 2 is a root, and this will be found 
the case on trial. Instead of expressing the other two roots by the — 
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| method of the preceding article it will be preferable to depress the 
|| equation to a quadratic. Since 2 is a root of the proposed equa- 
|| tiop we know that a°+6x—20 is divisible by «— 2, and we find 
| that - ! 


a? + 6x — 20 = (@—2) (a+ 2u+10); 


therefore the other two roots of the proposed equation may be 
found by solving the equation 


x? +27+10=0; 


| thus these roots are 


—~1+/—9, that is -1+3/—1. 
In the preceding example we may verify by trial that 
(10 +108) =14+,/3 and (10/108) = 1-,/3, 


and so find the root 2 without any numerical extraction of 


roots. There is however no algebraical process by which we can 


universally obtain the cube root of an expression of the form 


a+,/b in a finite form; see Algebra, Art. 310. We may apply 


_ the binomial theorem to find the value of (a + /b)8 in an infinite 


series; in this case in order to obtain “a convergent series, we 
must expand in ascending powers of ,/b or of a, according as ,/b 
is less or greater than a; see Algebra, Chapters xxxvi. and Xt. 


168. We have seen in Art. 166, that although apparently 
nine values are furnished for # only three are really admissible. 
We may see a reason for the occurrence of the nine values. For 


the relation yz = 3 was assumed, but this was transformed into 
3 

Ye = — 7 in the process; and the latter relation would not be 

changed if g were changed into ga or into ga’. Thus, in solving 

the equation 2*°+g2+r=0, we really found nine solutions, three 

belonging to this equation, three to the equation a* + gax+r=0, 

and three to the equation «+ qa’x+r=0. 
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169. Let us now consider more particularly the form of the — 
roots of the proposed cubic equation. We will assume that g and — 
7 denote real quantities. The expressions for y* and z* may be- 


either real or imaginary. 


First suppose that these expressions are real. We may then 


suppose that m and 7 denote respectively the arithmetical values of 
the cube roots of y* and z*. The proposed cubic equation has in 


this case one root which is certainly real, namely m+n; the other | 


two roots are ma+na* and ma?+na. By substituting for a its 


value these roots become respectively 
1 ] —. 
- 3 (m +n) + 3 (m—n)n/—3, 


and — 5 (m+n) —5 (m—n)/=8, 


and these roots are imaginary unless m=n. When m=n the 
cubic equation has two equal roots each being equal to —m 


or—7. ‘The condition which is necessary and sufficient to ensure 
y 3 


m=n, that is, y*° =2’, is that 7 + 7 0. 


Conversely, if the roots of the cubic equation are all real and 


unequal the expressions for y* and 2° must be imaginary. 


Next suppose that the expressions for y* and 2° are imaginary ; — 


7 q° 


that is, suppose that — i+ s is a negative quantity. We know 


from Art. 142 that y’ ne z® will each have cube roots of a cer- 


tain form. We may therefore suppose that m=p+v/—1, and 
as 2° only differs from y* in the sign of the radical, we can take 


n=p—vN—1. In this case the roots of the proposed cubic 


equation are all real, namely, 
p+vN—1l+p—vN-—1, that is 2p, 
(ut+vNJ—1)0a+(4—vV—1) a’, that is —p--v,/3, 
and (ut+vr/—1)07+(~4—v—1)o, that is —p+v,/3. 
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170. It will now be seen that Cardan’s solution of a cubic 
equation is of little practical use when the roots of the proposed 
equation are real and unequal. For in this case the expressions 
for y° and 2° are imaginary; and although we know that cube roots 
of these expressions exist, there is no arithmetical method of obtain- 
ing them, and no algebraical method of obtaining them exactly. 
We have the roots in this case exhibited in a form which is alge- 
braically correct, but arithmetically of little value. For example, 


take the equation 
a —15r—4=0. 


Here r=—4 and g=—15. Hence we obtain 
= (2+/—121)3 + (2-121); 
that is, e= (2411 /—1)8+ (2-11 /= 1%. 


Now here we have no obvious mode of extracting the cube 
roots. It may be verified by trial that 


(2+ 11/—1)8 =2+,/-1, 
jand (2—11/—1)}=2-J/-1. 
Thus e=2+f-14+2—-/-1 34 


: Hence 4 is a root. The other roots then can be found by the 
/method of Art. 169; or we may proceed thus, 


a” — 15% —4 = (x —4) (a? + 4a +1). 
| We have therefore to solve the equation «°+4%+1=0; the 
roots are — Qr/3. 
Again, consider the equation x*— 33/27~—2=0. 
Here r=—2 and g=—32/2. Thus 
#=(1+/—1)k+(1-/—1)h, 
It may be verified by trial en 


Meas ey 
(1+/-1)3 = RP + wed, 


a EE 2B Sh 
a-N=T)= 9 YR Be afar hs 
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Thus 


of bal ag tay, J3+1  /3-1 Poa oe J/3+1 
fe ee, ee ee a. 
The other roots may then be found; they are 


rl hal 5 Bag 
a/2 [2 

171. The case in which the three roots of a cubic equation | 
are real and unequal is sometimes called the irreducible case, and | 
sometimes it is said that Cardan’s solution fwils in this case; these _ 
expressions are used to indicate the fact that the roots are in this — 
case presented to us in a form which is very inconvenient for | 
arithmetical purposes. 


We may however use the binomial theorem in order to ap- 
proximate to the cube root of an expression of the form p + q/—1. 
For if g be numerically less than p we can expand (p+ q—1)3 in | 
a converging series proceeding according to ascending powers of © 
qn! —1; see Algebra, Chapter xxxvi. We can thus obtain approxi- — | 
mately (p + qs/—1)3 in the form P+ Q/—1; and then (p—q/—1)8 
will have an approximate value P—@QJ/—1; and:the sum of the | 


two cube roots will be 2P. But if g be numerically greater than 
p we may proceed thus; 


pt+qa_-1=N-1 (q-pV-1); 


hence (p+qN-— 18 =(V—1)8 (q— pn — 15h. 
Now —/—1 is a cube root of /—1 as we find by trial, so that | 
we have (p+qN—1)8 =—N—-1(q—-p V— 1)3. , 


And we can expand (q— pn + 1h in a converging series pro- | 
ceeding according to ascending powers of p/—1; and thus we 
may find as before the sum of the cube roots of p + gv —1 it and — 
p—q~1. 


The case in which p=q is really involved in the second 
ee. of the preceding article. 
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It may be observed that by means of De Moivre’s theorem, 


jwe can express the cube root of any quantity p+ qh —1 ina form 
involving Trigonometrical functions. 


172. It appears from the preceding articles that the cubic 
equation 2 + ga+27=0 may always be solved by Cardan’s process 
jwithout any difficulty when qg is a positive quantity, and also 
when q is a negative quantity provided q* is numerically less than 
1 
4 


; and in these cases two of the roots are imaginary. If q° is 


Tr 
oF ae Cardan’s 
solution j is inconvenient, and in this case all the roots are real. 


a negative quantity and numerically greater than 


2 


If q* be negative and numerically equal to 27r 


Tt? 8 that 


le 

ct ve. = 0, the proposed cubic equation has bia of its roots equal 
3 

joy Art. 60. We have by Art. 166 in this case m=n= /- 53 


and the three roots are 2m, —m, and — m. 


In every case where one root of a cubic equation has been 
‘ound we can, if we please, depress the equation to a quadratic, 
ind so find the other two roots, instead of finding the other two 
‘oots by the process of the preceding articles. 


173. We will briefly indicate the results which are obtained 
n the solution of a complete cubic equation. Let the equation be 


+ ac’? +bu+ec=0, 


sume %=2— 5 then we obtain 
2 +gz+r=0, 
a 
vhere y= -b- a ad r=c— zs rt 
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Hence, by Cardan’s method 


(fr /th ees Vet +H) 


and it will be found that 
fy fat (O22) 

‘aT ue G27 H( al, 

174. Some cubic equations in which the coefficients have 
special values may be solved without using Cardan’s method. 
For example, suppose | 
a+ 3e=a°—a™. 


This may be written 


gates ( -2) +3(a -;), 
wn 2 (Sasfee(eD}em 


and now we see that one root is given by «=a — ov 


Again, suppose we have the complete cubic equation 

: x + ax*+ be+c=0, 

and that the relation 3ac= 0° holds among the coefficients. Th > 
proposed equation may be written | | 


—2* =a2z*+beite, 


therefore — 3aba* = 3ba*x* + 3b ax + b°, 
therefore (a — 3ad) 2* =a°x* + 3ba*x* + 3b°ax + b° = (ax + d)*, 
therefore a a/a® — 3ab = ax +b, 
b 
therefore a See : 
: Ja*—3ab—a 


175. A process is given in the Z'rigonometry, Chapter xvi. 
by which we may obtain the roots of a cubic equation in the 


| 
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irreducible case, by the aid of the Trigonometrical Tables. This 
's a matter of very little practical value, but we will shew how 
the Trigonometrical Tables may also be used for examples which 
Jo not belong to the irreducible case. 


ow x +qe+r=0; then 
Ope Te 
-5+,/t+4 +H +(-§-/ 7+). 


= tan’ 6; then we get 


If g is positive, assume 


7 
27 
wn (54 Lem08)bs (5 Sent) 
= : yf cos 3) - sin) 

= (- aia) { (cog) - (sing) }. 


If g is negative, and 4° numerically less than 277°, assume 


i sin’ 6 then we get 


¥ 4 ee , 
w= (— 5 + 500s 8) + (5-508 8) 


=(-r)3 { (cos 5) a (sin 5) 


176. An important cubic equation occurs in many mathe- 
matical investigations, and it may be noticed here although not 
connected with the special subject of this Chapter. 


We propose to shew that the roots of the equation /(«) = 0 
are all real, where /(«) denotes 


(a — a) (a — b) (a —c) — w? (a — a) — b” (2 — b) — &” (a — c) — 2a'd’c’. 


The equation may be written thus, 


(x — a) {(e . b) (a —c) — a} — {3° (a — b) +c? (a —c) + 20's} = 0, 
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Let h and & denote the roots of the quadratic equation 
(a— 6) (a—c)-—a” =0, 


and suppose A not less than & Then by solving the quadratic | 
equation it will be seen that A is greater than } or c, and that 


% is less than 6 or c. Substitute successively +00, h, k, —o for 
«in f(x); the results will be respectively 


2 
? 


£o,— {Ua/(h -B) +6 J (b— o)} {uJ _B+d Jc- i}, un 


Thus the equation /(x)=0 has three real roots, one greater 


than h, one between h/ and 4, and one less than &. 


177. There are two cases which require further examination 
as they are not provided for by this demonstration, (1) that in 


which h=k, (2) that in which / or & is a root of the cubic 


equation. 


(1) Suppose h=k. Since the roots of the quadratic equa- 
tion are equal we shall obtain the condition (b—c)’+4a°=0;_ 


therefore b=c and a’=0. Hence it will be found that ¢ is a root 


of the cubic equation ; and on dividing f(a) by w—c and equating — 


the quotient to zero we obtain a quadratic equation which has — 


real roots. 


(2) Suppose that / or & is a root of the cubic equation ; for 
example, suppose that h is. Then the process of- Art. 176 shews — 
that the cubic equation has also a real root less than 4; thus — 


it has two real roots, and the third root must therefore also be — 


real. Similarly if & be a root of the cubic equation, it has a real 


root greater than / ; and thus the third root must also be real. 


178. We may investigate the condition that must hold in | 


order that 4 or k may be a root of the cubic equation. Suppose 
that A is a root of the quadratic equation and also of the cubic 
equation. 


Since A is a root of the quadratic equation, we have 
(A — 6) (A—c) -—@7% =0.......00 (1); 
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and since A is also supposed to be a root of the cubic equation, 
we obtain 


b? (A — b) + ¢?(A—c) + 2ab'c' =0.....(2). 
From (1) and (2) we deduce 
b°(X—b) + ¢2(X—c) + 20’ (A— 5) (A—c) =0, 
that is, {yJA-2 +e JQ-9} ae: 


ee 


therefore 6" (X:— bys C7 (A — e)e. de cosines (3). 
From (2) and (3) we obtain 3 
a'c ab’ 
A=hae ee, A-c=— Fociinsseseees (4), 
ac ab’ 
and therefore 6b ier alee dame (5). 


' Hence the relation (5) must hold among the coefficients of 
the cubic equation in order that one of the roots of the quadratic 
equation may also be a root of the cubic equation. 


Conversely, if (5) holds we may give to X the single value 
determined by (4), and then both (1) and (2) will be satisfied ; and 
thus the quadratic equation and the cubic equation will have a 
common root. | 


| 
| ° | . . ° ° 

| 179. Let us now investigate the conditions in order that 
the cubic equation may have equal roots. 

_ If neither / nor & is a root of the cubic equation, the demon- 
stration in Art. 176 shews that the roots of the cubic equation 
are unequal, But the process of Art. 176 may be conducted so 


as to use either of the quadratic equations 
(a—c) («—a)—b"=0, or («—a)(x—b)—c*=0, 
instead of the quadratic equation 
(a —b) («—¢e)-a?=0. 


Hence the cubic equation cannot have equal roots unless it 
has a root in common with any one of these quadratic equations. 
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Hence from equation (5) we obtain the following as necessary | 
conditions for the existence of equal roots of the cubic equation, 


ve , Cc ‘al ab’ 
Benen 2 Prien ry 


Conversely, if these conditions hold the cubic equation has 
equal roots. For denote these equal quantities by 7, so that 


ae - ee i Rd * 

; Ca 
WON cee fh Pe ce ae ae 
substitute for a, 6, c in the cubic en and it becomes 


a Md 
(x—r)* — ats (a+ + tt) =05 
so that the root r occurs twice, and the other root is 


b'c’ ca’ a’b’ 
cf ee yet ye» 
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180. We shall now proceed to explain some methods for the 
solution of equations of the fourth degree, which are also called — 
biquadratic equations. We suppose the biquadratic equation 
which is to be solved to be deprived of its second term,, for a 
reason already given; see Art. 165. The first solution which 
we shall give is called Descartes’s Solution. 


181. ‘To solve the equation 
e+ qu? +rat+s=0. 
Assume at + qu? + ra +s = (x? + ex+/) (x*—ex+9); 


we have then to shew that the quantities e, f, and g can be found. © 
Multiply together the factors on the right-hand side, and equate 
the coefficients of the several powers of x to those on the left-hand 
side ; thus 


g+f—e=4, e(g—f)=7, U=s; 
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that is, g+f=q+e’, g-f=-, gf=s. 


Find g and / in terms of e from the first two of these equa- 
tions, and substitute in the third ; thus 


(q+e+2) (q+ 0-7) =4s 


From this equation by reduction we obtain 
e° + 2ge* + (9° —48)e?-— 7° =0. 


This may be considered as a cubic equation for finding e’, and 
it will certainly have one real positive root by Art. 20. When 
e" is known we can find e, and then g and f become known. Thus 
the expression x2*+qz°+ra+s is resolved into the product of 
{two real quadratic factors, and we can obtain the four roots of 
the proposed biquadratic equation by solving the two quadratic 


equations 
xe +ect+f=0, 2° —-ex+g=0. 


182. It will be observed that in one of the two assumed 
quadratic factors we introduced the term ex, and in the other 
quadratic factor the term — ex; and the reason for this is that 
there is no term involving a* in the expression which we wish 
to resolve into quadratic factors. Now e is equal to the sum of 
the two roots of the second quadratic equation given at the end 
of the preceding article, so that e is equal to the sum of two of 
the roots of the proposed biquadratic equation. Now out of the 
four roots of a biquadratic equation two roots can be selected 


_ 4, Ase 
in Bs ways, that is, in 6 ways; and thus we see the reason why 


the equation in ¢ should be of the siath degree. But as the sum 
of the four roots of the biquadratic equation is zero by Art. 45, 
the sum of any two roots is equal in magnitude and opposite in 
sign to the sum of the remaining two roots; and thus we see 
the reason why the equation in e only involves even powers of e, 
so that the values of e* can be found by the solution of a cubic 
equation. 
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We may observe that when we have found e* we can give 
either sign to the value of e, which we obtain by extracting the 
square root; for by changing the sign of e we merely interchange 
the values of f and g, and this has no influence on the results 
which are obtained by solving the biquadratic equation. 


183. Suppose, for example, that a*—10a°—20”2-—16=0. 
Here g=—10, r= —20, s=—16. The cubic equation in e. 
becomes e° — 20e* + 164e7—400=0, and a root of this is e’=4; 
see Art. 119. Thus e=2; then f=2, and g= — 8; therefore 


a* — 10a* — 20% — 16 = (a + 2x + 2) (a — 2a” — 8). 


The four roots of the proposed biquadratic equation will be found 
te: bay 8, 1d tif i—by dade Liaw, 


184. Thus it appears that the solution of a biquadratic equa- 
tion can be effected if we can obtain one root of a certain auxiliary 
cubic equation. It becomes therefore a point of importance to 
ascertain when this cubic equation falls under the wreducible 
case; see Art. 171. This gives occasion for the following pro- 
position. The auxiliary cubic equation will not fall under the 
irreducible case when the biquadratic equation has two real roots 
and two imaginary roots. | 


For suppose the imaginary roots of the biquadratic equation 
to be denoted by a+ BY —1 and a—BA —1; then since the sum 
of the four roots is zero, the two real roots will be of the forms 
—a+yand—a-—y. By taking the sum of every pair of these 
roots we obtain the expressions + 2a, +(y+ J —1), and +(y—8 / +1) 
Thus the three values of ¢* will be (2a), (y+ —1)%, and 
(y—B»/-1)?; if y is not zero two of these values of ¢ are 
imaginary, and if y is zero the values of é° are all real, but two 


of them are equal; thus the cubic equation in e’ will not fall 
under the irreducible case. 


185. If the roots of the biquadratic equation are all real the 
roots of the auxiliary cubic equation will be all real. If the roots 
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of the biquadratic equation are all imaginary they will be of the 
forms a= BV=1 and —-a+y wf oaks By taking the sum of every 
| pair of these roots we obtain the expressions + 2a, + (6 + y) * ga 
jand +(8—+)/—1; thus the values of e° are 4a’, —(8+)*, and 
\—(B—y)’, and so are all real. 

| Hence if the biquadratic equation has its roots all real or all 
imaginary, the auxiliary cubic equation will in general fall under 
the irreducible case; we say i general, because it may happen that 
ithe cubic equation has two of its roots equal, and then it does not 
fall under the irreducible case. 


186. We have in the two preceding articles shewn what will 
be the forms of the roots of the auxiliary cubic equation cor- 
responding to the various forms of the roots of the proposed 
\biquadratic equation. We will now state conversely what will be 
the forms of the roots of the proposed biquadratic equation cor- 
responding to the various forms of the roots of the auxiliary 
cubic equation. Since the last term of the cubic equation is 
negative, there must be one positive root; and as the product of 
the roots is positive, by Art. 45, the only cases which can occur 
are, (1) all the roots positive, (2) one positive root and two nega- 
tive roots, (3) one positive root and two imaginary roots. The - 
following results follow from Arts. 184 and 185. 

(1) If the cubic equation has all its roots positive, the roots 
of the biquadratic equation are all real. 

(2) If the cubic equation has one positive root and two 
negative roots, the biquadratic equation has two real roots and 
two imaginary roots, or else four imaginary roots. 

_ (3) If the cubic equation has one positive root and two ima- 
ginary roots, the biquadratic equation has two real roots and two 
imaginary roots. 


187. The four roots of the biquadratic equation can be ex- 
pressed very simply in terms of the three roots of the auxiliary 
cubic equation. Let a’, 6’, y* denote the three values of e’ ob- 
tained from the cubic equation 

e° + 2qe* + (q° — 4s) e? — 7? = 0. 
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Then by Art. 45 we have r°=a8*y*, and —2q¢=0'+ B*+’. 
Thus we may put r= ay, and take a as a value of e; therefore 


ve +ent f= + a +5 (q+0°—") 
2 a. 
exalt alts 3 aBiaahths 7 _ 2By) 
4 Y Yr 
By solving the equation a° + ex +/=0 we shall therefore obtain 
1 1 

%=5(-a-—B-y), or &=5(—-a+B+y). 

Similarly, by putting x’—ex+g=0 we shall obtain 

n=5(a-B +7) or z= 5(a+B-y). 

Thus the four roots of the biquadratic equation are 


3(-9-B-1) 5(-a+B +9) 5@-B+2) 3(¢+8-2) 


188. Another mode of solving a biquadratic equation has 
been given under slightly different forms by various mathema-_ 
ticians ; and thus it is sometimes called Ferrari’s method, some-— 


times Waring’s method, and sometimes Simpson’s method. We 
will now explain it. 


Let the biquadratic equation be 
t+ pe? t+ gqu't+re+s=0; 


add to both sides az’ +ba+c, and then let a, 6, ¢ be so determined 
as to render each side a perfect square. We have then 


a + pa +(qt+a)a?+(r+b)a+s+c=an'+ bute. 


The right-hand member will be a perfect square if 6’ = 4ac. ~ Sup- 


pose the left-hand member to be equal to 


2 
(«" +t +m) ; 


r 


TP ee ee es 2 a ne oe 
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_by comparing the coefficients we obtain 
| - 
Im+7=q+a, pm=r+b, m’=ste. 


These three relations express @, b, c in terms of m; substituting 
the values of a, 6, and ¢ in the equation b’ = 4ac we obtain 


(pm — rr)" és 4 (2m of, — a) (m* —s). 


From this cubic equation m must be found, and then a, 8, 
and c. And since we now have : 


2 
(at 4m) = ae +ba+e=—an?+ ake. 
2 4a 


PE Amer 


we obtain ‘7 + 5 


Thus we have two quadratic equations to solve, namely, 


ttt ig ee coe se 2, pe, 2ac+d_ 
2 2,/a 2 2,/a 


189. It may be shewn that the auxiliary cubic equation 
which this method requires us to solve will in general fall under 
the irreducible case, unless the proposed biquadratic equation has 
two real roots and two imaginary roots. For let a, 8, y, 8, denote 
the four roots of the proposed biquadratic equation ; then from 
considering the iW quadratic equations obtained in Art. 188, it 


follows that m+ —— must be equal to the product of two of the 


2a 
oe b 
four quantities a, B, y, 6, and m— 3 Ja must be equal to the pro- 


duct of the remaining two. Suppose then 
b b 
mw he and. sal ar of 


ghus = 5 (a8 + 78). 
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Hence we infer by symmetry that the other two values of m_ 


will be 5 (ay + 68) and : (ad + By). 


It is obvious that if a, B, y, 5, are all real, these three values of - 
m are all real; and it may be shewn that such will be the case — 
if a, B, y, 5, are all imaginary. If however two of the four 
quantities are real and two imaginary, it will be found that two . 
of the values of m are imaginary and one real, or else they are | 
all real and two of them equal. | | 


190. We will now give Luler’s method of solving a biquad- — 
ratic equation. Suppose the equation to be | 
e+ ge +rxet+s=90, 
Assume «=y+2%+4%; thus 


vay t+etu’t AWyz+ zu + uy), 


that is gy — 2 —Uu' = 2(yet+ eu + Uy). 
, y y 


Square both sides ; thus 

at Qatly' + atew) + (yitats uy =A(getoutuy)ye 
= 4(y?2? + 2°u? + u*y’) + Byzul(y tet u). 
Put « for y+2+4u, and transpose ; thus : 
oo! — Qa?(y? + 2+ u*) — Bayeu t (y? + 2? + w?)?— A(y?e? + aul + uy’) =9. ' ) 
In order that this equation may coincide with the proposed 
biquadratic equation, we must have 

q=—2Uyt+2+u’), r= —8yz, 
s= (yr t+2°+u?)?—4(y'2? + Pu? +u*y’). 


Thus y+ atut=—f, 


1 /¢ g—-4s |. 
2.2 + ,%,,2 ME Miike a eager yen , 
ye + zu tuty'=4(4 s) “6? 
2 


a6 Me © 
com | 
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Therefore it follows from Art. 45, that y’, 2’, and w’ are the 
values of ¢ furnished by the following cubic equation, 
3 gq 2 q — 48 ‘a r ae 
t+ ght i6 t 64 9: 


Let the roots of this equation be denoted by #,, ¢,, and ¢,; then 
Y= de /é:, Z=& nites () ee | n/t 


If we substitute these values in the expression for x, namely, 
yt+z2+u, we obtain eight different results on account of the am- 
biguities in sign. But these results are not all admissible ; for we 


must have yzu=— , so that the sign of the product of y, z, and 


u, must be the contrary to the sign of r. 


If we suppose 7 positive, we have the following admissible 
values of a, 


~ aft, n/t lbs —/t,+,/t,+ n/t, n/t, —Jt,+ Jt, n/t, +/t,—n/t, 


If we suppose 7 negative, we have the following admissible 
values of 2, 


Jé,+ ta +n/tes nt, n/t, J tes e Jt, + Jt,— vtq5 —Jt,—,/t,+/t 
191. The reason why ezght values of « present themselves in 


— 


the preceding article is because the relation Y2U = = was 


squared and used in the process in the form y*2*u* = es ; for since 


the relation in the latter form is not changed by changing the 
sign of v, the process really finds the roots of the biquadratic equa- 
tion a*+qu°—ra+s=0, as well as the roots of the biquadratic 
equation «*+qa°+rx+s=0. 


The auxiliary cubic equation of Art. 181 will be found to 
soincide with that of Art. 190 by supposing e?= 4¢; thus the re- 
marks made in Arts. 184—186, respecting the connexion between 
the roots of the auxiliary cubic equation and the biquadratic 


| 
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equation, and the circumstances under which the cubic equation | 
falls under the irreducible case, apply to Euler’s method of solu-7 
tion as well as to Descartes’s. 


192. It may happen that special forms of biquadratic equa | 
tions admit of simpler solution than the general equation. The” 
following is an example. The biquadratic equation 1 


a + pa* + qa? t+rxt+s=0 


can be solved as a quadratic equation if p*—4pq+8r=0. For | 
the equation x* + px* + qa°+ra+s=0 may be written i 


p 2 2 , 
ot (+0) +(q-4) (w+ =) +8=03 ) 
q- 


and this may be solved as a quadratic equation, if fl =o that ] 


ai 
is, if p* —4pq+ 8r=0. 


= 


XIV. STURMS THEOREM. 


193. In the preceding chapters of the present work we have | 
demonstrated various theorems respecting the roots of equations, — 
and have given the algebraical solution of equations of the third 3 
and fourth degrees. We are now about to enter upon a different 
part of the subject, namely, the methods of finding approximately 
the numerical values of the roots of equations; the present 4 
chapter commences this part of the subject by proving Sturm’s 
theorem, the object of which is to determine the situation and the 
number of the real roots of any equation. We shall enunciate : 
and prove the theorem in the next article; we shall then give 
some remarks connected with the theorem, and finally apply it to” 
some examples. : 
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| 194. Sturm’s Theorem. Let f(a)=0 be an equation cleared 
jof equal roots, and let f(x) be the first derived function of /(2) ; 
jlet the operation of finding the greatest common measure of /(x) 
land J, («) be performed with this modification, that the sign of 
ovary remainder is changed before it is used as a divisor, and let 
jthe operation be continued until a remainder is obtained which is 
independent of «, and change the sign of that remainder also. 


| Let f(x), £,(@), ...f, (@), be the series of modified remainders 
ithus obtained. Let a be any quantity, and 6 another which is 
jalgebraically greater, then the number of real roots of the equa- 
\tion f(x)=0 between a and B is the excess of the number of 
ichanges of sign in the series f(x), f(x), f, (x), ...f, (x), when 
ia=a, over the number of changes of sign when x= f. 

| We shall call the whole series f(x), f, (x), JF, (a), ... F, (x), 
\Sturm’s functions, and we shall call the series f(x), f,(x), ... f(x), 
ithe auxiliary functions, so that the auxiliary functions consist of 
Sturm’s functions omitting f(a). 


Let 9,, 9) «+» Yp-;» Genote the successive quotients which . 
larise in performing the operations indicated ; then we have the 
following relations, 


J (#) = 9, J, (&) SF, (&)s 
SF, (®) = Yofq (#) — Sy (@)s 
ft we tol «) —S, (2), 


| tank (2) = *..- Sit ) —F,, (a). 


From these relations we can draw three inferences. 


(1) The last of the functions f (x) is not zero; for by supposi- 
tion it is independent of « and if it were zero f(x) and f(x) would 
have a common measure, and then the equation /(a)=0 would 

) have equal roots by Art. 75, and this is contrary to the hypothesis. 


(2) “Two consecutive auxiliary functions cannot vanish simul- 
taneously ; for if they could all the succeeding auxiliary functions 
would vanish including f (x) ; and this is impossible by (1). 

Th 8 
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(3) When-any auxiliary function vanishes the two adjacent 
functions have contrary signs. Suppose for example that /,(«)=0; 
then from the third of the above system of relations we ete 

SJ ,() = —F,,(2). * 

Now no alteration can be made in the sign of any one of 
Sturm’s functions except when x passes through a value which 
makes that function vanish; and we shall now prove that when 
gz passes through a value which makes /(«x) vanish one change 
of sign is lost by Sturm’s functions, and that no change of sign is 
lost or gained in consequence of « passing through a value which 
makes one of the auxiliary functions vanish. 


I. Suppose ¢ a root of the equation /(x) = 0, so that f(c) = 0. 


Let h be a positive quantity. Now /(c—h) may be expanded 
in powers of h by Art. 10, and h may be taken so small that the 
sign of the whole series shall be the same as the sign of the first 
term that does not vanish, by Art. 14; that is, the sign of /(c—h) 
will be the same as the sign of —h/f (c) since f(c)=0. The sign of 
J (c—h) will be the same as the sign of /(c) when / is taken small 
enough. Thus if «=c—A and h is taken small enough, /(x) ant 
J (a) have contrary signs. 


Similarly, it may be shewn that if x=c+h on h is taken 
small enough, /(x) and f(a) have the same sign. 


Thus as # increases through a root of the equation /(x) = 
Sturm’s functions lose one change of sign. 


II. Let ¢ now denote a value of « which makes one of the 
auxiliary functions vanish, for example, f(x), so that / (c)=0. 
Then f_,(c) and f.,,(c) have contrary sigis, and thus just before 
x =e and also just aftér x=c, the three terms /_, (x), f(x), f.,, (a) 
will present one permanence of sign and one change of sign; for if 
F._,(«) and f(a) have the same sign, f(a) and /,,(«) have contrary 
signs, and vice versa. Thus Sturm’s functions neither lose nor 
gain a change of sign when x passes through a value which makes 
one of the auxiliary functions vanish. 


No value of x can make two consecutive functions simul- 
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taneously vanish. If two or more vanish simultaneously which are 
— not consecutive, then, if f(x) be one of them, it follows by I. that 
a change of sign is lost as x increases through that value, and if /(«) 
be not one of them it follows by II. that no change of sign is lost. 


_ Thus we have proved that as x increases, Sturm’s functions never 
lose a change of sign except when x passes through a root of the 
equation /(x)—0, and never gain a change of sign. Hence the 
number of changes of sign lost as « increases from any value a to 
a greater value £, is equal to the number of the roots of the equa- 
tion /(«) = 0 which lie between a and £. 


195. We have shewn that no alteration occurs in the number 
of the changes of sign in Sturm’s functions in consequence of x 
passing through a value which makes one of the auxiliary functions 
vanish; but alterations may take place, and in general do take 
place, with respect to the order in which the signs + and — are 
distributed among the series of functions. Suppose, for example, 
that a and b are two roots of the equation f(x) =0 and that a is 
less than 6; then f(x) and f(x) have contrary signs just before 
x =a and have the same sign just after c=a. Now just before x=b 
the signs of f(x) and /,(x) are again contrary. In fact the equa- 
tion f(#)=0 has one root between x=a@ and x=), and so / (a) 
‘must pass from positive to negative or vice versa between « —aand 
x=b. This transition of f(a) from positive to negative or vice 
versa between a and 6, cannot alter the whole number of changes 
of sign in the series of Sturm’s functions, as we have proved, but 
it does modify the distribution of the signs + and — among the 
series, and thus renders it possible after a change has been lost as 
x increases through a, for another change to be lost as x increases 
through 6. 


Cen te 


ners 


we 


The present article adds nothing to the proof of Sturm’s 
f theorem; but is merely intended to assist a student in the diffi- 
culty which is often felt as to how the changes of sign are lost. 


196. In counting the number of changes of sign in the series 
of Sturm’s functions, it may happen that the value of « which we 
8—2 
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are considering makes one of the auxiliary functions vanish. | 
Then it is indifferent whether we ascribe the positive sign or | 
the negative sign to the vanishing function, since the signs of } 
the functions which precede and follow it are necessarily contrary. 


197. In order to find the whole number of real roots of an | 
equation /(x)= 0, we may first put —oo for a and then +0 for a in | 
Sturm’s functions; the excess of the number of changes of sign in 
the first case over the number of changes of sign in the second 
case is the whole number of real roots. When x is made equal to 
+o or —oo the sign of any one of the functions will be the same as | 
the sign of the highest power of a in that function. 


198. Let m denote the degree of f(x); then the number of the 
auxiliary functions / (x), f,(x),... will in general also be n; because 
each remainder is generally of one degree lower than the preced- 
ing remainder. We will suppose that the number of auxiliary 
functions is the same as the degree of /(x), and we will suppose 
that the highest power of x in f(x) has a positive coefficient. 


(1) If the first terms in all the auxiliary functions have posi- 
tive coefficients all the roots of the equation /(x) = 0 are real. For 
all Sturm’s functions will then be positive when x= +, and they 
will be alternately positive and negative when x=—o; thus n 
changes of sign are lost as « passes from — © to +. | 


(2) If the coefficients of the first terms are not ail positive, 
there will be a pair of imaginary roots for every change of sign in 
the series formed of these coefficients. For suppose that in this 
series of coefficients there are m changes of sign and »—m con- 
tinuations of sign. Then when «= +0 there are m changes of sign 
and n—m continuations of sign in Sturm’s functions. Now change 
x from +« to —«; then the changes of sign are replaced by con- 
tinuations of sign and the continuations of sign by changes of sign, 
so that for «=—0 there are n—m changes of sign. The excess of 
the number of changes of sign when «= —© over the number when 


——— 
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_“2=+0 is therefore n — 2m; thus there are n — 2m real roots of the 


equation f(x) =0, and therefore 2m imaginary roots. 


Hence in order that an equation may have all its roots real, it 
is necessary and sufficient that the coefficients of the first terms in 
all the auxiliary functions should be of the same sign. 


199. Suppose that among the auxiliary functions we find one, 
as f (x), which cannot change its sign; then we may disregard all 
the functions which follow it, and count only the number of changes 
of sign in the series f(x), f,(«), f,(a),...f.(a). For in the original 
demonstration of Sturm’s theorem the necessary property of the 
last auxiliary function is that it should not vanish, and as 
J (x) cannot vanish, the demonstration will hold for the series 


Ke), Si (%) S2(®)--F,(@)- 


This remark is of practical importance, because the labour 


attending the formation of Sturm’s functions is considerable in 


examples of equations of high degrees, and thus it is useful to 
have a rule which sometimes relieves us from the necessity of 
forming the entire series of functions. 


200. Suppose (x) to be a function which has no factor in 
common with /(x), and suppose that ¢(a) and f(x) take the 
same sign when any root of the equation /(x)=0 is substituted 
for x in them. Then we may use (2) instead of f(a) and deduce 
the remaining auxiliary functions from /(«) and ¢(«) instead of 
from f(x) and f(x). For on recurring to the demonstration of 
Sturm’s theorem it will be seen that with this new set of functions 
the two fundamental properties are still true, namely, that no 
change of sign is lost owing to the vanishing of any auxiliary 
function, and that a change of sign is lost when f(x) vanishes. 


201. We have hitherto supposed that the equation to be 
treated by Sturm’s method is cleared of equal roots ; we shall now 
shew that this limitation is unnecessary, and that the theorem will 
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always give the number of distinct roots between assigned limits, , 
no regard being had to the repetition of any roots. | 


Suppose for example that the root. @ occurs p times and the: 
root 6 occurs g times in the equation /(x) = 0. 


Let S() = (a — a)? (a— 6)" (x —c) (w—a)... 
then J (a) = (a — a)?" (ae — b)* {p(e—2) (2 —c)(x—d)... 
+q(x—a)(«x—c)(a—ad)... 


HK } 


Thus («—«a)’"'(a—6)*! is the greatest common measure of f(a) 
and f(x), and this expression will divide all the auxiliary func- 
tions f(x), f,(x),...f,(%) which are formed as in Art. 194. 


Now let (x) = (x—a) (a — 6b) (x—c)(a@—d)... 
and (x) = p(x —b) (w—c) (a—d)... 
+ q("—a) (w—c)(x—d)... 
+ (a —a) (x—b) (e@—d)... 
eee 


Then ¢(x) is not the first derived function of (x), for that would 
be what ¢(«) would become if p=1 and g=1; but (a) has the 
same sign as the first derived function of (x), when we make 
x=a, or b, or ¢,... Hence, by Art. 200, we may determine the 
situation of the real roots of the equation w(x) =0 by taking (a) 
and (a) as the first two of Sturm’s functions and forming the rest 
from them. 


But the series of Sturm’s functions formed from /(a) and f(a) 
only differs from the series formed from W(x) and (x) by reason of 
the additional factor (a —«a)’~’(w—6)*™ in every term of the series. 
Thus when any value is ascribed to a, the signs of the terms in 
the former series will all be the same as those of the latter, or all 
contrary ; and thus the number of changes of sign will be the 
same. | 
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Hence by examining the series of Sturm’s functions formed 
from f(x) and /(«) we can ascertain how many of the roots of 
the equation y(x)=0 lie between assigned limits, that is, how 
many distinct and separate roots of the equation f(«)=0 lie be- 
tween those limits. . 


Thus we need not apply the test for equal roots before we 
apply Sturm’s method ; in fact, in calculating Sturm’s functions 
we shall be warned of equal roots if they exist by the fact that the 


’ Jast remainder will be zero. 


202. We may observe that in the operation by which all the 
auxiliary functions after the first are found, we may always mul- 
tiply or divide the divisors or dividends by any positive number 
we please, as in the operation of finding the greatest common mea- 
sure ; for the auxiliary functions thus only become multiplied or 
divided by positive numbers, so that their signs remain un- 


changed. 


We may by Sturm’s theorem determine the number of real _ 
roots of any proposed equation. Then, by substituting successive 
integers for x in the series of Sturm’s functions, we can determine 
between what consecutive integers the roots lie; or if it is found 
that more than one root lies between two assigned integers, we 
can substitute for x successively fractions which lie between those 
integers, until we at last determine intervals between which the 
roots lie singly. 


203. We will now take some examples. 
Suppose f(x) = 2° —3a*— 42+13=0. 
Here J (x) = 32° — 6% — 4, 
fife) = 2m =, 
| J(«)=+1. 


The roots of the equation are all real by Art. 198. The following 
is the series of signs corresponding to the values of x indicated. 
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fe) fe) Fe) Fa) 


0 t- ~ -- + 
1 + —_ — + 
2 b _ _ “ 
3 os + + a 


Here there are two changes of sign when #=2, and none when 
x=—3; thus there are two positive roots between 2 and 3, and no 
other positive root. 


It will be found that when x=— 3, the succession of signs is 
—+—4, and when #=-— 2 it is ++ —+4, so that one change of sign 
is lost in proceeding from — 3 to — 2, and therefore the negative root 
lies between — 2 and —3. To separate the two roots which lie be- 
tween 2 and 3 we should substitute for « some number or numbers 
lying between 2 and 3. Suppose, for example, we put «= 23; then 
the succession of signs is -— 0+, and thus we have only one change 
of sign, whether we consider the 0 to carry the sign + or—. Thus 
a change of sign is lost in proceeding from 2 to 24, and therefore one 
root lies between 2 and 23; hence the other root lies between 23 
and 3. 


Again, suppose f (in) 2 x! — 64° + 5x? + l4a—4=0. 
Here J (x) = 2x° — 92° + 5xe+7, omitting a factor 2, 
Sa) = 17a? — 57x — 5, 
F(a) = 152% — 457, 
Fla)=+. 


In this example it will be found that the calculation of /,(«) 
is somewhat complicated ; it is sufficient for our purpose however 
to know the sign, and thus when we ascertain that it is posztwe 
we need not calculate it exactly, but merely put down /,(x) = + 


The roots of the equation are all real by Art. 198. 


The following is the series of signs corresponding to the values 
of x indicated. 
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F(x) F(@) F@) F(@) F(*) 
Hos 6 Sere one 


—2 + 
—] ~ - + _ + 
0 _ fe + 
1 + cs o — + 
2 + — = _ + 
3 + - = -- + 


4 a 4 + + + 


There is one change of sign lost between — 2 and —1, one be- 
tween 0 and 1, and two between 3 and 4. 


If we put 343 for x the succession of signs is -0++, and thus 
there is only one change of sign, so that one root of the equation 
lies between 3 and 31; therefore another root lies between 34 
and 4. 


Again, suppose f(x) = 2x*— 13a°+ 10%—49=0. 
Here J (x) = 40° —- 132+ 5, omitting a factor 2, 
J{a) = 13a? — 15a + 98. 


It is easy to see that the roots of the equation f(x)=0 are 
imaginary, that is, (7) cannot vanish for any real value of 2 ; 
therefore by Art. 199 we need not obtain any more of Sturm’s 
functions in this example. When «=—oo the succession of signs 
is +—+, and when 2=+00 the succession of signs is +++; thus 
the equation has two real roots and two imaginary roots. One of 
the real roots is positive and the other negative by Art. 21. . 


XV. FOURIER’S THEOREM. 


204. Sturm’s theorem constitutes the complete solution of a 
problem which has engaged the attention of many of the most 
eminent mathematicians during the last two hundred years ; this 
theorem was published in the volume of Mémoires présentés...... 
par des Savants Ktrangers, Paris, 1835. 


Among those who attempted the solution of the problem 
before Sturm two are deserving of especial notice, Budan and 
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Fourier ; the methods of these two mathematicians start from a 
theorem which English writers usually call Mowrier’s theorem, and 
which French writers connect with the name of Budan as well as 
with that of Fourier. Fourier’s work on equations was published 
in 1831 after the death of the author ; Budan published a work 
on the subject in 1807. There is evidence however that Fourier 
had given the theorem in a course of lectures delivered before the 
publication of Budan’s work. We will now enunciate and prove 
the theorem. 


205. Fourier’s Theorem. Let f(x) be an algebraical function 
of the n™ degree ; let f(x), /,(x),...f,(a) be the successive derived 
functions of f(x). Let a be any quantity and B another which 
is algebraically greater ; then the number of the real roots of 
the equation /(x)=0 between a and £, cannot be greater than 
the excess of the number of the changes of sign in the series 


ST (x), F(x), F,(#), -..f,(%), when «=a, over the number of the changes 
of sign when «=f. ' 


We shall call the whole series f(a), f(x), f.(a),...f(x), Fourier’s 
Functions. 


No alteration can occur in the sign of any one of Fourier’s 
functions except when x passes through a value which makes that 
function vanish. We shall now have four cases to consider. 


I. Suppose when #=c that f(x) vanishes and that f(x) does 
not vanish. Put c—h for x where h is a positive quantity ; then 
h may be taken so small that the sign of f(c—h) is the same as 
that of —Af(c), and the sign of f(c —h) the same as that of f(c) 5. 
see Art. 14. Thus if «=c—A and A is taken small enough, /(a) 
and f(a) have contrary signs. 


Similarly it may be shewn that if a =ce+h and h is taken 
small enough, f(x) and f(a) have the same sign. 


Thus as « increases through a value ec, which is an unrepeated 
root of the equation f(x) =0, Fourier’s functions lose one change of 
sign. 
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II. Suppose when x=c that f(x) vanishes and also the de- 
rived functions f(x), f,(a),... up to f,_ (a), and that f(x) does not 


vanish. Put c—A for « where / is a positive quantity ; then h 


may be taken so small that the signs of the series of terms 


S(c—h), f(e—h), f(e—h),...... F,_(e—-h), f(e—h) 


‘shall be respectively the same as the signs of the series of terms 


(—h)F(c), (-AY Fhe), (- YF)» FA) FA); 
see Arts. 10 and 14. Thus if «=¢c—h and h is taken small enough, 
the first r+ 1 of Fourier’s functions present 7 changes of sign. 


Similarly it may be shewn that if e=c+hand h is taken 
small enough, the first r+1 of Fourier’s functions present no 
change of sign. 


Thus as x increases through a value ¢ which is a root of the 
equation /(x)=0 repeated r times, Fourier’s functions lose r 
changes of sign. 

III. Suppose when w2=c that one of the derived functions 
vanishes, but neither of the two adjacent functions ; thus let f(x) 
vanish when #=c but neither f_,(x) nor f., (x). Then if A is 
taken small enough, when x=c—A the signs of the three terms 
F_s(x), f(x), f,,,(@), are respectively the same as the signs of 
F._(¢), - hf.,,(¢); F.,,(c), and when x =c+h the signs are the same 
as the signs of f_,(c), Af.,,(c), £.,,(c). Thus if f_ (c) and f., (ec) 
have the same sign, Fourier’s functions lose two changes of sign as 
a increases through ¢, and if f_j(c) and f., (c) have contrary 
signs Fourier’s functions neither gain nor lose a change of sign. 


IV. Suppose when «=e that several successive derived func- 
tions vanish ; for geek suppose when x=c that the m func- 
tions f(x), f,,(%),--A.4,-,(%) vanish, and that f(x) and f, (a) 
do not vanish. be proceeding as before, and supposing / taken 
small enough and positive, we shall obtain the Pose ty results 
with respect to the m+2 terms, f(a), f(a),...f.., (@), £,,,(a)- 


(1) Let mbeeven. If f_(c) and f, (c) have the same sign 
the terms present m changes of sign when «=c —h, and no change 
of sign whenx=c+h. If f_,(c) and f., (c) have contrary signs, 
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the terms present m+ 1 changes of sign when x=c~—A, and one 
change of sign when «=c+h. Thus in both cases Fourier’s func- 
tions lose m changes of sign as x increases through c. 


(2) Letmbeodd. Iff_(c) and f/., (c) have the same sign the 
terms present m+ 1 changes of sign when «= c—h, and no change 
of sign when «=c+h. Thus Fourier’s functions lose m+ 1 changes 
of sign as # increases throughe If f_j(c) and f., (c) have con- 
trary signs, the terms present m changes of sign when «=c—h, 
and one change of sign when «=c+h. Thus Fourier’s functions 
lose m—1 changes of sign as # increases through c. 


Thus on the whole Fourier’s functions never gain a change of 
sign, but they do lose one change of sign when a increases through 
a root of the equation /(x)=0; and thus the theorem is proved. 


206. It will be observed that the demonstration of Art. 205 
gives us something more than the enunciation to which for sim- 
plicity we confined ourselves. For it appears that whenever an 
alteration occurs in the number of the changes of sign of Fourier’s 
functions, except by reason of the variable increasing through a 
root of the given equation, an even number of changes of signs is 
lost. Thus on the whole we have the following result if we sub- 
stitute successively a number a and a greater number f in Fourier’s 
functions. 


(1) Suppose that Fourier’s functions lose no change of sign ; 
then no root of the given equation lies between a and P. 


(2) Suppose that Fourier’s functions lose an odd number of 
changes of sign; then we are certain that some odd number of 
roots lies between a and f, but cannot tell what odd number, ex- 
cept when only one change of sign is lost, and then we are certain 
of one root. 


(3) Suppose that Fourier’s functions lose an even number of 
changes of sign ; then we can only infer that there is either no 
root or else some even number of roots between a and f. 


207. The advantage of Fourier’s theorem is that it can be 
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easily applied, because the successive derived functions of a given 
function can be immediately formed. The disadvantage of the 
theorem is that it may require an almost unlimited number of 
trials. For.if two roots are very nearly equal, it would require 
very minute subdivision of an interval in which they were con- 
jectured to lie, in order to distinguish them from two imaginary 
roots. It would be necessary to apply the test for equal roots 
before beginning Fourier’s process, as otherwise an even number of 
repeated roots might remain undiscovered. 


208. Budan and Fourier both gave methods for examining a 
doubtful interval more closely in order to discover whether roots 
of the proposed equation were or were not situated in the interval. 
But it is unnecessary to explain these methods since Sturm’s 
theorem attains the proposed object with simplicity and certainty. 


209. It may be shewn that Descartes’s rule of signs is 
included in Fourier’s Theorem. 


Suppose that f(x) =0 is a complete equation. 


If we put «=0 in Fourier’s functions the signs are the same as 
the signs in the expression f(x) taken from right to left; and if 
we put =o in Fourier’s functions the signs are all positive. 
Hence, by Fourier’s theorem, the equation f(x)=0 cannot have 
more positive roots than /(x) has changes of sign. 


If the proposed equation be not complete, we may suppose the 
absent terms supplied with zero coefficients, and such signs may be 
ascribed to these coefficients as to make Fourier’s functions have 


the same number of changes of sign when these terms are counted 
as when they are omitted. 


The part of the rule of signs which relates to the negative 
roots can be deduced from that part of it which refers to the posi- 
tive roots; see Art. 63. 


210. Fourier’s theorem also includes the rule given by New- 
ton for finding a superior limit to the positive roots of an equa- 


126 LAGRANGE’S METHOD OF APPROXIMATION, 


tion; see Art. 95. For if f(«)=0 be the equation, Newton’s 
method directs us to find # such that when «=A Fourier’s func- 
tions are all positive; and then by Fourier’s theorem no roots of 
the proposed equation exist between x= and wx=+0. 


XVI. LAGRANGE'S METHOD OF APPROXIMATION. 


211. We have already shewn how the commensurable roots 
of an equation may be found; we shall now consider how the 
approximate numerical values of the real incommensurable roots 
may be calculated. 


By Sturm’s theorem we can always determine how many roots 
lie within a given interval, and we may then divide that interval 
into smaller intervals within which the roots lie singly. Suppose 
then that we know that an equation has one root and only one 
between two given quantities a and £, and we wish to approxi- 
mate to the value of this root. If we substitute any quantity y 
which is intermediate between a and £ for « in f(x), we shall 
know by the sign of f(y) whether the root lies between a and y 
or between y and 6. Suppose it to lie between a and y; then we 
may substitute for x a quantity 5 which lies between a and y, and 
we shall know by the sign of (5) whether the root lies between 
a and 6 or between 6 andy. This process may be continued to 
any extent, and we may approximate as closely as we please to 
the numerical value of the root; for by each operation we can 
thus halve the interval within which the root must lie. 


The operation here described would however be very laborious, 
and methods have been proposed for attaining the required result 
with less calculation. We shall first explain Lagrange’s method. 


212. Let f(~)=0 be an equation which is known to have 
one root, and only one, between two consecutive positive integers 


aanda+1. Put x=a+ ; , and substitute this value of x in the 
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proposed equation ; thus / (« + ) =Q. If we clear this equation 


of fractions, we obtain an equation in y of the same degree as the 
original equation in «; denote it by ¢(y)=0. This equation in 
y has only one positive root, because the original equation in 2 
has only one root between a anda@+1. We may then determine 
the consecutive integers between which the value of y must lie, 
by substituting in ¢(y) successively the values 1, 2, 3,... until 
two consecutive results are obtained which are of contrary signs. 
Suppose it is thus found that y lies between 6 and 6+1. Put 


—yab4+ " and substitute ; thus ¢ (3 + 4) =. Hence, as before, 


we obtain an equation in which the unknown quantity has only 
one positive root, and we may determine the consecutive integers 
between which the value of z must le; let these be ¢ and ¢+1. 


Then put z=0+2; and so on. 


Thus we shall obtain the required value of « to any degree of 
approximation in the form of a continued fraction, namely, 


213. Next suppose that the equation /(«)=0 has more than 
one root lying between the integers a and a+1. By Sturm’s 
theorem, or by some other method of separating the roots, we 
may determine by what number the roots of the equation which 
lie between the same two consecutive integers must be multi- 
plied in order that the products may lie between different con- 
secutive integers. Transform the equation into another whose 
roots are those of the proposed equation multiplied by the number 
thus determined ; and then the method of the preceding Article 
may be applied to the transformed equation. 


Or we may adopt the method of the preceding Article with- 
out effecting this transformation. In this case the equation in y 
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will have more than one positive root and we must seek the 
greatest integer in each root, and then proceed to the separate cal- 
culation of the several resulting values of z It may happen that 
the equation in y has more than one root between certain consecu- 
tive integers ; then the equation in z may be used to discriminate 
them, and the calculation of each root continued ; and so on. 


214. From the given equation /(x)=0 we deduce f(a 3: -) =0, 
y. 


that is, bina J (x) of the degree n, 


f(a) += f(a) + wo 5 tpg tty pe no 


multiply by y” and we obtain 
yflayry f(a) ty" 


Thus in order to form the equation in y we must calculate the 
numerical values of f(a), f’(a), f”(a), ...; these calculations 
may be performed in the manner explained in Art. 5; but, as we 
have stated in Art. 11, the best method will be explained here- 
after in the chapter on Horner’s method. A similar remark 
holds with respect to the formation of the equation in z. 


of" (a) go can 
9 es Im ° 


By referring to Arts. 54 and 58, we see that Lagrange’s 
method of approximation may be thus stated. Suppose a root of 
an assigned equation to lie between a and a+1, diminish the 
roots of the equation by a, and take the reciprocal equation. 
Find a root of the last equation lying between integers b and 
6+1, diminish the roots by 6, and take the reciprocal equation. 
Find a root of the last equation lying between integers c and 
e+1, diminish the roots by c, and take the reciprocal equation. 
Proceed in this way. Then the continued fraction 


1 


b+ : 
C+), 


a+ 


is a root of the original equation. 
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215. Example «—22—5=0. 


By Art. 108, this equation has only one real root, and by 
Art. 20, this root must be a positive quantity ; it will be found 
on trial to lie between 2 and 3. 


Assume «= 2 + ; ; then 


J(2)=2 —2.2-5=-1, 
fF Q)=. Beis? = 10; 
3f"(2)= Pe ae ype 
and the equation in y is —y*+ 10y’? + 6y+1=0, that is, 
—  —10y’—b6y—1=0, say p(y) =0. 
Here y=10 makes ¢(y) negative, and y=11 makes ¢(y) 


positive; therefore the required value of y must lie between 10 


and 11. Assume y= 10 ee then 


$(10)= 10° 10. 10°~6, 10—-1=~ 61, 
SUS < 210° 20 10. 94, 
1410) = 3.10—10 = 20, 
and the equation in z is — 6lz* + 9427+ 202+ 1=0, that is, 
612° — 9427-202 -1=0, say Y(z)=0. 


Here z=2 makes y(z) positive, so that the required value of z 


must lie between 1 and 2, Assume z=1 + 2 ; then 


yO) Gl, B94 18-90. ba ek, 
yl) = 183, 1*~188.1-20 =~ 26, 
ly’"(1) = 183. 1-94 = 89, 
and the equation in uw is — 54u*— 25u* + 89u + 1=0, that is, 
54u* + 25u? —89u—1=0, 
This equation shews that the value of « must lie between 1 


and 2; and we may proceed as before, 
T. E. 9 
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Hence ew=2+ 


bt Ress OF 


The convergents corresponding to this continued fraction are 


2 wi. 23 44 
1? io’ 7 a1 es See Algebra, Chapter xtiv. The difference 


44 
between 91 and the real value of the root is less than 
1 


that is, less than 672 


1 
21(21+11)’ 


For another example take the equation «°—7x+7=0. By 
Art. 108 this equation has all its roots real; and by Sturm’s 
theorem it may be shewn that one root lies between 1 and 14, and 


that another root lies between 13 and 2. Therefore if we put 


e%=- and form an equation in a this equation will have one 


2 
root between 2 and 3, and one root between 3 and 4. The equa- 


n 3 , 
tion in 24s (5) -75+7=0, that is, a” — 28x +56 =0. 


The root which lies between 2 and 3 will be found to be 
as dba 

1 
Sis Yat > 


The root which lies between 3 and 4 will be found to be 


1 
% 1 
1 + &e. 


2+ 


3+ 
2 


The roots of the original equation will be obtained by taking 
half of each of these values. 


Or we may apply Lagrange’s method to the original equation 


] 
without any preliminary transformation. Assume # = 1 + 9 ; thus | 
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(142) -7 (2 +i) +7=0. This will give y*—4y’?+3y+1=0, 


say #(y)=0. Here ¢(1) is positive, $(2) is negative, and (3) is 
positive; thus one value of y must lie between 1 and 2, and the 


ry) 
other between 2 and 3. Then we may put y=1 +> in order to 


Raisins oe 
continue the approximation to the first root, and y=2+ > im 
order to continue the approximation to the second root. 


The equation «*—7x+7=0 has one negative root; we may 
find it by changing x into —x and calculating the positive root 
of the resulting equation, that is of the equation 


(-a) —7(—2)+7=0. 


Or since the sum of the three roots of the equation a°— 7x +7=0 
is zero, when two of the roots are calculated approximately the 
third can be immediately found approximately. 


216. If in following Lagrange’s method we arrive at an equa- 
tion which has an integer for a root, we obtain a finite continued 
fraction as a reot of the original equation, that is, we obtain a com- 
mensurable fractional root. This of course cannot occur if we have 
previously determined all the commensurable roots both whole and 
fractional of any proposed equation, and removed the corresponding 
factors by division. 


217. It may happen that in following Lagrange’s method we 
arrive at an equation which is identical with one of those which 
preceded it; in this case the quotients of the continued fraction 
recur, so that the continued fraction is a periodic continued frac- 
tion and its value can be found by solving a quadratic equation ; 
see Algebra, Chapter xiv. The roots of this quadratic equation 
will involve a quadratic surd, and both of the roots will be roots of 
the proposed equation by Art. 44. 


218. We will here give the general process which has been 
exemplified in Art. 215 in the second method of treating the 
9—2 
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equation «°—7a2+7=0. The object in view, is to apply Lagrange’s 
method of approximation when a proposed equation has more than 
one root between consecutive integers. Let /(x)=0 be the pro- 
posed equation; form the auxiliary functions f(a), f,(x), f,(x),--- 

which occur in Sturm’s theorem, stopping when one is obtained 
which is positive for all values of «; see Art. 199. Suppose that 
more than one root of the proposed equation lies between the 


consecutive integers aanda+1. Puta - for x in the functions | 


F(x), F(a), £,(x),..., and denote what they become respectively by _ 


Fy), f(y), F,(y),..... [fin the latter series of functions we sub- 


stitute successively any two numbers, as 6 and b+1, the difference — 


of the numbers of the changes of sign in the two cases will give us 
the number of roots of the equation F(y)=0 which lie between 


6and6+1. For the results which we obtain by substituting 6 © 
and 6+1 in F(y), F\(y), F,(y),...) are the same as those we should 


obtain by substituting respectively a ee and a+ in the series 


1 
b b+1 


JI (x), F(x), f,(«),...3 and therefore the difference of the numbers of | 
the changes of sign must be equal to the number of the roots of the — 


equation f(x) =0 which lie between a+ : and @ + =~ arta | : T? that is, to 


the number of the roots of the equation /’(y) = 0 which lie between 
band 6+1. 


If then we find that more than one value of y lies between 


, 1 
the consecutive integers 6 and b+1, we substitute 6+ " for y_ 


in the series /'(y), F(y), F,(y),...; then, by giving two consecutive 
integral cae successively as z and substituting them we can 
determine whether more than one value of z lies between two 
consecutive integers. 


We proceed in this way until we obtain an equation which has 
only one root between consecutive integers; and after that we need 
not pay any regard to Sturm’s functions but continue the calcula- 
tion for this particular root by the method of Art. 212. 
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Thus we are able to separate the roots and can calculate them 
without any omissions. 


As we do not require to know the values, but only the signs 
of F(y), F,(y), F,(y),-.-. we may in all cases multiply these 
functions by such powers of y as will clear them of fractions; for y 
is supposed to be a positive quantity, and therefore any power of v 
is positive. Thus, for example, instead of /(y), that is, instead of 


Be (« + ) we may use 


Vfl) "SOS O+ + IO 


supposing that /(x) is of the degree n. 


XVII. NEWTON’S METHOD OF APPROXIMATION 
WITH FOURIER’S ADDITIONS. 


219. We-shall now explain Newton’s method of approxima- 
tion to the numerical value of a root of an equation. 


Let f(x) = 0 be an equation which has a root between certain 
limits a and £ the difference of which is a small fraction ; let ¢ be 
a quantity between a and @ which is assumed as a first approxi- 
mation to the required root, and let e+ denote the exact value 
of the root, so that 4 is a small fraction which is to be determined. 
Thus f/(c+h)=90, that is, by Art. 10, 

Fo) + Bf"(c) + am fC) 4 fC) + 0 +e Fe) =O 

1.2 E uot: = 0). 
Now since i is supposed to be a small fraction h’, 3, ... will be 
small compared with 4; if we neglect the squares and higher 
powers of / in the above equation we obtain /(c)+A/(c)=0; thus 


134 NEWTON'S METHOD OF APPROXIMATION 


Supposing then that we thus obtain an approximation to the 


J (¢) 


value of h, we have c— Fe) as a new approximation to the root 
of the proposed equation. Denote this new approximation by c,, 
J (¢,) 


and then proceeding as before we obtain ¢, — Fie) as a new ap- 
1 
proximation ; and so on. 


We shall presently examine more closely the conditions which 
must hold in order that this method may be safely applied. It is 
of course obvious that such examination is necessary, since the pro- 
cess is not universally applicable; for if /’(c) is small compared 
with /(c) the supposed approximate value of 4 is not a small 
fraction as it should be. , 


220. As an example of Newton’s method we will take the 
equation which Newton himself selected, namely, «’—2a—5=0, 
say f(z)=0. Here x=2 makes f(x) negative, and «=3 makes 
F(a) positive, so that a root of the equation /(x) = 0 lies between 
2 and 3. Again, e=24 makes f(x) positive, so that the root lies 
between 2 and 23; also «=2:2 makes f(x) positive; thus the 
root cannot differ from 2:1 by so much as ‘1. Suppose then 
e=2:'1; then 


iil £O: _ f= 20-5 
Pe ey 30° 2 
061 
= 2] — 11-937 2°1 —:0054 nearly ; 


thus ¢, = 2°0946 nearly. 


Then for a new approximation we have 


ore Be — 00004852 nearly, 


= 209455148 nearly. 


221. This process is very simple in theory and not difficult in 
practice ; but it is not of certain success unless some precautions 
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are taken which we shall presently explain. For suppose that c 


F(¢) 
t) 


not. sure without further investigation that c, is nearer than c to 
the real value of the root. In the preceding example we first 
ascertained that there was a root between 2 and 2:2; then we 
assumed 21 as a first approximation and deduced 2°0946 as a 
new approximation. But we are not sure as yet that 2:0946 is 
nearer to the root than 2:2; if however we put 2:1 for « we 
find that f(x) is positive, and thus the required root must lie 
between 2 and 2°1, and now we know that 2:0946 is nearer than 
2:2 to this root. But we do not know even now that 2:0946 is 
nearer to the root than 2°l. If we put 2:0946 for f(x) we find 
that f(x) is positive, and this shews that the root lies between 
2:0946 and 2; thus 2:0946 is nearer to the root than 2:1. 


is an approximate value of the root, and that ¢, = ¢— , we are 


222. Fourier has given a rule by which we are saved the 
trouble of such repeated examinations as we have exemplified in 
the preceding Article; this rule guarantees the success of New- 
ton’s method when certain conditions are satisfied. Fourier's 
supplement te Newton’s method depends upon a property of the 
first derived function of a given function, which we will now 
prove. 


223. Ifa and 6 are any two quantities, some quantity A inter- 
mediate between a and 6 exists, such that 


J) -S(a) = (6- bi (A): 
a (6) — sos : then F(z) 


vanishes when «=a and also sen zx=b. Therefore by Art. 102 
the equation F’(x)=0 must have a root between a and 6. And 


For let F(x) denote f(x) 


F(x) =f (ex) vA o Sy (2) ; hence some quantity » intermediate be- 


tween a and } must exist, such that f£ (A) an A ) =0; there- 
fore f(b) —/(a)=(b- a) f'Q). 
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224. Suppose that 0 is greater than a; then f(b) is algebrai- 
cally greater or less than /(a) according as f’(\) is positive or 
negative. If /(«) is positive between #=a and #=6, then /’(d) 
is necessarily positive, and if f(x) is negative between «=a and 
x=b, then f(A) is necessarily negative. 


Hence we have the following result; if (a) is constantly posi- 
tive through any interval, /(«) increases with « through that 
interval, and if f(x) is constantly negative, f(x) decreases as x 
increases through that interval. By the increase or decrease of 
J (x) we mean algebraical increase or decrease. We may however 
state our result thus; if /(«) retain the same sign through any 
interval, then as « increases through that interval /(a) increases 
numerically when it has the same sign as f(x), and decreases 
numerically when it has the contrary sign. 


225. We shall now enunciate and prove Fourier’s rule. Let 
JF (x)=0 be an equation which has one root and only one between 
a and 8; and suppose that the equation /(w)=0 has no root 
between a and £, and also that the equation /”(x) =0 has no root 
between a and 6; then Newton’s method of approximation will 
certainly be successful if it be begun and continued from that limit 
for which f(x) and f(x) have the same sign. 


It follows from our suppositions that /(«) changes sign once 
and only once between a and £, and that f(x) and f(x) do not 
change sign between a and ~. We will suppose B—a to be 
positive. 


(1) Suppose that f(x) and /”(x) have the same sign when 
“=a. Take a for the first approximation ; then Newton’s second 
F(a) 
Fa) 
the root; then f(a+h)=0. Now by Art. 223, we have > 
J(a+h)—f(a)=hf(A), where d lies between a and a+/; thus 
pe 

SO) 


approximation is a— Let a+h denote the true value of 


, and the true value of the root is aot We have 
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- then to shew that a 0 3 is nearer than a to the true value 


of the root. Since / is necessarily a positive quantity, /(a) and 
f(A) are of contrary signs, and f(a) is of the same sign as /”(a), 
and therefore f’(A) and f(a) are of contrary signs. Hence f’(x) 
decreases numerically as x increases between a and 6, by Art. 224, 


so that f(A) is numerically less than f(a); therefore — Fa) 


is a positive quantity which is numerically less than the positive 


quaniaty aan mt This shews that Newton’s second approxima- 
tion is nearer to the true value of the root than the first approx- 
imation. 


Let a,=a— - 2 then /(a,) and f”(a,) have the same sign, 
and the approximation can be continued from a. 

(2) Suppose that f(x) and /”(x) have the same sign when 
x=f. Take f for the first approximation, then Newton’s second 


approximation is 8 a Let @+h denote the true value of: 
the root; then /(@+h)=0. Now, by Art. 223, we have 


J (B+h)—f(B)=hf’ (A), where d lies between B and B+h; thus 
h=- an . We have then to shew that B-— i is nearer than 
8 to the true value of the root. Since / is necessarily a negative 
quantity, (8) and /’(A) are of the same sign, and f (8) is of the 
same sign as f”’(8), and therefore /’(A) and /” (8) are of the same 
sign. Hence /’(x) increases numerically as « increases between 
aand £, by Art. 224, so that /’(A) is numerically less than /’ (8). 


+peeohire tf pi is a positive quantity which is numerically less 


than the positive quantity oat This. shews that Newton’s 
second approximation is nearer to the true value of the root than 
the first approximation. 
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Let B, = po then f (8,) and f"(f,) have the same sign, 


and the approximation can be continued from £.. 


226. The preceding Article shews that the conditions given 
by Fourier are sufficient to ensure the success of Newton’s method 
of approximation. When these conditions are satisfied, and the 
approximation is begun and continued from that limit for which 
J (x) and f”(«) have the same sign, we obtain a succession of 
values, which continuously increase up to the real value of the 
root or diminish down to it, according as the limit from which we 
start is less or greater than the true value of the root. We will 
now briefly shew that Fourier’s conditions are necessary. 


If we start with an assumed value c, Newton’s second ap- 
£0) 
I’) 
of the root would be obtained by adding — 


proximation corrects this by adding — while the true value 


J(e) 
F(A) 
permanence of sign of /’(a) is necessary in order that we may be 
sure that /’(c) and /’(A) have the same sign ; if these quantities 
do not have the same sign the Newtonian correction has the wrong 
sign, and Newton’s second approximation is further from the true 
value of the root than the first approximation. 


Hence the 


The permanence of sign of /” (x) is necessary in order to en- 
sure that /’(A) is numerically less than /’(c). If this is not the 
case the Newtonian correction is numerically greater than the 
true correction, and thus, supposing the correction to be of the 
right sign, the true value of the root lies between Newton’s first 
and second approximations. In this case Newton’s second approxi- 
mation may be nearer to the true value of the root than the first 
approximation, but is not necessarily so. 


227. In the example of Art. 220, it may be shewn that the 
equation /(«)=0 has only one root between 2 and 2:1, and that 
the equations /’ (x)= 0 and f”(x)=0 have no roots between these 
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limits; also f(x) and f(x) are both positive when x=2'1. 
Hence the Newtonian approximation will certainly succeed if it 
_ be begun and continued from the limit 2:1. 


For another example take the equation «*°—7x%+7=0, say 
| f(#)=0. It may be shewn by trial that the equation has oné 
| root between 1:3 and 1:4; the equations /’(v)=0, and /”(x)=0, 
have no roots between these limits; also f(x) and /”(«) are 
both positive when «=1:'3. Hence the Newtonian approxima- 
tion will certainly succeed if it be begun and continued from the 
limit 1-3. 


228. We will now shew how to estimate the rapidity of the 
approximation. Suppose ¢ to be the approximate value of the 
root which has been obtained at any stage of the process; then 


the true value of the root is 0-20 


f’(A)’ 


so that the numerical value 


of the error at this stage is mm , which we will denote by 7. 
The next approximate value will be c— a, and now the nu- 


AG) _F() that is AL) =f" (A) 

FA) Fe)’ Oe 
And by Art. 223, we have /’(c)—/'(A)=(e—A)f”’ (uz), where 
re— FH) Now 


merical value of the error is 


p lies between ¢ and X.; thus the error is 


J'(¢) 
lies between c and the real value of the root, so that c—A is less 
2 
than 7; hence the error is less than . s " ) . Let the greatest 


value which /”(x) can take between the limits considered be 
divided by the least value which /’ (x) can take, and denote the 
quotient by g; then the error is a@ fortiori less than qr’. 


For example, in. Art. 220, the root lies between 2 and 2:1. 
Thus to find g we divide the value of 6a when x«=2:1 by the 
value of 3a°— 2 when «= 2; therefore g= 1:26; and as q is nearly 
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unity, the number of exact decimal places in the approximation 
will be nearly doubled at each step. 


229. The student who is acquainted with the elements of the 
application of the Differential Calculus to the theory of curves, 
will find it easy to illustrate geometrically Fourier’s rule for con- 
ducting Newton’s approximation. 


K 4 


! 


Suppose PQYL to be a part of the curve determined by the 
equation y=/f(x). Then we may be supposed to know OW and 
ON, and to require the value of OY; that is, we require to know 
the point where the curve cuts the axis. 


At the point P it is obvious that f(x) is negative if Oy be the 
positive direction of the axis of y; and /”(«) is also negative at 
P, since the curve at P is convex to the axis of « Draw the 


tangent PZ’; let OM=a, then MT = a fa , as is known by the 


Differential Calculus; so that, starting from M/ the Newtonian 
approximation proceeds to 7. And as 7’ falls between JM and Q 
it is obvious that the method succeeds in this case, and that the 
approximation can be continued from 7’. 
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At the point R we have f(x) positive and /” (x) negative. 
Draw the tangent RS; then, starting from V the Newtonian ap- 
_ proximation proceeds to S, and S and J are on opposite sides of Q. 
Moreover there is no security that QS is less than QJ, and there 
is no security that the approximation can be continued from S. 
Thus the approximation cannot be begun from J. 


The student may easily illustrate by figures the condition that 


J’ (x) and f”(«) should retain an unchanged sign between the 
limits considered. 


XVIII. HORNER'S METHOD. 


230. We shall now. explain the method of approximating 
to the numerical value of a root of an equation which was in- 
vented by the late Mr. Horner. 


Let f(a) =0 be any equation ; then f(a + x) = 0 is an equation 
the roots of which are less by a than the roots of the first equation. 
The equation f(a + x) = 0 becomes when developed, 


f(a) +2f"(a) + fe one ge el 0, 


Now the essential part of Horner’s method consists of a pro- 
cess by which the coefficients of the last equation may be syste- 
matically and economically caleulated ; we have already observed 
that such a process will be useful; see Arts. 11 and 214. 

231. Suppose, for example, that 

J (x) = Aa? + Bas + Ca? + Da? + Ha +f; 
then f(a) =4Aa’+ Ba*+ Ca’? + Da’? + La+F, 
f(a) =dAa*+ Ba? + 3Ca* + 2Da + EZ, 


f’(a) =104a* + 6Ba? + 3Ca + D, 
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[3 


1 my aay 
al (a) =54a+B, 


f(a) =10Aa’+ 4Ba +0, 


Br" = A, 


(1) We may calculate f(a) in the manner explained in 
Art. 5, thus ; 


A os 
Aa +B = P say, 
Pa+O= Aa? +Ba+C = say, 


Qa+D=Aa’+ Ba’? +Ca+D=R say, 
Ra+ H = Aa*‘+ Ba’ + Ca’? + Da+ H=S say, 
Sa+ P= Aa’ + Bat + Ca’ + Da’ + a+ F=f (a). 
Here each line is obtained by multiplying the preceding line 


by a, and adding on in succession the terms B, C, D, #, F. 


(2) We may now calculate f(a) in the same way as f(a) was 
calculated, using A, P, Y, &, S in the same way as A, B, C, D, L 


were used ; 
A = A, 
Aa+P=2Aa+B=T say, 
Ta+Q=3Aa’+2Ba+C=T say, 
Ua+R=4Aa’+3Ba’+ 2Ca+D=V say, 
Va+S=5dAd* +4Ba? + 3Ca’ + 2Da+ H=f"(a). 
(3) We may now calculate 3/”’(a) in the same way as /(a) 
and f’(a) were calculated, using A, 7’, U, V; 
A = ah, . 
Aa+T7=3Aa+B=WDW say, 
Wa+ U=6Aa'+3Ba+C=X say, 
Aa+V=10Aa* + 6Ba? + 3Ca+D=43/f"(a). 
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(4) We may now calculate Tr J’’(a) in the same way, using 
A, W, 4X; 
A =A, 


Aa+W=4dAa+B=Y say, 


Ya+ X=1040?+4Ba+0= 13 f(a) 
(5) We may now calculate c J’’(a) in the same way, using 
Aand Y; 
A a A. 


da+ Y=54a+B= rR fa). 


1 ddhA 
(6) Lastly, A= E f(a). 
The above process may be conveniently arranged thus ; 
A B C D E F 
tg Pa Qu BS 
rd a) R S t (a) 
Ag Sony aegis see 
ie U V I (a) 
Aa Wa Xa 
W x be 
57 (a) 
Aa Ya 
z 1 sth 
Ed (2) 
Aa 
1 th} 
[z7 (a) 


The quantity under any horizontal line is obtained by adding the 


_ two quantities immediately over the line. 
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We have thus shewn Horner’s process of forming the coeffi- 
cients of the equation /(a+«)=0 when the equation is of the 
Jijth degree ; we will hereafter prove that this process is applicable 
whatever may be the degree of the equation. At present we 
proceed to explain the use of the process in approximating to the 
root of an equation. 


232. Suppose, for example, that we have an equation with a 
root lying between 300 and 400; form a second equation the roots 
of which are less than those of the first equation by 300, so that 
the second equation has a root lying between 0 and 100. By 
trial let the greatest multiple of 10 which is contained in this 
root be found; suppose it to be 70; form a third equation the 
roots of which are less than those of the second equation by 70, 
so that the third equation has a root between 0 and 10. By 
trial let the greatest integer which is contained in this root be 
found ; suppose it to be 2; form a fourth equation the roots of 
which are less than those of the third equation by 2, so that the 
fourth equation has a root lying between 0 and 1. By trial let 
the greatest number of tenths which is contained in this root be 
found ; suppose it to be 8 tenths; form a fifth equation the roots 
of which are less than those of the fourth equation by °8, so that 
the fifth equation has a root lying between 0 andl. By trial 
let the greatest number of hundredths which is contained in this 
root be found ; suppose it to be 7 hundredths. 


Now suppose that 07 is exactly a root of the fifth equation ; 
it follows that 372°87 is exactly a root of the first equation. 


Next suppose that ‘07 is not exactly a root of the fifth equa- 
tion ; then it follows that an equation exists the roots of which 
are less than those of the first equation by 372°87, and which 
has a root lying between 0 and ‘01. Thus the first equation has 
a root which lies between 372°87 and 372°88. 


Thus we see how by a series of operations of the kind given 
in Art. 231, we either arrive at the exact value of the root of 
an equation, or we may approximate to it as closely as we please, 
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233. In the preceding Article we have stated that certain 
numbers must be found by trial; we shall now shew that we 
can easily guide ourselves in these trials. Let f(~)=0 be the 
proposed equation, and suppose that by one or more operations 


we have derived the equation which has its roots less than those 


4 


of the proposed equation by c, that is, suppose we have formed 


the equation /(¢c+a)=0, and suppose that this last equation 


has a small root. Then ¢ is an approximate value of a root of 


the original equation ; hence by the preceding chapter c ae will 
be in general a nearer approximation to that root. Thus: a 


is an approximate value of the number which we want in order 
to continue the operation. 


234. Example. Let /(x%)=2a°—4732°—234¢-—711. It 
will be found by trial that (200) is negative and /(300) positive, 
so that the equation f(x)=0 has a root between 200 and 300. 
We proceed to diminish the roots by 200. 


2 —473 ~ 234 —711 (200 
400 — 14600 — 2966800 
aS — 14834 — 2967511 
400 65400 
327 50566 
400 
727 


Hence the equation which has its roots less than those of 
F(a)=0 by 200 is 2a*+ 727° + 505662 —2967511=0; so that 
f (200) = — 2967511 and £’(200) = 50566. 


Hence Son 0) 


is more than 50. We then proceed to dimi- 


F'Q00) 


T. E. 10 


i the roots of the equation just given by 50. 
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Ri :7QR 50566 2967511 (50 
100 41350 4595800 
827 91916 1628289 


We thus find that 50 is too large a number, for we have 
J (250) = 1628289 a positive quantity, while /(200) is negatiwe; 
so that the root we are seeking is less than 250, In fact, in 
guiding ourselves in the manner explained in Art. 233 we are 
liable to select too large a number for trial, especially in the early 
part of the operation ; a similar failure occurs sometimes in the 
ordinary process of extracting the square root of a number. 


We shall then try 40. 
2 fire 50566 — 2967511( 40 
80 32280 3313840 
807 82846 346329 


Thus 40 is also too large, for /(240) is positive. 


We shall then try 30. 


Bsc TIE 50566 — 2967511 (30 
60 23610 2225280 
787 74176 ~742231 
60 25410 
847 99586 
60 
907 


Thus f (230) =— 742231 a negative quantity, so that 30 is the: 
right number. a 


Hence the equation which has its roots less than those of 
J (#) =9 by 230 is 2a* + 907x* + 99586x — 742231 =0. 


230) 
9 — — J (230) = 
Here /( 30) gay so that F230) 7 approximately. 


HORNER’S METHOD. 147 


We proceed then to diminish the roots of the equation just 
given by 7. 


2 907 <<: 99586 — 742231 (7 
14 6447 742231 
921 106033 0 


This shews that /(237)=0; so that 237 is a root of the 
original equation. 


The whole operation is usually exhibited thus ; 


2 —473 — 234 —711 (237 
400 — 14600 — 2966800 
—73 — 14834 — 2967511* 
400 65400 2225280 
327 50566* — 742231 F 
400 23610 742231 
727* 74176 
60 25410 
787 99586 
~ 60 6447 
847 106033 
60 
907TF 
14 
921 | 
Here the mark * shews where the first part of the operation 
ends, and the mark t shews where the second part of the opera- 


tion ends. . 


235. We will now take an example of an equation which 
as no commensurable root. Let f(a) = a* —3x2°-2a@+5. It will 
e found by trial that (3) is negative and /(4) positive, so that 
he equation /(x)=0 has a root between 3 and 4. The following 
will be the operation for approximating to this root as far as 
saree places of decimals. : 


~10—2 
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Lepiaced lig 5 ( 3-128 
3 QO 6 
0 “3 ~1* 
3 9 761 
3 7* _ +939 + 
3 61 167128 
6* 7-61 ~ -071872+ 
J 62 068273152 
6-1 8-234 ~ 003598848 
1 1264 
62 83564 
1 1268 
63+ 8-4832+ 
02 050944 
6-32 8534144 
02 051008 
6-34 8585152 
02 
6.36+ 
008 
6368 
008 
6-376 
008 
6-384 


Here to find the second figure of the root we have — “er 
that ‘1 is the nearest number to be tried ; to find the third figure 


» x 


of the root we have — 


re a , so that -02 is the nearest numbei 


to be tried; to find the fourth figure of the root we ha ( 
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—.071872 Pe 
84832 ’ 
all these cases the number suggested is found to be correct. 


that ‘008 is the nearest number to be tried. In 


936. As another example take the equation given in the pre- 
ceding Article, and approximate to the root which it has between 1 
and 2. The operation is usually exhibited thus ; 


io oe 9 5 (1:2016 
1 ci elg zg 
__- wey 1000* 
1 i 992 
ee ~ 500* 8000000+ 
1 4 ~ 4879399 
00* — 496 31206010004 
2 8 — 2927060904 
2 — 4880000+ 193540096 
2 601 
4 ~ 4879399 
2 602 
600t  —487879700+ 
1 .  $6at6 
601 ~ 487843484 
1 36252 
602 ~ 487807232 
1 : 
6030+ 
6 
6036 
6 
6042 
6 
6048 
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The difference between this arrangement and that in Art. 235 
arises from the fact that it is usual in practice to omit the decimal 
points, just as they are omitted in the process for extracting the 
square roots of numbers approximately. The following rule with 
respect to the decimal part of the root will be sufficient. When 
all the whole figures of the root have been found and the decimal 
part of the root is about to appear, annex one cipher to the right 
of the first working column, two ciphers to the right of the second 
working column, three ciphers to the right of the third working 
column, and so on if there are more than three working columns ; 
then proceed completely through one stage of the operation as if 
the new figure of the root were a whole number. Then annex 
ciphers again as before. 

It will be observed that after the 2 in the root the next figure 
considered as an integer would be approximately given by 

8000 | 
~ — 48800’ 
root and we annex another cipher to the first working column, 
two more to the second working column, and three more to the 
third, and proceed as before. The ciphers will serve to distin- 
guish the several stages of the operation, so that the marks * + ¢ 
may be omitted. 

It is obvious that in all the preceding examples the first work- 
ing column might have been shortened by performing in the head 3 
the easy work which occurs, and putting down only the results, 
but we have thought it clearer to exhibit the whole for the 
student. 


and this is less than unity ; so a cipher is put in the 


237. After a certain number of figures in the root have been 
found correctly, an additional number may be obtained by a con-— 
tracted operation. We will exemplify this by calculating the 
positive root of the equation a*+ 3x°—2«—5=0. We will first 
perform the operation at full until five decimal places of the root 
have been determined. 
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} tthe _2 5 (1:33005 
1 4 9 
4 2 — 3000 
1 5 2667 
5 700 ~ 333000 
1 139 339337 
60 889. — 663000000000 
3 198 564352475125 
63 108700 98647524875 
3 2079 
66 110779 
3 2088 
690 112867000000 
3 3495025 
693 112870495025 
3 3495050 
696 112873990075 
3 
699000 
5 
699005 
5 
699010 
5 
699015 


The rule for contracting the operation is the following ; strike off 
at every step one figure from the right of the last column but one. 
two figures from the right of the last column but two, and so on. 


We will now resume the example just considered and apply 
this contracted process. 
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1 699015 112873990075 — 98647524875 (1:33005873 
55921 90299639432 
11287454929 — 8347885443* 
55921 7901261018 
11287510850* —446624425¢ 
489 338625624 
1128751574 — 107998801 
489 
1128752063t 
2 
112875208 
2 
112875210 


At the point where the full operation terminated we have 8 sug- 
gested for the next figure; we then reject 5 from the end of the 
last working column but one, and 15 from the end of the last 
working column but two. The first step in carrying on the work 
is to multiply 6990 by 8, and put the product in the next working 
column ; the product is considered to be 55921, because we con- 
ceive 69901 multiplied by 8 and the last figure struck off, and so 
55921 is nearer than 55920 to the true value. Then we add 
55921 to 11287399007; the figure in the units’ place of the sum — 
we take to be 9 by allowing for the rejected 5. The mark * indi- 
cates where the first stage of the contracted operation finishes. 
Now strike off 0 from the end of the second working column and 
90 from the end of the first working column, so that the first work- 
ing column is reduced to 69. The next figure of the root is 7, and 
this stage of the operation finishes where the mark T is put. 
Strike off 3 from the end of the second working column and 69 
from the end of the first working column. The first working 
column now disappears, but still exercises a slight influence be- 
cause the next figure in the root is 3, and when 69 is multiplied 
by 3 and two figures rejected there remains a 2. 
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Only two working columns are now left ; the remainder of the 
work coincides with the ordinary process of contracted division, 
and it will supply eight more figures in the root. 


11287521,0 —107998801 (1-3300587395679825 

101587689 
1128752,1 — 6411112 
5643761 
112875,2 — 767351 
677251 
11287,5 — 90100 
79013 
(1128,7 — 11087 
10158 
112,8 — 929 
902 
11,2 —27 
22 
1,1 —5 

The approximation may be relied upon up to the last figure, 


| at least exclusive of that. For if the whole operation were 
é performed at full, the last working column would present 
_ a large number of figures on the right-hand side of those here 
- exhibited, but those which are here exhibited would retain their 
places without alteration except perhaps the exchange in some 
lines of the last figure for another differing from it by unity. 


238. The root found in the preceding Article is the numeri- 
cal value of the negative root of the equation x — 32°—2a”+5=0. 
Hence the sum of the roots found in Aris. 235 and 236 should 
exceed the root found in Art. 237 by 3; because the sum 
of the three roots of the equation with their proper signs is 3. 
This will be found to hold approximately; and the student may 
_ exercise himself in carrying on the approximations to the two 
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positive roots to more places of decimals than we have given, in 
order to verify more clearly the connexion between the sum of 
those two roots and the root calculated in Art. 237. 


239. Various suggestions have been offered with the view of 
saving labour in the use of Horner’s method. ‘With respect to 
such suggestions we may quote the following remarks which occur 
in connexion with one of them. “But considering that the 
process is one which no person will very often perform, we doubt 
whether to recommend even this abridgment. All such simplifica- 
tions tend to make the computer lose sight of the uniformity of 
method which runs through the whole; and we have always found 
them, in rules which only ‘occur now and then, afford greater as- 
sistance in forgetting the method than in abbreviating it.” Penny 
Cyclopedia, article Involution. 


240. In Art. 231 it was stated that it would be proved that 
Horner’s method of forming the equation f(a+#)=0 is uni- 
versally true. We will now consider this point. 

Let ST (a) =p,0" + 9,0" + p+... +P, C+ Py 
for 2 put y+ a, and suppose that f(a) then becomes 
GY" + DY + DY + FG AY Ft Un 


we have to prove that q¢,, 9,_,5++»%,5 %» ave found correctly by — 
Horner’s process. It is obvious that g,=p, Since y=x—a the 
following expressions are identically equal, 


Pe +p + pe r+... +p, “tp, 
and = 9. (w—a)"+q,(x—a)"'+9,(u—a)""+...4+9,_,(%©-a@) +4, 
Therefore q, is the remainder that would be found on dividing — 


f(x) by x-—a; also the quotient arising from this division must: be 
identically equal to 


Ide fo a)" + q,( hee a + q(x ay a)” +e + Qi" 


Then again ¢ 


aT 


is the remainder that would be found on di- 
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viding the last expression by x—a; also the quotient arising from 
this division must be identically equal to 


qa —a)"* + ¢,(a— a)’ * + 9,(a—a)* +... +9,» 


Then again qg,_, is the remainder that would be found on di- 
viding the last expression by x—@; also the quotient arising from 
this division must be identically equal to 


q,(a—a)"* + ¢,(a—a)”*+9,(a—ay > +... +35 
and so on. 


Thus ¢,, %,-19 G29 Ura? «+> are the successive remainders 
which occur in dividing, first f(a) by «—a, then the quotient by 
x —a, then the new quotient by «—a@; and soon. And by Arts. 
5, 7, and 9 we see that Horner’s process determines these succes- 
Sive remainders, | 


241. We have thus sufficiently discussed the subject of the 
approximate values of the real roots of equations. There is no easy 
practical method of calculating the imagimary roots of equations 
at present known; but theoretically this may be made to depend 


on what has been already given. For suppose a+b /—1 is an 
imaginary root of an equation /(«)=0; then since the real and 
imaginary parts of /(a+ b /— 1) must separately vanish, we obtain 
two results, which we may denote by P=0 and Y=0, as in 
Art. 41. Here P and Q will be functions of a and 0, and if we 
eliminate a or 6 from the equations P=0 and Q=0, we obtain a 
single equation involving one unknown quantity; and we require 
real values of this unknown quantity. Hence we can determine the 
imaginary roots of a given equation if we can form a certain other 
equation and determine its real roots. We shall hereafter shew 
how to form the equation which results by eliminating one of two 
unknown quantities from two given equations. __ 


We shall in Chapter xxt. explain another method which has 
been used for calculating the imaginary roots of equations. The 
student may also consult Dr Rutherford’s essay on the Complete 
Solution of Numerical Equations. 
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XIX. SYMMETRICAL FUNCTIONS OF THE ROOTS. 


242. A function of two or more quantities is said to be a 
symmetrical function of those quantities if the function is not 
altered when any two of the quantities are interchanged. 


Thus, for example, a’ +6°+c° is a symmetrical function of the 
three quantities a, b, c; so also is ab+6c+ca; for each of these 
functions is unaltered when we interchange a and 6, or a and ¢, or 
} and ¢. 


243. The coefficients of an equation are symmetrical func- 
tions of the roots of the equation. 


For by Art. 45, if the equation be a" +p,a""'+ p,2"-"+ ...=0, 
we have 


— p, =the sum of the roots, 


p, =the sum of the products of the roots taken two at a time, 


and so on; and it is manifest that the functions of the roots which 
occur here are symmetrical functions. 


The object of the present chapter is to shew that every rational 
- symmetrical function of the roots of an equation can be expressed 
in terms of the coefficients of that equation. We shall begin with 
proving Newton’s theorem for the sums of the powers of the roots 
of an equation. 


244. Let f(x) denote a"*+p.2"'+pa""+...+p,,° and let 
a, b, c, d,... denote the roots of the equation f(x) = 0. 
Let S,=a+b+e+d+... 
S,=@+B+0+d'+...; 
S,=@+B+c0+d°+..., 


and so on; thus S, is the sum of the roots, S, is the sum of the 


squares of the roots, S, is the sum of the cubes of the roots, and in 
general S| is the sum of the m powers of the roots. 
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By Art. 74 we have 
; x x x 
f= 20). £0), Fe) , 


Dow ee en oe 


The divisions indicated on the right-hand side of this identity 
can all be exactly performed by Art. 7; and we have 


Jz) 


ie a" + (a+ p,)a"" + (a? + p,a+ p,)a"? + 


+(a"+ pa" + pa +... + per to 


F(*) F(a) 
a be: ae 


and similar expressions hold for 


By addition then we obtain 
I(x) = na" + (S, + mp, a" "+ (Si + pS, + mpc" +... 
+ (8), 4D Snr tPSnat 21+ + Myler + 


Also f(a) = na"~*+(n—1) px"? + (n — 2) pa + .. 
+(%—M) px 


M, eichaniai 


nsec 


Equate the coefficients of the same powers of x in the identity ; 
thus 


Si+np,=(n—1)p, or S\+p,=9, 
S+p,S,+ np, =(n—2)p, or S,+p,S,+ 2p, =9, 


and generally 
S+p,S,+p,8,, ot + + mp, =(n-— mM) p,, 
or St P Snot es Sa 1% + Dy Sy Mp, ee 0. 


In this general result m is supposed to be less than x. 


By means of the general result we can express the sum of the 
m powers of the roots in terms of the coefficients and the sums of 
inferior powers of the roots; and thus by repeated operations we 
may express the sum of the m™ powers of the roots in terms of the 
coefficients only, 
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Next suppose that m is not restricted to be less than n. 
Multiply the given equation /(~)=0 by 2"~"; thus 2”“*f(«)=0, 
that is, a ae + pe + oe +p ae = 0, 


Substitute for x successively a, 6, c,... and add the results; 


thus 
St PWSmaitPeSm-gt + 7,5,,.= 0, 


m—2 


By this theorem we can express the sum of the m™ powers of 
the roots of an equation in terms of the coefficients and the sums of 
inferior powers of the roots when m is not less than 7; and thus 
by repeated operations we may express the sum of the m™ powers 
of the roots in terms of the coefficients. 


245. To find the sum of the negative powers of the roots of 
the equation /(«)=0, we may put ; for « and find the sum of the 


corresponding positive powers of the roots of the transformed equa- 
tion in y. 

Or we may make m successively equal to n—1, n—2, n—3,... 
in the last result of the preceding Article; and thus obtain 
successively S_,, S_,, S_3)-++ 


246. The general problem of finding the value of any rational 
symmetrical function of certain quantities may be reduced to the 
problem of finding the value of certain simple functions, as we 
shall now shew. 


Any rational symmetrical function which is not integral will 
be the quotient of one rational symmetrical integral function by 
another; so that only integral functions need be considered. Any 
rational symmetrical integral function which is not homogeneous 
will be the sum of two or more rational symmetrical integral func- 
tions which are homogeneous; so that only homogeneous functions 
need be considered. A homogeneous function may consist of 
different parts in which although the swm of the exponents remains 
the same, the exponents themselves are different; in such a case 
the homogeneous function is the sum of two or more homogeneous 
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functions of the same degree in which the exponents are the same 
for all the terms. 


- Hence it follows that we need only consider such rational 
symmetrical functions as are integral and homogeneous, and in 
which the exponents are the same for all the terms. 


247. Leta, b, ¢ d,... denote the roots of a given equation. 


By Art. 244 we can express in terms of the coefficients the 
value of 
a+ b"™4+c"+d™ +... 


This function may be said to be of the jirst order, since each 
term involves only one of the roots. 


A function may be said to be of the second order when each 
term involves éwo of the roots, as 


ab’ + ac? + Och +... 


Here every permutation is to be formed of the roots taken two 
at a time, and the exponent m placed over the first root and p over 
the second. We shall denote this function by Sab’, as it is the 
sum of all the terms which can be formed like ab’. 


A function may be said to be of the third order when each term 
involves three of the roots, as 


abot + ac? d? + ab’ d'? + .... 


Here every permutation is to be formed of the roots taken three 
at a time, and the exponent m placed over the first root, p over 
the second, and gq over the third. We shall denote this function by 
za"b’c!, as it is the sum of all the terms which can be formed like 
a” b?c*. 


Similarly we may have functions of the fourth and higher 
orders, and may use a similar notation te represent them. 


Since we have shewn how to express the function denoted by 
S|, in terms of the coefficients of an equation it will be sufficient to 
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shew that any of the functions we have to consider can be expressed 
in terms of such functions as S_.. 


248. To find the value of the symmetrical function of the 
second order 3a™b?. 


We have | S=a™+b"+e"+..., 


S,=ar+Oh +e +... 


By multiplication we obtain 
SS are eyes ahr +... 
| tals ae +0" a +... 
that is, SSp=Sinap t Bab’, 
and therefore 3a"b?=S S,—S__) 
This supposes that m and p are unequal. If we suppose p 


equal to m the terms in 3a’”b’ become equal two and two, so that 
this sum may be expressed thus, 23 (ab)"; and therefore 


23 (ab)" = 5S ?—S,.. 
249. To find the value of the symmetrical function of the third 
order Za™b?c*. 
We have Sab? = ab? + bc? + a"c? +..., 
S,=a'+b'+e'+... 
By multiplication we obtain 
S, sa"? = a" 1b? + O10? + c™ AP +... 
+ a" PT + OP T1 + CMaPTT +... 
+a™b’c! +... 


The terms on the right-hand side form three sets, which in our 
notation are denoted by Sa”*!b’, Sa’*4b", Sa™b’c'; thus | 


S,3a"b? = Sa"*10? + SaP*1h" 4 Sa" bre 
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Substitute for Sab’, Sa"*'b’, and Sa’*!b” their values from 
Art. 248, and we obtain 


sa bc! ba S78,5,— SaaS Snes Si Sos S, i + 25 m+P+q° 


We have supposed m, p, g all unequal. Suppose, however, 
that m=; then,.as in Art. 248, we have 


23 (ab)"ct = S2,8,— 8, S,- 28, S. +28 


m+d~ m Qam+7° 


If m=p =q, the sum 3a"b’c' reduces to 2.3 3 (abc)”; thus 
63 (abc)" =S}, — 3S, SS, + 28, . 


The method of this and the preceding Article may be con- 
tinued to any extent, and thus a function of any order like 
Sa"b’ and Sa"b’c! may be expressed in terms of the coefficients. 
Hence by Art. 246, the object proposed in the present chapter 
can be attained. 


250. We have shewn how the function denoted by S, can 
be expressed in terms of the coefficients ; and thus of course the 
sum of any number of such functions as Scan be so expressed. 
The following method will, however, be generally more advan- 
tageous in such a case. If («) denote any rational integral 
function of #, it is required to express in terms of the coefficients 


the sum (a) + $(b)+(c)+... 


F(@)__} 1 T 
We pie Fao ge ete ee has 


ee (@) _ (@) , $(@) + oe 


therefore F(@) ae ie eg a ay te 
a Mi (a) | $ one we ib “6 
eee 


In this identity the integral parts and the fractional parts will 
(x) — (4) 
xe — O 


T. E. ee 


are in- 


be separately equal; also such expressions as 
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tegral by Art. 7. Let 4(x)/’(x) be divided by f(x), the process 
being carried on until the remainder is an integral function of x 
of lower degree than f(a); let & be this remainder. Then by 
considering the fractional parts of the identity we have 


2-20. .90 20, 


f(@ «wa a—-b x-e 


Multiply up; then 
Rao" {o(a)+ (b) + h(c) +». } 


+ terms involving lower powers of x than x 


Thus d(a) + (6) + (c) +... is equal to the coefficient of x" in A. 


251. As an example of the formule of this chapter suppose 
it required to find the sums of the powers of the roots of the 


equation of —a — Fo? +a+6=0. 


So=—p- <1, | 

S,=—p,S,-2p,=14+14=15, 
S,=—p,S, -—pS§, —3p,=15+7-3=19, 
S,=—pS,—p,S,—p,8,—-4p,= 19+105- 1-24= 99, 
|S =—pS,-p,S,—-pS,—-pS,= 99+1383-15- 6=211, 


S,=—p,S,—pS,-PS,—pS,= 211 + 693 — 19-90 = 795, 


and so on. 


Put ; for x in the given equation ; then 


Thus for the sums of negative powers of the roots of the 
original equation we have 


1 
S_=—@ 

1 7) | Med Bw 
8.4=-55..-2(-§) = G+ 367 30° 


and so on. 
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These results may be easily verified, as the original equation has 
been constructed so as to have for its roots — 2, —1, 1, 3. 


Again, suppose we require the values of S|, S,, S, and S, in the 
biquadratic equation 
a + pu* + qu? +ret+s=0. 
S,+p=0, therefore S = —p, 
S,+ pS, +2q=0, therefore S, =p’ — 2q, 
S,+pS,+qS,+3r=0, therefore S,=—p(p’ — 2q) + pq — 3r 


=—p + 3pq — 3r, 
S,+pS,+ 9S, +75, + 4s = 0, ; 


therefore S,=—p(—p*+ 3pq — 3r) —q (p’ — 2¢) + 7p —4s 
= p* —4p°q + 4rp + 2¢° —4s. 
As another example, let a, 6, y, 6 denote the four roots of the 
viquadratic equation «* + px*+qa°+rx+s=0; 


let A= 5 (08 +78), B=5(ay +8), O=5(08+ By); 
nd let it be required to find the value of the following sym- 
aetrical functions of the roots of the biquadratic equation, 
(1) A+ B+¢, 
(2) AB+BC+CA, 
(S) “AaO. 


(1) A+ B+O=5 (0B +ay+ a3 + By + B3+7)=4, 


(2) AB+ BC +CA=7 (By +0%yb+...)=7 SatBy 


i = 5 (8,5,— —S,’ —28 8, +28,); by the method of Art, 249. 
phen the values of S,, S,, 8, and S, may be oe oui 
jive already been obtained, and the value of Z ! 508 will be 
pown. Or we may proceed thus, 
| Bothy = 320" — afyS3S. 

11—2 
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And afyd=s, and 35-4 -4, by Art. 48; 


therefore AB+BC+CA= rl aoe — 4s), 


3 | 1 
(3) ABC == (a'ByS+... +a°BP f+...) = 5 Salpy+ 5 Sarpy’ 


The values of these two symmetrical functions may be found 
by the methods of the present chapter directly ; or we may ab- 
breviate those methods thus, 


sa" Byd ye ays ve =8$ (p° — 2q), 
1 rg 
ROt 2% ROR Bea Fo WE eS 
ya y Hap yos (5 2), 
for to find es we have only to obtain the sum of the squares) 


of the roots of the equation in y which is formed by writing f for ota 


Thus ABC = : (7° +ps nee 4qs). | | 
The values of the functions of A, B, C which have been found! 


may be verified; for A, B, C, by Art. 189, are the roots of the: 
cubic equation in m in Art. 188. 


XX. APPLICATIONS OF SYMMETRICAL FUNCTIONS. 


252. In the present chapter we shall give two applications of : 
the theory of symmetrical functions of the roots of an equation; 
the first application will consist in forming the equation which has 
for its roots the squares of the Aitterat okt of the roots of a given) 


equation, and the second application will be to prove an important 
theorem in elimination. 


253. To form the equation which has for its roots the squares) 
of the saeniees of the roots of a given equation. 
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Suppose the. given equation to be of the n™ degree, and 
denote its roots by a, 6, ¢,..... Then the roots of the required 
equation will be (a—b)’, (a—c)’,...(b—c)’,...; the number of these 
is the same as the number of combinations of m things taken 2 at a 


time, that is, 5 n(n —1); and this number will therefore denote the 


| degree of the required equation. Put m for . n(n—1), and suppose 


{ that the required equation is denoted by 
e+ ge + ge r+... tq =0. 


Also let s, denote the sum of the r® powers of the roots of this 
equation. We have only to determine s,, s,,...s,, and then the 
coefficients of the required equation will be found in succession by 


the formule of Art. 244, namely, s,+¢,=0, 8,+9,8,+ 2¢,=0, and 


= so on. 


Let ob (02) = (ae — a)" + (a — b)" + (a — 0)" + iss 
then 28,= $(a) + f(b) + p(c) +... 


Now let S,, S,, S,,... denote the sums of the powers of the roots 7 
of the given equation; thus | 


Oy... 
(x) = nx” — IrSx =, Be) Si" — +8 


1-9 2 2r° 
Put for x in succession a, 6, ¢,... and add; thus 
2r(2r— 
2s =n8,,—2rSS,_.+ fe 5 Bg LAY igh 


The terms on the right-hand side which are equidistant from 
the beginning and end are equal; therefore by rearranging and 
dividing by 2 we obtain 
2r(2r — 1) 

1.3 Sh: SOR 


A i (- | peal as fi 1) 


8. = nS, —2rSS,_,+ 


OR as 


S% 
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Now S,, S,,....can be expressed in terms of the coefficients of 


the given equation; thus s, can be found, and then finally the 
coefficients of the required equation. 3 


254. The last term of the required equation, namely that 
denoted by g,, in the preceding article, may be calculated in another 
way. Let the given equation be denoted by /(x) = 0, so that 


f(x) = (a —a)(«— b)(a—c) .... 
Then jf’ (x) =(a—6) (w—c) ... +(e —a) (w—c)...+...3 
thus J(a) = (a@—b) (a—c)..., 
J (b) = (6 -a) (6-0)... 
Hence g, =f (a) f(b) f'(c).... 
Now let a, 8, y,... be the roots of the equation ’(x)=0; then 
J (@) = (@ — a) (% — B) (@— 7) «5 | 
therefore SI’ (a) f(b) fc) -.. 
=n"(a—a)(a—f) (a—y) ... (6-2) (b- Bf)... (c—a) .... 
But (a—a) (b—a) (¢—a) ... =(—1)* (a) ..., 
(a—B) (6—B) (¢—B)...=(- 1)" F(B) ..-» 


and so on; 


thus /"(a) /"®)f(o)=0" (1) F(a) £(B).f() 
=n" f(a) f(B)S(y) eres 
for (— 1)" =1. 


Now /(a)f(8) f(y)... is a symmetrical function of the roots — 
of the derived equation /’(x) = 0, and may therefore be calculated. — 


255. In Art. 109 we have explained one use which we may make © 
of the equation whose roots are the squares of the differences of — 
the roots of a proposed equation ; namely, we may thus determine 
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the situation of the real roots of the proposed equation. But 
Sturm’s theorem now answers this purpose more readily. However 
the equation which has for its roots the squares of the differences 
of the roots of a proposed equation will sometimes on inspection 
give information respecting the number of wmaginary roots in the 
proposed equation; for it is obvious that if this new equation can 
have negative roots the proposed equation must have imaginary 
roots; and if the new equation has no negative roots the proposed 
equation has no imaginary roots. Also if the new equation has 
imaginary roots the proposed equation must have imaginary roots ; 


| it will not however follow that if the new equation has no 
| imaginary roots the proposed equation has none. For example, 


the proposed equation might be a biquadratic equation with roots 
+h /—1 and +py—1; in this case the new equation will only 
have real negative roots. 


956. We shall now shew how to eliminate one of the unknown 


| quantities from two equations containing two unknown quantities, 
_ by the theory of symmetrical functions. 


Let the equations be 
pe +p e+ pe" 7 +...+¢p =0, 


- and qe +9,0° +9,0 7 +...+9,=0. 


The coefficients ,, D1, Dyy-++s Yor V9 Yores aE Supposed rational 
integral functions of a quantity y, and x is to be eliminated. 


Suppose that from the first of these equations the values of x 
could be found in terms of y; let these values be denoted by 
a, b, ¢,..... Substitute them in the second equation, and we obtain 
m equations for determining y, namely 


qu +q,a"'+9,a" °+...4+¢,=9, 
q,6"+ 9,0" '+9,0" *+ ... +9, =0, 


Qotrge +9,0 +... +¢9,=9, 


} so that all admissible values of y are contained among the roots of 
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these equations. And conversely any root of any one of these 
equations is an admissible value of y. For suppose, for example, 
that the first of these equations has a root ~, and suppose that 
when # is put for y in a that the value is a; then x=a, y= will 
satisfy the two original equations. For these values obviously 
satisfy the second equation; and the first equation is satisfied by 
x=a, whatever y may be, and is therefore satisfied when we take 
“x=a and give toyinathe value 8. Hence it follows that by 
multiplying together the left-hand members of the above equations 
in y and equating the product to zero we obtain the final equation 
in y. Now in this product no alteration is made by interchanging 
any two of the quantities a, 6, c,..., so that the product is a 
symmetrical function of these quantities, and the value of it can 
therefore be expressed in terms of the coefficients p,, p,, p,,... of 
the first equation. Thus we shall finally obtain a rational integral 
equation in y, and this equation has for its roots all the admissible 
values of y and no others. 


257. For a particular example, suppose that the first equa- 
tion is a cubic in a, and the second a quadratic in a, so that we 
have to eliminate # from the equations 


pie+p,2+petp,=0, and g,0°+9,0+ q,= 9, 


where the coefficients are supposed functions of y. Here with the 
notation of the preceding article we have 


(q,a° + 9,% + 9.) (q,0° + 1,2 + 9.) (Q.¢° + 9,6 + g,) = 0, that is, 
q, +9, abe + q, v7 OC + 4, 9,200" + g,'9,3a°b"c + 9; F2ab 
+ 11] 20 - T%q aU" + FI, 2H be + WU Vqav b 7 0. 


2 
Also abe = Ps abc? = Ps, ‘ 


Sa’? = a’*b’e 2 2 Pa (2 - =P), 
oes 


Sa°b’c = abcSab = — 74 Sab = es , 
Po P 


0 a 


APPLICATIONS OF SYMMETRICAL FUNCTIONS. 169 


Sa=—P!, xo" = 21, — 7 
Po Po Py 


Sa%be = abeSa =" Ps ; 
P 


0 


Sab = abe 2 = — 2 — 3) by Art. 48. 


0 


And by substituting these values we shall obtain the equation 


| which results from the elimination of x. 


258. If we eliminate one unknown quantity between two 


| equations of the degrees m and n respectively, the degree of the 
| resulting equation will not exceed van. 


Let the equations be 
Pe + per + pet ee. +p, =0, 
QO +90 + Ge + ope oes +¢= 


the coefficients in these equations are supposed to be functions of 
y. Moreover it is now supposed that the sum of the exponents 


of # and y in the same term is never greater than m in the first 
equation, and never greater than nm in the second equation ; 
so that p, and g, may be of the degree p in y, but not higher. 


Now suppose that « is eliminated by the method of Art. 257 ; the 
first member of the final equation in y then consists of a series of 


terms, each of which is the product of m factors, and is of the 


form qa" x qb" *x gc" tx... And as we know that the series 
of terms forms a symmetrical function of a, 6, c, ..., the aggregate 
of the terms with the exponents just indicated will be 


CO6 ic me Oe ous 


Now the degree of 9.9,9,... 18 not higher than r+s+t+..., so 
that we have only to shew that the degree of 3a" "b"‘c"™... is 
not higher than n—r+n—s+n—é+..., and then it will follow 
that the degree of the product is not higher than mn. The re- 


quired result follows from two observations. (1) From the formule 
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of Art. 244, it can be shewn that Sp does not involve higher 
powers of y than ye. (2) From the process of Arts. 248 and 249, 
it will follow that the value of Sa*b“c’... will involve powers 
and products of S, S,, S,.--Syin4y4..3 and in each term 
the sum of the subscript letters attached to the symbol S is 
A+ptv+... 


Hence we conclude that in the final equation in y no power of 


y higher than 7" will occur. 


259. The preceding Article gives the limit which the degree 
of the final equation in y cannot surpass; it may however in 
particular cases fall short of this limit. 


The theorem may be extended and the following general result 
obtained ; if between any number of equations involving the 
same number of unknown quantities all those quantities are 
eliminated except one, the degree of the final equation cannot 


exceed the product of the degrees of the original equations. See — 


Serret’s Cours d’ Algébre Supérieure. 


XXI. SUMS OF THE POWERS OF THE ROOTS. 


260. By Newton’s method, which is explained in Art. 244, : 


the sums of the powers of the roots of an equation may be found 


any assigned integral power of the roots of an equation may be 
obtained independently. 


Let a, 6, ¢, ... denote the roots of an equation f(x) =0, so that 


of the n™ degree. Then 


£2-6-90-90-9- 


successively ; we shall now explain a method by which the sum for . 


5 


we have f(x) =(a— a) (a—b)(a—c)...; and suppose the equation — 
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Take the logarithm of both sides, and then expand the loga- 
rithms on the right-hand side; thus 


jog A= (a +b-+64 iva 


— pg (oP +8 + c+...) 


— gy (@ 4B +o ) 
j : ; | arene 
Thus on the right-hand side the coefficient of an 8 — fel 


hence we have af =the coefficient of PS in the expansion of 


— log’, ‘i ) in descending powers of a. 


This supposes m positive ; if the sum for any negative integral 
power is required we can change « into - and find the sum for the 


corresponding positive power of the roots of the equation in y. 


261. For example, find the sum of the m™ powers of the 
| roots of the equation «*— pa+q=0. 


naw! oa-G-8): ~ba/--meli-(-B) 


G x 
=P bh MOON WR a\ a ee ey 
RC Bip). 3a ie) sla oe 
The complete coefficient of + may be obtained by selection 


from the various terms in the value of — log oe in which this 


power of « can occur; these terms written in the reverse order 


are 
m—2 


Bip O\. tT PON teak, Bg 
ate 3.) + (2-3 ite ant 
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The coefficient of a is therefore 


s 1 (m- 2)(m— 3) _,,- 
oe 9 wet m—2 pp” 4 2 
m= m-l | ~P moe i.2 ee 


Thus S, =p"— mp” “q+ sch 5 m2) pe - 


m(m—r—1) cag aes m—2r+1) so» 
) [7 ( ls Ot sas 


Suppose g=1, then the quadratic equation is a reciprocal 


equation, and its roots are of the form a and : ; see Art. 133. 


Thus we have a+ : =p, and also 

m (m — 3) ont 

+ 
m(m—r—1)...(m—2r+ Y) nt 4 


i 


We have thus obtained a general expression for a” 


a ¢+-;°p — mp" 74 


Fic #)' 


terms of powers of a+ : ; see Art. 138. 


262. Again, let it be required to find the sum of the m® 
powers of the roots of the equation 2”—1=0. 


Here F(®) 1 al 
a” ge? 
g 7%) 1 1 Sei 
ng Se ae i ae 2,38 “at 4a” - 


Here the coefficient of “a 18 Zero unless m is a multiple of n, _ 


and then the coefficient is ~ ; so that S, =0 unless m is a multi- | 


i 
| 
14 


/ 


ple of , and then 8, =n. 
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This result is often sioctlh and we will give three applications 
of it in the following three Articles. 


963. We will shew how to find the sum of selected terms of 
a given series. 


Suppose $(x)=a,+a,7+a,0°+... ad infinitum, and let it be 
required to find the sum of the series 


a. x" + a ane 


m+n m+2n 


OR Lise ad infinitum. 


Let a, B, y,... denote the n™ roots of unity, that is, the ” roots 
of the equation «"—1=0. Multiply both sides of the given 


mm 


identity by a*””, and then change x into ax; thus 


a "dh (aa) = aa + at w+ a, ga dee 


Sinilarly, 
B"-"b (Bx) = a,B"-" + a, Bee + a Br? + 
nt "dh (yx) = hy. Gy a i ay ne aT 
and so on. 


Add together the 7 identities which can thus be formed ; then 
on the right-hand side we obtain n times the required series, 


by Art. 262; thus 


a e+e. wo + rable 3 


mtn m+2n 


= 5 {a oan) +B (Be) + PbO) +... } 


264. Again, by means of Art. 262 we can prove the following 
theorem ; the expression (x + y)"— a" — y" is divisible by 2°+ ay+y? 
if m be an odd positive integer not divisible by 3, and it is 
divisible by (a'+ay+y’) if m be a positive integer of the form 
6m + 1. 


Let 1, a, B, be the three cube roots of unity, that is, the three 
roots of the equation a*—-1-—0. Then the product of these roots 
is 1, that is, a8=1, by Art. 45; and 1 +a"+ B"=0, ie m 
be not a multiple of 3, by Art. 262, 
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Thus a + ey + Y” = (% — ay) (x — By). 

Hence (x+y)"—2"—y" is divisible by 2? + xy+y’ provided 
it vanishes when x=ay, and when x=fy; and it is divisible 
by (a+ ay + y°)*, provided its derived function n («+ y)""* —na"™ 
also vanishes when «# = ay, and when «= By. 


When x = ay we have 

(@ sya yt =o {Cl +ayt—at—1}=y}(— fy a i}, 
and this vanishes when 7 is an odd integer which is not divisible 
by 3. 

Also, when #= ay, 


n(e+y)* Bi Bi ae +a)" ) — art =ny"* K ~ py. = at 


this vanishes if 7—1 is an even integer and a multiple of 3, 
because a =1, and B°=1. And if n—1 is an even integer and 
a multiple of 3, it follows that m is an odd integer and not divisible 
by 3, so that (a + y)"—a"—y" also vanishes. 

The same results would be obtained. by putting Py for a. 


Comptes Rendus......Vol. 1x. p. 360. 


265. The last application we are: make of Art. 262 is to 
prove the following theorem. 
Let S denote the sum of the series 
n—-3 (n—4)(n—5) (n—5)(n—6)(n—7) 
1- + —- + 
2 [3 4 
+(-1y> (n—r—1)(n—r—2) ... (n—2r +1) a 
Lr 


Then S = if m is an odd positive integer divisible by 3, 
S=0 if ~ is an odd positive integer not divisible by 3, 


S= me if 7 is an even positive integer divisible by 3, 


S == if m is an even positive integer not divisible by 3. 
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In Art. 261 put xy for g and x+y for p, so that S.=a2"+y"; 
thus, if m is a positive integer, 


(+ y)"— a" —y" = neey (w+ 9) { (0+ 9)" Sy e+ 
Oo af _ (ay)? (a + yy = wee Paes (1). 


Let 1, a, 6, denote the three cube roots of unity; put x= ay, 
then the right-hand member of (1) becomes 


an 


| But oB=1, and therefore B’=af’=a; also a+8+1=0, so 
jthat -B=a+1; thusa—(a+1)", Hence the right-hand member 
\of (1) reduces to 


n (1 rayy 1-75 pegs meen ‘oa \, 


'that is nn (— BY YS. 


: na(l+a)y" {c+ ay tin ae all ayrnty A a'(1+a)""7— - 


Also when x = ay the left-hand member of (1) becomes 
yh gl cali 1, that is, y'{(-By -0 i. 


Therefore ©. ...(— Ai—@t he & Ge BUS assish-doreunienn (2). 


If ~ is an odd integer divisible by 3, the left-hand member of 
(2) is equal to — 3 by Art. 262; and therefore —3=—nP’S=—nS; 


therefore S = a - 
n 


If is an odd integer not divisible by 3, the left-hand member 
i of (2) is zero by Art. 262 ; and therefore S=0. 


If » is an even Bei. divisible = 3, the left-hand member of 
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ber of (2) is B"—a"—1, that is 26", since a+ "+1 -—0; thus 
28" = nB"S, and therefore S= =f 


It is to be observed that the series denoted by S consists of a 
finite number of terms; in fact if 2=2m or 2m+1 there are m 
terms in the series. 


Crelle’s Mathematical Journal, Vol. xx. p. 321. 


266. It has been proposed to make use of the values of the 
sums of the powers of the roots of an equation in order to ap- 
proximate to a root of the equation ; we will give an account 
of this method drawn from Murphy’s Treatise on the Theory of 
Algebraical Hquations. 


Let a, b, ¢,... denote the roots of an equation ; suppose them 
all real and a numerically the greatest. We have 


S 


Ses Sided ane he 
S, a" +b" +e" +... 


m+1 m+1 
1+(-) + (2) +... 
a a 
1+ (;) + (<) + ae 
a a 


Thus if m be taken large enough the right-hand member can — 
be made to approach as near as we please to a, that is, to the value 
of the numerically greatest root. | 


— 


267. We may now examine how far the result of the preg 
ceding Article is modified by the presence of imaginary roots. — 
Let B+y/ —1 and B- yi —1 1 be a pair of conjugate imaginary — 
roots; their sum is 26 and their product is B* +", which is the 
square of their modulus; see Algebra, Chap. xxv. 


Now | Ba yJ1=p(EetV=1). 
| B 


Assume — = cos J, and Y =sin 6, 
3 ye ft 


} 
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so that tan 9 = 7 and p= B+ "5 


thus p» is the modulus. Then the conjugate roots may be put in 
| the form p (cos 0+ /=1sin 6); and by De Moivre’s theorem the 
sum of the m™ powers of the two roots is 2” cos mf. 


Thus if the numerical value of the greatest real root be great- 


er than the greatest modulus of the imaginary roots, att will 


tend to a limit as m is indefinitely increased, namely, to the 
numerically greatest root; but if there is a modulus of the ima- 
| ginary roots greater than the numerically greatest root, there will 


be no limiting value of ett : 

268. Example, «*—-27—5=0. Here the series S\, S,, S,,... 
is 0, 4, 15, 8, 50, 91, 140, 432, 735, 1564, 3630, 6803, 15080, 
31756, 64175, 138912, 287130, 598699,...... By dividing each term 
by the preceding, we observe a tendency to a limit a little greater 
than 2, so that we may conclude that there is a real root a little 
greater than 2, The example however is not a very favourable 
one for the method ; for since the product of all the roots is 5, 
and the real root is rather greater than 2, the product of the 
other two roots is nearly 25. These two roots are imaginary by 
Art. 172, and as their modulus is the square root of their product, 
the modulus is greater than 1:5; thus the modulus is not very 


small compared with the real root, and so the expression Pts 


™ 


approaches slowly towards its limit. 


269. We may obtain the product of the two numerically 
greatest roots in certain cases, by a method similar to that in 


Art. 266. 
| For S =a"+b"+0"+..., 
So a COR a ec, 


So = et Oe ote +, 
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Therefore S), Sinaa— Song = 0" 6" (a — 6) + a (a — 0)? 


mt+1 
. +6™c"(b—c)? +... 
- We will denote this by w,, so that : 


prota ; Co” -7a.~t\ "(6 — c\* 
U,, =a b (a b) {1 + 5m (S—5) Padang) te}? 
Hence by proceeding as in Arts. 266 and 267 we may obtain the 
following results. 


(1) If all the roots are real nnel can be brought as near as 


™ 


we please to the product of the two numerically greatest roots by 
increasing m sufficiently. 


(2) If there are real roots numerically greater than the 
modulus of any imaginary root, there is a limiting value of 


wma , namely the product of the two greatest of these roots. 


™m 


(3) If there is a modulus of imaginary roots greater than the 
square root of the product of the two numerically greatest real 
roots, there is a limiting value of matt , namely, the square of that) 


m 8 


modulus, that is, the product of the corresponding imaginary roots. 
7 | 


(4) Thus the only case in which nae can fail to have a limit, 
is when there is one real root, and only one, numerically great or 
than the greatest modulus of the imaginary roots. In this cas 
that real root can be found by Art. 267. 


270. We may also obtain in certain cases the sum of tw 
roots of an equation by a similar method. 


From the values of S,,'S,,,, S.,,,, and S.,,, we shall obtain 


S), Deis ge ee S., ~ a” b" (a + b) (a _ b)° + ig "(a + c) (a — c)’ | 
+ b”.c™(b + c) (b _ c)’ + ...9 
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we will denote this by v,. Then w, having the meaning assigned 
in the preceding article, we shall find that there is a limit of 


| Pm in the cases named in the preceding article, and that this limit 


m 


is the sum of the numerically greatest roots, or the sum of the two 
imaginary roots with the greatest modulus. 


271. Thus in cases (1), (2), and (3) of Art. 269 we can get 


| the product of two roots by Art. 269 and their sum by Art. 270 ; 


poameeneetenonet: 


and in cases (1) and (2) we can get the sum of two roots by 
Art. 270 and the greater of them by Art. 266. 


272. Example, 2*+a°+42°—4%+1=0. 


Here we obtain the following values : 


- for the terms Pepe fy 


=J, = 7, 23, —3, «116, 227, 902, 1571: ss § 


for the terms w,, w,,... 


72, — 508, —2677, — 14137, — 74961, — 397421.... - 


_for the terms v,, ¥,,... , 


164, 881, 4873, 25726, 136382,... 
Here no definite limit is obtained by dividing each term in the 


series S|, S,,... by its predecessor; we are therefore sure of the 


existence of imaginary roots. By dividing each term of the series 
U,, U,,... by its predecessor, we obtain quotients which indicate 


5°301... as the value of the product of two roots. By dividing 


each term of the series v,, v,,... by the corresponding term of the 
Series U,, U,,.-. we obtain quotients which indicate — 1-819... as 
the sum of these two roots. From these values we can obtain 
approximate values of two imaginary roots. | 


Since the sum of all the four roots of the equation is — 1, and 


their product is 1, the sum of the remaining two roots is ‘819... 
and their product ; these two roots are therefore also ima- 


1 
5301... 
ginary. 


12—2 
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Thus we shall find in this example that the modulus of the 
first pair of imaginary roots is about five times as great as the mo- 
dulus of the other pair. Hence with the notation of Art. 270 we 
shall find that in taking uw, = a" b"(a— 6)’ and neglecting the other 

fl 
terms, the error is about — im of the whole quantity; and hence we 
can judge of the accuracy of our result. For example; we have 
given above the values of wu, as far as u, and w,, so that we can 
depend upon having found the product of the roots with an error — 


of only about (=) part of the whole. 


XXIT. ELIMINATION. 


273. Suppose that we have to solve two simultaneous equa-— 
tions involving two unknown quantities ; there are certain cases 
in which the solution can be readily effected. Suppose that a and 
y denote the unknown quantities; then if one of the oqustiaaly 
involves x” and no other power of x, we can immediately find «™ 
from this equation in terms of y and substitute it in the other H 
equation ; we shall thus obtain an equation involving y only, and — 
the roots of this equation may be found exactly or approximately 
by methods already explained. 


a 


4 

Again suppose that the equations are represented by A = 0 and 
B=0, and that A and B can be readily decomposed into factors ; - 
suppose for example that A= UU’U" and B=VV'. Then all the 
solutions of the proposed equations are obtained by solving the © 
simultaneous equations U=0 and V=0, U=0 and V’=0, U’=0_ 
and V=0, U’=0 and V’=0, U”=0 and V=0, U”=0 and V’=0," 
Thus the solution of the proposed equations is made to depend 
upon the solution of other equations of lower degrees. j 


It may happen that one of the factors of A is identical with one 
of the factors of B; for example, suppose that U and V are iden-— 
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tical. Then any values of x and y which satisfy the equation 
UY =—0 will satisfy the simultaneous equations d=0 and B=0. 
Thus if U involves both w and y, we can assign any value we 
please to one of the unknown quantities and determine the cor- 
responding value of the other, and so obtain as many solutions as 
we please. If U involves only one of the unknown quantities we 
can satisfy the equations Ad=0 and B=0, by giving to that un- 
known quantity a value deduced from the equation U =0, and any 
value we please to the other unknown quantity. 


274. We have already shewn how by the aid of the theory of 
symmetrical functions we can eliminate one of the unknown quan- 
tities from two equations, and so obtain a final equation which 
involves only the other unknown quantity. We are now about to 
explain another method of performing the elimination, which 
depends on the process of finding the greatest common measure of 
two algebraical expressions. 


275. Let the two simultaneous equations be denoted by 
F(a, y)=0 and f(a, y)=9. Suppose that «=a and y=Bf are 
values which satisfy these equations; then the equations / (a, B)=0 
and f,(«, 8)=0 are satisfied by the value =a. Hence / (a, B) 
and /,(x, 8) must have a common measure; this common measure 
must be such that when equated to zero it furnishes the value a, 
and also any other value or values by which in conjunction with 

y = the proposed equaticns are satisfied. 


_ Suppose then that we arrange f(x, y) and f,(a, y) according to 
‘descending powers of a, and proceed in the usual way to find 
} their greatest common measure, carrying on the operation until 
) we arrive at a remainder which is a function of y only, say $(y). 
Then no values of y will be admissible except such as make 
| o(y)=0; for unless 4(y) vanishes f(x, y) and /,(a, y) have no 
common measure and therefore do not vanish simultaneously. 
] It is not however true conversely that every value of y which 
' makes #(y) vanish is necessarily admissible. For it may happen 
| that in the process the coefficients of some of the powers of & are 
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fractions involving y in their denominators; and a value of y 
which satisfies the equation $(y)=0 may make some of these 


denominators vanish, and thus introduce infinite or indeterminate — 


quantities. Suppose, for example, that we have 


J (% Y) =9F,(& Y) + $Y). 


: 


Then if g is an integral expression it will not be rendered _ 
infinite by any finite value of y, and any value of y which makes © 


$(y) vanish, combined with the corresponding value of « deduced © 
from the equation f,(«, y)=0, will make f(a, y) vanish. But if q © 


is a fraction, involving y in its denominator, g may be infinite 


when $(y) vanishes, and f (a, y) will not necessarily vanish when — 


(y)=0 and f,(a, y)=0. The same exception may occur when we © 


carry on the process in the usual way, and introduce factors which — 


are not functions of x in order to avoid fractional coefficients. — 


Suppose, for example, that we multiply /# (a, y) by a quantity ¢ in 


order to avoid the fractional coefficients which are functions of y; 


and suppose we now have 


of (@, y)=aF,(& y) + $(y)- 


‘ Aas rs ‘ 


If we find y from the equation ¢(y)=0, and then x from the 


equation /, (x, y)=0, the values so obtained must necessarily make _ 
cf, (x, y) vanish ; but it does not follow that f(a, y) vanishes, for | 
it may be that the value of y which has been taken makes c vanish. — 


Hence we require a rule which shall point out the admissible — 
solutions, and to this rule we shall now proceed. We shall 7 
suppose that in finding the greatest common measure the usual | 
precautions are taken to avoid fractional coefficients. We may ’ 
assume that in the equations which we shall denote by 4 =0 and _ 
B=0, neither A nor B contains any factor which is a function of y © 
only; for such a factor can be separately considered and all the — 
solutions found which depend on it. The method we are about to ~ 
explain is due to MM. Labatie and Sarrus; we shall give it from : 


the Algebra of MM. Mayer and Choquet. 


276. Let the two simultaneous equations be denoted by 1 
A=0 and B=0; we will suppose that neither A nor B has a | 


| 
: 
7 
f 
i 
EF 


ae 
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factor which is a function of y only, and that B is not of a higher 
degree in # than A. Let ¢ denote the factor by which A must be 
multiplied in order that it may be divided by #; let qg be the 
quotient and r# the remainder, where 7 is a function of y only. 
Let c, denote the factor by which 4 must be multiplied in order 
that it may be divided by £3 let g, be the quotient and r,f#, the 
remainder, where 7, is a function of y only. Proceed in this way, 
and suppose, for example, that at the fourth division we have a 
remainder which does not contain 2, and which we may denote 
by vr, Thus we shall have the following identities: 


ecA=qB+rR,) 
¢B=¢,h +7,h,, 
ck =9¢,R,+7,R, { 
o,f, =q,k, +7, ‘ 


Let d be the greatest common measure of ¢ and 7, let d, be the 
i greatest common measure of — and 7,, let d, be the greatest 
CCC, 
dd, 


# common measure of and r,, let d, be the greatest common 


CC,C,C, 
ddd, 7 
of the equations d4=0 and B=0 will be obtained by solving the 
following systems: 


and 7,. We shall now prove that the solutions 


# measure of 


a= and B =0, 

7=0 and R = 0, 

: : Tee ea er (2) 
Fae and & =0, 

ee 

= 0 and fi, =9; | 


that is, we shall shew in the first place that all the solutions 
obtained from (2) do satisfy the equations A =0 and B=0, and in 
the second place that all the values of x and y which satisfy the 
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equations A=0 and B=0 are included among the solutions | 
obtained from the system (2). | | 


Divide both members of the first identity (1) by d; thus 


28 


Now, by hypothesis, : and q are both integral functions of y; 1 


thus is also an integral function; but by hypothesis B has no | | 


factor which is a function of y only, and therefore d must _ 
divide g 
~ The identity (3) shews that the values of « and y which satisfy | 

: r ¢ : c . ‘| 

the equations 30 and B=0 make qo vanish ; but 7 and 7 by | 
hypothesis have no common factor, and therefore these values — 
make A vanish. Hence all the solutions of the equations = 07 
and B=0 satisfy the equations d=0 and B=0. 
Again, multiply both members of the identity (3) by ¢, and_ 
substitute for c, B its equivalent obtained from the second of the 
identities (1); thus | 


cc, 4 _ &rt+9q, q 
d fea i+ or, h,. 


Cr+ qq, 


The expression is integral, for 7 and q are divisible by e 


ce one See | oy OG 
d; moreover this expression is divisible by d,, for d, divides a 


and 7, and does not divide R. Divide by d,; then, for shortness, 4 


q cr+4qq, 
putting 1/7 for 7 and WM, for Md we have | 
ec r 
=F ASM R+AMAR, 00. .cecceeecccc cues 4), 
ad A=MR+G MR, (4) 


1 
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Multiply both members of the second of the identities (1) by 5 : 
‘thus 


Since d, will divide “2 and 7, 16 will divide < aR: but F is 


7 ad 
not divisible by d, and therefore st must be. Divide by d,; then, 
for shortness, putting V for © 7 and JV, for a d. , we have 
ce, r, 
qq okt 7 VF, FOG RIES, ME (5) 


The identities (4) and (5) shew that all the values of x and y 


which make ~~ 7 and R vanish, make id A and ~ 7 i —1 B vanish; but 


1 


ce, 
dd and + have no common factor, and therefore all the gee 


1 1 


tions of the equations _ =0 and R=0 satisfy the equations 
1 
A=0 and B=0. 


Again, multiply both members of the identity (4) by ¢,, and 
substitute for c,h its eqyeeNent, 3 from the third of the identities 
(1); thus 


cc, ¢ Cor 
ra = (qi, oe i) R,+7,MR, 


By hypothesis d, divides the first member of this identity, and 
also divides r,; 1t must therefore divide bs M,+ 7 i) f,, but 


A, is not divisible by d,; therefore ¢,//, +2" Mf is divisible by d,. 


| | a 
Denote the quotient by J,; thus 


ccc, 
ote A= MR, +7 UR, Ee (6). 


eee 
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Multiply both members of the identity (5) by ¢,, and substitute) 
for c,R its equivalent from the third of the identities (1) ; thus 


ae = (4.0, +n) B, tr,N.R, | 
We may prove as before that the coefficient of #, is divisible by) 


d,, and denoting the quotient by VY, we have 


CCC, 2 7 | 
dad B= NR, +7 UR, a SIR latah (7). 


The identities (6) and (7) shew that all the values of « and y i 


d 


which make = and #, vanish, make the first members of these 
2 7 rE 


identities SUPE ME but 7 iad. i and -2 7 have no common factor, and 


2 


therefore all the solutions of the equations 2 =QOand &,=0 stint f 


d, 


2 


the equations A =0 and B= 0. 


In the same way as before if we multiply both members of © 
the identities (6) and (7) by ¢,, and substitute for c,R, its equiva-_ 
lent from the fourth of the daentilce (1), we mtd ing 4 


CC_C.C 


ida M,R,+ 7M, Soak et Sec (8), 
CC,C.C, - 
Tadg B= +737, bee AC (9), 


where M, and WV, are integral functions of x and y. The identi- 


ties (8) and (9) shew that all the solutions of the equations = 0 


3 


and #, = 0 satisfy the equations 4 = 0 and B=0. 


We have thus proved the first part of the proposition, namely 3 
that all the solutions obtained from the system of eaneHons oa 
do satisfy the equations 4 =0 and B=0; we have now to shew 
that all the values of # and y which satisfy the equations 4 = 0 
and £=0 are included among the solutions obtained from the” 
system (2). 


i 


E | 


l 
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_ The identity (3) may be written 


Multiply (4) by B and (5) by A and subtract ; thus 


(M,B- V4) R+(MB-NA)- R,=0, 
1 


nd therefore by (10) 


rr 1 
| (M,B- NA) R- 7} RR,=0, 
land therefore 
MB-NA= 4 i. pee or meas (11) 


1 


Multiply (6) by B and (7) by A and subtract ; thus 


Be 
(M,B—N,A) f, + (MB -W,A) > R,=0, 


jand therefore by (11) } 


rr, 


| (M,B — NA) R, + 7 Ld, RR, =0, 
| and therefore 
| , 3 eae 
| sk Soma 7 5 Piaf saad ates 5 (12). 
Similarly from (8) and (9) we deduce 
| MB = rr ts aus ° 
| xD Ha ee oe (13) 


The identity (13) shews that all the values of x and y which 


jmake 4 and J vanish make ote 1s vanish ; so that one of the 


dd, d, d, 
eee or : : 
factors a? da? d,’ and b must vanish. Hence the equations 
| r r r Cs : 
—-=0, —=0, -2=0, and =0 
d 3 : ? d, ’ a > 


supply all the admissible values of y. 
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Suppose then that «=a and y=B are values which satisfy the , 


equations 4 =0 and B=0. 


First suppose that 8 is a root of the equation cae 0; then it is j 


d 
manifest that the values =a and y=8 aga! the equations 


{= 0and B= 0. 


Next suppose that 6 is not a root of the equation (ide 0, but is F 


d 


ye 
t ion + 
a root of the equation d 7 


it follows from (10) that the values «=a and y= £6 make F vanish, 


and so they satisfy the equations + —0 and k=0. 


1 


Next suppose that 6 is not a root of the equation —= 0, nor of » 


d 


the vi gaa a= 0, but is a root of the equation # =0; since} 
1 


2 


5 7 does not vanish when y=, it follows from (11) that the 


ares x=a and y= 8 make i, vanish, and so they satisfy the equa 


tions 2 = =0 and &,=0. 


d, 
Next suppose that B is not a root of any of the equations 
. r r, T, a 
a= 0, ri i ; ies =0, but is a root of the equation * i 0; since — 


aot 7 | does not vanish when y=f, it follows from (12) that the 


values «=a and y=f make #, vanish, and so they satisfy the : 


equations —* * he 0 and &, = 0. 


This proves the second part of the proposition. 

hy ge ee, 
‘The equation ie, 
values of y may be calle a the Jjinal equation in y. 


SNE & . f 
—0; since - does not vanish when y= f, — 


=0 which gives all the admissible | | 


<a PERNT Milles Sse ai 


E 
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277. Examples. 
(1). a+ 3yx" + (8y°—-y+la+y’?—y' + 2y=0, 
| e+ 2Qye+y?—y=0. 


Here we have x + 2y for the first remainder, so that r=1, and 


! ‘'y’ —y for the second remainder, which is independent of x The 
t poy solutions are those furnished by — d, =0 and &=0, that is, by 
Hy —y=0 and w+ 2y=0. 


(2) a + Qya° + 2y (y—2)a+y?—4=0, 
x? + Qyn+ Qy’—-5y+2=0. 


The first remainder here is (y— 2) (a+ y+ 2); so that r— y—2 


cand R=a+y+2; the second remainder’ is y’— 5y +6, which is 
| independent of x, The solutions are those furnished by = 0 
‘and B=0, that is, by y-2=0 and a +2yx+2y?—5y+2=0; 
B68 ‘hice fomnisliba: by “ =0 and R =0, that is, by y?—5y+6=0 
and a+y+2=0. 


The jinal equation in y is (y— 2) (y’— 5y + 6)=0. 
(3) 2° + 3ya" — 3x" + 3y°a — byx— a+ y*?—3y?—y+3=0, 
n° — 3ya° + 3x" + 3y°a — byw —a—y’? + 8y°+y—-3=0. 


The first remainder is 2 (y—1) (3x°+y?—2y—38); the second 
remainder is 8 (y’—2y)a; and the third is y’ — = a= 3. The solu- 
tions are those furnished = 


y—1=0, and 2°~— 3yx°+ 34+ 3y*a — byx — x —y*+ 3y°+ y—3 =, 
by x —-Qy=0, and 32°+ y’- 2y-3=0, 
and by y' —2y—3=0, and «=0. 

The final equation in y is (y— 1) (y’ — 2y) (y’ — 2y — 3) =0. 
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(4) (y — 2)? — 2a + by —2 = 0, 
ya —5a+4y = 0. 


Here we multiply the left-hand member of the first expressio 
by y to render the division possible without introducing fractional! 
coefficients. Thus c=y. The first remainder is (3y —10)a+y?+ by. 
dn order to carry on the division we now multiply ya’ — 5a+ 4y, 
by 3y—10, and perform the following operation : 3 


(3y—10)e+y°+ Gy} (3y — 10) ya* —(38y — 10) 5a + (8y —10) 4y {ye 
(3y — 10) ya! + (y+ by) yx | 
—(y° + 6y? + 15y —50)a + 12y? — 40y 


We may either regard the terms in the last line as forming the: 
second remainder, or we may continue the operation of division as) 
the remainder is not of a lower degree in a than the divisor ; if wey 
adopt the latter plan we must again multiply by 3y—10, whichy 
will give rise to the same remainder as if we had originally multi-. 
plied by (83y—10)?. Thus we continue the operation as follows: — 


~(y"+6y"+15y-50)(3y-10)x+(12y*40y)(8y-10)|-(y"+6y?+15y-50)) 
—(y°+6y*+15y—50)(3y—10)a—(y?+6y?+1 5y—50)(y*+6y) j 
y?+12y*+87y°—200y?+100y 


We have here a remainder independent of x, which is the 
value of r,; andd, here =y; so that the solutions are those 
furnished by 


y+ 12y?’ + 87y? — 200y + 100 = 0, and (3y—10)x+ y’? + by =0. 


278. The following remarks may be made on the process of 
Art. 276. 4 


I. We may always take ¢ such that ¢ and 7 have no common” 
factor. For if d be the greatest common measure of ¢ and r the” 
: 
d i‘ 
coefficients, as appears from the identity (3); thus c is not the most | 


division of {A by B can be effected without introducing fractiona I ; 
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simple factor which can be used as a multiplier of A before divid- 
ing by B. Hence by choosing the most simple factor we can make 


i replaced by = and 


: d= 1. 


Similarly we may take ¢,, ¢,,..., such that ¢, and r, shall have 


, Jno common factor, and that c, and r, shall have no common factor, 
_fand so on. 


Hence on the whole we may take ¢, ¢,, ¢,, ¢,,... so that d=1, 
that d, is the greatest common measure of ¢ and r,, that d, is the 


; greatest common measure of! and r,, that d, is the greatest com- 


d 


1 


mon measure of © d, Zid and t. and so on. 


IT. Suppose that the remainder independent of a which has 


if been denoted by rv, is zero; then #, is a common measure of A 


and &. Hence the solutions of the equations d=0 and B=0 


“fconsist, (1) of an infinite number of values of « and y which may 
‘{ be deduced from the single equation R,=0, (2) of the finite 


number of values of « and y which may be obtained by solving 
B 


|} the equations 4a =0 and =-=0. But since r,=0 it follows from 


R, K, 
the identities (1) of Art. 276 that #, divides R and R,. Divide 
the identities (3), (4), (5), (6), (7), (10), (11), (12) of ren 276 by 


| Rk, ; we thus obtain new identities in which 4, B, R, Rf, and £&, are 


Q7 


Bev hah. : 
Ry? RZ R, RR; 
ties we can prove, as in ‘Kats 276, that all the solutions of the 


By means of these identi- 


equations <= 0 and = =0 will be obtained by solving the 


2 2 
following systems: 


° B 
ah and Ro 
ae R — 
* hay and Ro” 
fet. Be 
Ae and Beg 
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For example, suppose 
+ ya? —(y?+lhet+y—y=0, 
and af < ya? — (y" + 6y +9) 0-49" + Gy" + 9y — 0. 
Here the first division gives 2 {ye + (3y + 4)a—(y? + 3y? + 4y)| 
for the remainder, so that we may take 
R = yu? + (By + 4) w—(y* + 3y? + 4y). 


To perform the second division multiply the dividend by y, 
and after one step in the division multiply again by y in order 
to continue the division. We then obtain 8(y*+ 3y+ 2)(a—-y) 
for the remainder 7,/,. Divide & by x—y and the ee is 
yo +y’ + 3y+4, and bnaued is no remainder, 


Thus the solutions of the proposed equations consist, (1) of an 
infinite number of values of x and y which may be deduced from 
the single equation «—y=0, (2) of the finite number of values 
of x and y which may be obtained by solving the equations 


y?+3y+2=0 and yxt+y’+3y+4=0. 


Ill. The demonstration in Art. 276 implicitly supposes that 
the values of x and y are finite; it is however possible to have 
infinite solutions of an equation. Suppose for example that 
(y—1)a°-2a+y’=0; then so long as y is not equal to unity the 
two values of « furnished by this quadratic equation are finite. If 
y approaches indefinitely near to unity one value of x increases 
indefinitely ; see Algebra, Chapter xxu1. Thus when y= 1 we may 
say that 2 has an infinite value. 


We have not included such infinite values of x and y in our 


investigations in Art. 276; these can be easily discovered indepen- 
dently. If, for example, we wish to ascertain whether an infinite 


value of x is admissible, we may put 5 for x, then clear of frac- 


tions, and suppose a’ 0; we have now two equations in y, and if 
they have a common root or roots, such root or roots combined with 
an infinite value of « may be said to satisfy the proposed equations. 
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279. Suppose we have an equation connecting two unknown 
quantities z and y. If we could solve the equation so as to obtain 
the values of y in terms of x, we might expand each value of y in 
@ series proceeding according to powers of « We are now about 
to explain a method for effecting these expansions of the values of 
y in series, without having previously obtained the values of y in 
finite terms. 


The method in its complete form is due to Lagrange ; it was 


_ suggested by a process given by Newton which is called Newton’s 


Parallelogram. For the history of the method, and for full infor- 
mation respecting it, the student may refer to Memoirs by Professor 
De Morgan in the first volume of the Quarterly Journal of Mathe- 
matics and in the ninth volume of the Cambridge Philosophical 
Transactions ; from these memoirs the brief account of the method 
which we shall give has been derived. An account of Newton’s 
Parallelogram will also be found in the translation of Newton’s 
work on Lines of the Third Order by C. R. M. Talbot, published 
in 1861. 


280. Let the equation be denoted by 
Ay? + Bef eich Ky 4 + SY =, 
where A, B,...K,...8, are all functions of x © We suppose 
a, B,...«,...¢ to be arranged in descending order of algebraical 


magnitude; and throughout the investigation such words as greater 
and less, greatest and least, are to have their algebraical meaning. 


Let A be of the degree a, that is, suppose x* the greatest power 
of « which occurs in 4; let B be of the degree 8, ...... ,»K of the 
degree k, .:..:. , S of the degree s. Our object now requires the 
solution of the problem given in the next Article. 


281. Itis required to determine all the ways in which ¢ can 
be taken so that two or more out of the following series of terms 
may be equal and greater than any of the rest : 


a+at, b+ Pb, ...... k+ xt, ...... s+ ot. 
T. E. 13 
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Begin by supposing that ¢ is + «© ; the first term is then greater: 
than any of the others. As ¢ diminishes each term diminishes, but | 
each term diminishes more slowly than any of the terms which pre- | 
cede it. Let ¢ have that value for which a+at jirst becomes equal § 
to one or more of the subsequent terms. This is found by taking — 
the greatest value of ¢ which can be obtained from the equations 


a+at=6+ ft, atat=ct+yt, ...at+at=h+xt, ... a+at=s+at, 


that is, the greatest value of ¢ must be found from the set 


b—a c—a k-—a 8s—a 


a—B” a—y’ ees eee a—K a-o. 


k— 
Let ——~ be the greatest of these values, if one is greater than — 
Qa—KkK 
any of the others; or if several are equal and greater than any of” 


the rest, let ae be the last of them; denote eet by 7. 
i a—K 


Let ¢ continue to diminish from the value +r until 4+ xt first’ 
becomes equal to one or more of the similar subsequent terms. 
This value of ¢ is found, as before, by taking the greatest value of” 
¢ which can be obtained from the equations 


k+nt=l14+M, k+xt=m+upt, ...... k+xt=s+oat, 


that is, the greatest value must be taken from the set 
l-k m-—k s—k 


kK-\’ K—p K—-o 


Let the greatest of these be selected, if one is greater than any 4 
of the others; or if several are equal and greater than any of the» 
rest let the last of them be selected; let 7’ denote the value of the» 


selected term, which we will suppose to be — 


Let é continue to diminish from the value 7’; and proceed as \| 
before to find another value 7” from the equations 


Nt+v—p+Gl,...... n+wut=stot. 
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This process must be continued until the term s+ o¢ is used in 
obtaining a value of ¢. 


Thus we see how all the suitable values of ¢ may be found. 


282. Suppose now that 4 =a%(a,+A,), where a, is indepen- 
dent of a, and A, vanishes when 2 is infinite; similarly let 
B= «'(b,+B,); and so on. Assume y=a'(w+U), where w is 
independent of x, and U vanishes when @ is infinite. Substitute 
these values in the proposed equation involving « and y; thus 


antag +A (w+ VU) + aP*P(b, + B)(u+ UP +... 
bal (hk + K)(ut+ 0) +... +s, +8,)(ut+ VU)? =0. 


Since this is to hold for all values of # it must hold when ~ is 
infinite; and this will not be the case if the highest power of x 
occurs in only one term. In other words, the sum of the coeffi- 
cients of the highest power of « must vanish. At this point the 
investigation of the preceding Article finds its application. 


By supposition 7 is the greatest admissible value of ¢, and we 
obtain for the part of the expression on the left-hand side of the 
above equation involving the highest power of a, 


ater (a +A) (a+ Tec elk EE) uy. 


When z is infinite the coefficient of «***” must vanish; this 
gives the following equation for finding w, 


From this equation values of wv must be obtained, and to each 
value of ~ corresponds a value of yin which the term involving 


the highest power of & is ua’. 


In a similar way by considering the value 7 we arrive at the 
following equation for determining w, 


From this equation values of w must be found, and to each 


value of w corresponds a value of y in which the term involving 
the highest power of a is ux’: 


13—2 
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By proceeding in this way, we shall obtain the highest power 
of x in each value of y. 


Next use one of the pairs of corresponding values of ¢ and wu 
which have been determined; put y=a(u+U), and substitute 
this value of y in the original equation involving w and y. We 
thus obtain an equation connecting « and U and known quantities. 
We then apply the method to determine the highest power of « 
in the values of U, and thus we obtain the second terms in the 
expansions of the several values of y in series proceeding accord- 
ing to descending powers of # And this process may be con- 
tinued to any extent we please. 


283. There is nothing in the preceding method which re- 


quires the given exponents a, B, ... o, a, 6, ... 8, to be integers ; 
they will however be such when we apply the method to deter- 
mine the first terms in the case of equations of the kind considered — 


in the present Treatise. 
We will now apply the method to an example. 
Suppose we have the equation 


y*(a? — 3x) + y?(x? + 2a”) — y(4a? + 3) + 32° = 0. 


is, in the present case, 


ae ‘al 
The set of terms : mei 


a seuetennnmininn 
eae 
ae oo pes The second and third of these are equal to 


1, which is greater than : , which is the value of the first term. 


Thus r=1. Hence’we put y=a(w+U), and substitute in the 
proposed equation. The highest power of x is then x", and the 
term involving it is | 


oN (u + U)'—4(u+ U) + 3} | 
The coefficient must vanish when a is infinite ; this gives 
ut*—4u+3=0. 


It is obvious that w=1 is a solution, and as the derived func- 
tion 4u®—4 also vanishes when w=1, the root 1 is repeated. — 
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Divide u*—4u+3 by (w—1)’; the quotient is w’*+2u+3. Thus 
the other values of uw are furnished by the equation wu’ + 2u+3=0, 
and they are —1+.»/—2. We infer then that the proposed equa- 
tion will only furnish two real values of y in terms of #, and that 
-@ is the first term in each of these values when they are expanded 
in series according to descending powers of a. 
‘We may now put a(1+ U) for y in the proposed equation, and 
proceed to find the values of U; we will resume this example 
presently. 


284. The following inferences may be drawn from Arts. 281 
and 282. 


(1) If a+a, b+8,..., k+x,..., s+o are all equal, the 
quantities 7, 7’, 7”, ... are all equal to unity. 


| (2) If of the quantities a+a, 6+ £,..., k+x,..., sta, 
two or more are equal and greater than all the rest, then unity 
| occurs among the set 7, 7’, 7’, .... For it is obvious that ¢=1 is 
a suitable value in the investigation of Art. 281, since this value 
makes two or more of the terms there given equal, and greater 
than all the rest. 


These two inferences involve the theory of the rectilinear 
| asymptotes of algebraical curves. 


| In the remainder of this Article we suppose that a, B, y, ... 
are all integers, and that o is zero. 


(3) The first equation for ~ in Art. 282 will have a—x« roots, 
the second will have x—v roots, and so on; thus on the whole we 
get a values for the first term of y, as should be the case, since 
| the proposed equation is of the degree a in y. 


(4) Suppose that the degrees of all the functions of x from 
K to WN inclusive are equal and higher than any of the others. 
Then out of the values of y there will be a—«x which begin with 
a positive power of x, and x—v which begin with the zero power 
of x, and v which begin with a negative power of w For the 
k—v values of y which begin with the zero power of & arise 
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from the fact that by hypothesis the value £=0 makes all the 
following terms equal and greater than any which follow them, 
k+xt, l+t,...v+vt. The a—x« values of y which begin with a, 
positive power of x arise from positive values of ¢, and the corre- : 
sponding values of w obtained relative to the exponents a, P, ... k. 
The v values of y which begin with a negative power of « arise) 
from negative values of ¢, and the corresponding values of w ob- 
tained relative to the exponents vy, ... o, whére o =0. 


(5) If A, B, ... S, are all of the same degree except UM, and| 
M is of a higher degree than the rest, there are a—p values of y: 
in which the highest power of x has the positive index niatnd. 


and yx values of y in which the highest power of « has the nega- 
—a 


. J mM 
tive index — 


285. A remark should be made respecting the equation in U 
which is obtained when the second terms in the values of y are 
required ; see Art. 282. Suppose we assume y=a'(u+ U), where 
wu and ¢ are known, and substitute this value of y in the proposed 
equation. We thus obtain an equation in U of the same degree 
as the original equation in y. However in general only some 
of the values of U will be admissible. For, by supposition, U- 
vanishes when x is infinite, and so we must reject any value of U 
which commences with a positive power of « or with the zero 
power of x These rejected values of U must belong to the other 
values of y with which we are not at the moment concerned, since 
by supposition we are seeking only that particular value of y 
which commences with ux’, or those particular values which so 
commence if there are more than one, where w and ¢ have known 
values. 


286. Let us now resume the example in Art. 283. We have 
to substitute x(w+U) for y, and make w=1. We shall thus ob- 
tain the following result after dividing by 2, 4 

U*(a’...) + U*(4a’...) + U*(6x°...)-— U(10a*...) — 2a* = 0. 
Here in the coefficients of the powers of U we have only ex~ 


E 
4 
a 
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pressed the highest powers of « Form the fractions according to 
Art. 282 ; thus we obtain | 
5-5 5-5 4-5 4-5 
4—3? 4-2’ 4-1’ 4-07 
Here the first two terms are zero, and are algebraically greater 
than the others ; but a zero value is to be rejected as explained in 
the preceding Article. "We therefore proceed in the manner of 
Art. 281, supposing that r=0, and that we have to find 7’. 
Thus we form the fractions 


4-5 4-5 
2-1’ 2-0° 
Of these the second, which is i , is algebraically the greater. 


Accordingly we put U= wx, and to find w we obtain the equa- 


tion 6u°—2=0, so that u= Le . Thus the first term of U is 


J/3 


1 1 
Tas or — fas: Therefore, as far as we have gone, we have 
0 


=a(1+ 5-4 ) or =a(1 Buse ) 
y= Wen oss Pape: 


287. The nature of the values of U may be seen by examin- 
ing the formation of the general equation in U. Let us first put 
au for y and then change w into w+ U. When we put x'w for 
the left-hand member of the proposed equation will take the form 


X, (w) 2 + x, (uw) wv"? + x, (uw) a+... 
where 7,, %,) %,) -.. are supposed in descending order of magnitude. 
Denote this expression by ¢(w)}; then the equation in U will be 
é(u+ U)=0. We will suppose the exponents of y in the pro- 
posed equation positive integers. The equation in U may be 
written 


Ut $0 4 ey. Cotes aaa} 
where ¢, stands for is * (uw), and similar meanings belong to 


day; Pay» «++ Now if no special value were assigned to u, the 
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coefficients of the several powers of U in the above equation would 
be functions of a, all of the same degree, namely n,. Thus by 
Art. 284 the values of U would all commence with the zero power 
of x. But if wu be such that x, (w)=0, the function ¢ is of a lower 
degree in « than the function @¢, ; hence one of the values of U | 


begins with a negative power of x, namely, with 2 1~”, And 
this is the value of U which we are seeking, because x, (w) =0 is 
the equation from which w is to be found according to our process. 
If however the equation x, (w) =0 has equal roots, we obtain more 
than one suitable value of U. Suppose, for, example, that the 
particular root which we have selected occurs four times ; then 
f, will be of the degree 7, in x, while ¢,, ¢,, $,, ¢, will only be of 
the degree n, Hence, by Art. 284, there will be four suitable 
values of U, each commencing with a raised to the negative 


power — ; (2, —1,). 


We have here supposed that x,(w) and its derived functions 
do not vanish for the value of « which is considered. 


288. In what we have hitherto given we have investigated 
values of y proceeding according to descending powers of x. Thus 
if we illustrate our results by geometry, and suppose curves traced 
corresponding to the values of y in terms of 4, the first term of 
the series which we have found for a value of y will exhibit the 
nature of the curve at a great distance from the origin. 


But the method may also be applied to find the values of y 
proceeding according to ascending powers of x, so that the first 
term in a value of y will exhibit the nature of the curve close to 
the origin, when the curve passes through the origin. 


In order to apply the method to find the values of y proceed- 
ing according to ascending powers of « we need only make the 
following changes. We must suppose a, §,...o arranged in as- 
cending order of algebraical magnitude ; and 4, must vanish when 
x vanishes-and not when z is infinite, so that «* must be the lowest 
power of « in A and not, as before, the highest power ; a similar 
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change of meaning must be made in B, and 6, and in the remain- 
ing similar quantities. 
Then when ¢ is + the following quantities are in ascending 
order of magnitude, a-+at, b+ ft, ...k+xt, ...s+ot. 
As before, the greatest value of ¢ is to be found from the 
equations 
a+at=b+ Pt, aG+at=c+yt,...ad+at=k+kxt,...a+at=s-+ot. 


XXIV. MISCELLANEOUS THEOREMS. 


289. In the present Chapter we shall collect some miscel- 
laneous theorems of interest and importance, which will exemplify 
many of the principles established in the preceding pages. 


To prove that the following equation has no imaginary roots, 
A? Be C? Fe 
+ + + ae + 

x-a@ «x-b “w-C x —k 

If possible suppose that p+ q/—lisa root ; then p—gv — 1 

is also a root. Substitute successively these values for « and sub- 
tract one result from the other ; thus 

A? BY ? Fe 
3 ~ + 3 +...4 = 
No=aFee (p—OF+g (py +e cere 
and this is impossible unless ¢= 0. 


Or we may prove the theorem thus. Denote the left-hand 
member of the proposed equation by ¢ («), and suppose a, b, ¢, ... &, 
in ascending order of algebraical magnitude. When « is a little 
greater than @ the first term of ¢(#) is very large and posi- 
tive, and by taking 2 sufficiently near to @ we may ensure a 
positive value for (x). When a is a little less than b the second 
term of @(x) is very large and negative, and by taking 2 suffici- 
ently near to 6 we may eusure a negative value for ¢(x). Thus 
(x) changes sign for some value of x between a and 6. Similarly, 
p(x) changes sign for some value of 2 between 6 and c; and 
so on. In this way we may shew that the roots of the equation 
(x) =0 are all real and unequal. 


—rA=0. 
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The form in which the equation ¢(«)=0 is presented, enables 
us to recognise more easily the property we had to prove. But 
our result will not be affected if we clear the equation of fractions, 
so as to bring it to the standard form; that is, in fact, if instead of 
¢ («) =0 we consider the equation 


(a) (a — a) (w@— 6) (a —c) ... (w —k) =0. 


290. Required the values of the m quantities x,, w,, #,,...@ 
from the following n equations, 


n 


@,+0,+%,+...+0,=0, 
GU, +4,0,+0,0,+... +a, 4, =0, 

2 2 2 eo. 
@,°L, +4, €,+0, 0, +... +a", =0, 


n 


ae n—2 n—2 
"L+H C+. +a” Hw =O. 


n—! a—1 n—1 8-1 mrs 

a," #2, +4,""'0,+a4," 2,+...+4," © =. 
Multiply these equations respectively by ¢,_,, ¢,_.5-+-C,, ¢, 1, 
where ¢,_,, C,_,)-+-C,) €,, are at present undetermined, and add the 
results. Assume c__,, ¢,_,)---€,, ¢,, Such that the coefficients of 
%,, %,,...%¢,, vanish; then 


n—1 n~2 n—3 ie, 
w,(a,°'+¢,0,""+¢,0," "+...+¢ a, +¢_,)=5. 


From the assumption with respect to ¢,_,, ¢ 


nu— n—2)° 


that a,, a,,...a, are the roots of the equation 


n—l 


ieee te ape a i ie 


+..+¢ .2+¢ ,=0. 


Therefore the left-hand side of this equation is identically equal to 


(2—a,) (¢—a,) ... (@-a@,). : 
Hence substituting a, for z the equation which determines 2, 
may be put in the form 


x, (a, — @,) (4, —@,) -.. (a@,—a,) =). 
Thus x, is known ; and the values of w,, ,,...2,, can be deduced 
by symmetry. 


..C,, €,, 1t follows 
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291. Required the values of the m quantities a, y, z,... from 
the following n equations, 


x Y z 


ka EAE oe 


a Sia Mo 
ia het hoe 


eeeseveeees eer eee eee eee Geeseev ese eo” 


We may regard the n quantities k,, k,,...k, as the roots of the 
single equation | 

fF ye 4 

B50 te er ae ; 
which is of the n™ degree with respect to #. Assume k=a—¢#; it 
will follow that a—k,, a—k,, a—k,,... are the values of the roots 
of the following equation in ¢, 


x z 
jes a Seo 
t ¢+b-—a t+c-—a 


+... 9, 
Multiply by the product of the denominators so as to put this 
equation in the usual form ; thus 
+A +A +... +4 =), 
where the term independent of ¢, that is A,, is «(b — a) (c— a)... 
Therefore, by Art. 45, 
(a —k,) (a—k,) (a—k,) ... = (—1)"x(6 —a) (c—a)..., 


_(a—&,) (a—&,) (a—h,) «.- 
(a—b)(a@—Ce)... 
From this expression the values of y, 2,... may be deduced by 


symmetrical changes in the letters a, 6, ¢,... - 


Grunert’s Archiv der Mathematik und Physik, Vol. xx. p. 235. 


that is, & xs 
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292. To prove that the sum of the products of the » quanti- 
ties c, c’, c’,...c", taken m at a time is 
1) fe" le et 


c 2 


(c—1) (c’—1)... (e"—1) a 


Assume 
(a+c)(e+c°)...(e+e°)=2° +p a + ...4+ 0, C+D,.....(L). 
Then by Art. 45 we have to find the value of p,, in (1) change 
x into ¥ and multiply by c”; thus 
(a+e*)(a+e)...(c+e)=a" +p co +...+p co a+pc’...(2). 
| From (1) and (2) we obtain 
(a +o") (a*+p.e"'+...+p,_,¢+p,) 
= (a +c) (a"+p,cx"*+...+p _,c°"'x +p"). 


Equate the coefficients of x"~"*’ in the two members of this iden- 
tity ; thus 


n+1 


Pm * € Po Pak HDi?) 
mf nm—mtt 
therefore Pm = Woke s 3 ie (3). 
- ele — 1) 
And p,=c+¢+..4+0= ee oe then by means of (3) we can 


determine successively p,, p,, P,)--- ; and thus we shall arrive at 
the required value for p_. 


293. Let there be m quantities a, b, ¢,...; let s, denote their 
sum, s,_, the sum of any n—1 of them, and so on; and let S 
denote 


oY Be) + 86 2y hs + Cl Bey. 


Here 3(s,)’ denotes the sum of such terms as (s,)’ formed by 
taking all possible selections of m quantities out of the m quanti- 
ties a, 6, c,... Then we shall shew that S=0 if r is less than x, 
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and that S is divisible by abc... if r is equal to m or greater 
than 2; and in particular that 


S=|n abe.... when r=n, 


and $22 45404. .)abe..., When r=n +1. 


We may separate S into two parts, one part in which a occurs in 
every term and another part in which a does not occur at all. We 
may write the former part thus, 


(s,)" —, a id Hf *< >, (8 (8 a 2 ty vee + (— 1a’, 
and the latter part thus, 
oi >,(8,_,)" he x Cat an ae) See > sie >, (s,)’, 
where &, indicates certain of the terms formerly included under &, 


and 3%, indicates the remainder. Now suppose a=0, then S 
vanishes ; for we have in this case 


s,)" ia > (s,_ A = 0, 
2, cies § me 2. (8,_2)" a 0, 
=, @ > ee 2. Cee 5 a 0, 


eaeseeersseeeeresese ees eas eece 


Similarly, we may prove-that S vanishes when 6=0, and when 
c=0, and soon. Thus we conclude that S is in general divisible 
by each of the quantities a, 6, c,... and therefore by their product. 
But the product will be of # dimensions, and therefore if S be of 
less than » dimensions it must be identically zero. And as S is 
of r dimensions it follows that S vanishes when r is less than Ny 
and is divisible by abc... when r is not less than n. 


When r=” we have therefore S=dabc..., where X is some 
numerical quantity which is to be determined. To determine A 
suppose that a, b, ¢,... are all equal to unity; then S becomes 


oe s(n _ 9 


that is |n, by Algebra, Chapter xxxix, ‘ 


n"—n(n—1)"+ 
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Next, suppose r=”+1,. Then Sis divisible by abc... ; and as 
S is of ~+1 dimensions, it must have a factor which is of one 
dimension and symmetrical with respect to a, b, c...; this factor 
must therefore be a+b+c¢+... 


Hence S = pabe...(a+b+c+...), where w is a numerical quan- 
tity which is to be determined. To determine yp suppose that 
a, b, c,... are all equal to unity; then S becomes 


nt —n (n— 1)"** + 7 ae — (2 — 2)\"*? ups 


and this must equal pn. Hence by Algebra, Chapter xxxrx. we 


n+1 


have p= xe tae 


294. Let [ce], denote ¢(¢—1) (¢—2)...(e—7+1), whatever c 
may be; then will 


—] 
[a - b], 1 [2], + 1% [@],-, b i i. i y) ) [a], [4], tah [2], 
For suppose that @ is a positive integer; then we know that this 


theorem is true for any positive integral value of 0, for it follows 
by equating the coefficients of «” in (1+ )**’ and in (1+ a)*x (1+ x). 


Hence since this is true for more than m values of b it is iden- | 


tically true by Art. 39; that is, when a is a positive integer the 
theorem is true for a// values of 6. Then since it is true for any 
positive integral of a, it is true for more than n values of a, and 
therefore by Art. 39 it is true for all values of a. 


Thus we are able to prove the proposed theorem, by assuming 
the Binomial Theorem for a positive integral index and also the 
Theorem of Art. 39. The theorem is sometimes called by the name 
of Vandermonde. The theorem is required in Euler’s proof of the 


Binomial Theorem for any index, and as is well known, is there — 


established by an appeal to the ee of the permanence of 
equivalent forms. 


a en 
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295. Let (x) =0 be an equation which has a root a, so that 
we may suppose ¢ (x) =(a—a) W(x); then 


Pte) _ -(1 —“\y(@, 
$10 ig (1-2) sty 


ae T a 
=-($+55+ ..) + log y (@). 


baie 


Suppose that log ——+ can be expanded in a series involving posi- 


tive and negative powers of «, and that log y (x) can be expanded 
in a series involving only positive powers of # ; then assuming the 
identity of the two members of the equation we obtain this result, 


—a=the coefficient of = in the expansion of log 20 ) 


296. The theorem of the preceding Article is ale by 
Murphy in his Theory of Lquations and illustrated by examples ; 
see his pages 77—82. The demonstration of the theorem is 
imperfect, since the infinite series may be divergent; but the 


‘theorem is of some importance. It had been noticed before Mur- 


phy drew attention to it; see De Morgan’s Differential and Inte- 
gral Calculus, pages 328 and 644, and also the Philosophical 
Magazine for June 1848, page 421; according to the latter work 
the theorem was given by Lagrange in 1768. 


297. For example, required a root of the equation 


a” +ca—b=0. 


Here $ (2) =¢— 2 +o", 
my 2x 


n—1 
log #0? = tog e+ log (1-5 += ) 
| =loge—2—5 2°42? - a 


b 
where z=— — 
Cx 


ri b (1 oo” 


CC} Cx 
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We have now to pick out the terms involving ; we shall obtain 


"n+1 and so on. Hence we 


such a term from z, from 2”*', from z 
shall find for the root the series 


b BY Qnb" 3 (3n—1) B"-8 


-— + 
es y) on 9 : 3 oo 


298. Let ¢(«)=0 be an equation of which a,, a,,...a,, are | 
roots, so that we may suppose 


(x) = (@— a,) (@— a,) ... (@—a4,) Y (a); 


then #0) = (1-9) (1-9). (1-29)y (a). 


Take the logarithms of both sides ; then, as in Art. 295, we infer | 


that —(a,+4,+...+4@,) is equal to the coefficient of E in the | 


(0) 


expansion of log 


82 and 83. 


See Murphy’s Theory of Lquations, pages 


299. We shall now give some theorems relating to the decom- 
position of a rational fraction into other fractions, which relatively 
to the original fraction are called partial fractions. 


Suppose that 4(z) is a function of x of the n™ degree; let the 
roots of the equation ¢(«)=0 be all unequal and let them be 
denoted by a, 6, c,...4. Let W(x) be a function of # which is of the 
(n —1)™ degree or of a lower degree. Then the following relation 
will be identically true, 
wie) A B C KS 


yp (x, 


o(a) w—-a a2—b a—e 


provided proper constant values be assigned to 4, B, C,...X. 
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| For in order that this relation may be identically true it is neces- 
sary and sufficient that the following should be identically true: 


ya)- 42 , 22), oO, 


The members of this equation are not of a higher degree than 
that expressed by »—1, hence the relation will be identically true 
if m values of x can be found for which it is true; see Art. 39. And 
by properly choosing A, B, C,...K the relation can be made true 
for the 7 values a, b, ¢,...k, of x. For suppose «=a, then all the 
terms on the right-hand side vanish, except that which involves 


A; and we obtain 
v= A{E 


L—-A)z=a 
that is, by Art. 74, ? 
V(a) = A$ (0). 


This determines A; and similar values will be found for 


Re 0.x. 


300. Next suppose that y(x) is not of lower degree than ¢(z). 
‘By common division we may obtain 
w (x) SF (x) 
a 
| ole) 9’ 
where /’ (x) and f(x) are integral functions of x, and f(z) is of a 
lower degree than ¢(x). We may then decompose an into 


partial fractions in the manner shewn in the preceding Article. 


Since we have 


| W(x) = $a) Fa) +/(0) 
_ it follows that y(«) and f(a) have the same value when (2) vanishes. 


w(x) 


| $(«) 
ed by the method of Art. 299, can be found without previously 


T. E. 14 


' Hence the partial fractions corresponding to ——~ , when determin- 
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dividing (x) by ¢(x); we must however not omit the part J’(x) 


if we wish to obtain the complete value of 7) 


p(w)’ 


301. We have in the two preceding Articles given separately 
the decomposition of a rational fraction when its denominator has 
no repeated factors, on account of the simplicity of the result; it 
is however only a particular case of the general investigation to 
which we now proceed. 


302. Suppose that ¢(x) is a function of « which involves 
repeated factors; for example, let 


(x) = p,(x— a)" (a — 6)*(a— cy’... (xh), 
and let w(x) be any other function of 2 Then the expression 


(x) 
(x) 


bach wd ( bts K 
a2 —k which is not repeated will give rise to a single term oe 


—k 


may be resolved into the following parts. (1) Any factor 


(2) The factor («—a)" will give rise to the series of terms 


A A, A A 


een err e ratte 
(e—ay (@—ay™ "@—a)y x — Ob 


A similar series of terms will arise from each of the other 
repeated factors. (3) There will also be an integral expression, 
if W(x) be not of a lower degree than $(z). 


For suppose (x)=(«x—a)' x(x); then we have identically, 
whatever A may be, 
y(@z)_ 4 iy Hc) A x(«) 
$a) @-ay* o(@) 
Now let A be determined by the equation y(a)—A x(a) = 0; then 
Wy (a)—Ax (a) vanishes when x = a, and is therefore divisible by x — a 
Therefore with this value of A we may put 


(2) —A x(x) = («@— a), (*), 


(a) A vi(@) 
be) (@—ay” @—a)*x(a) 


and therefore 
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In the same way we may decompose the last fraction and 
obtain 


VAG) A, W, (x) 
@—a)x(@) (@-ay @ a x(x)” 


By proceeding in this way the required result is established. 


303. Itis easy to shew after the manner of Art. 37 that there is 
Y (2) 
$(@) 
a series of partial fractions each of which involves only one distinct 
factor in its denominator. Hence we infer that the result obtained 
must be the same in whatever order the operations are conducted, 
that is, whatever factor we first consider. 


only one mode of decomposing into an integral function, and 


Practically the best way to determine the numerators of the 
partial fractions will often be the following. Put x=a+h; thus 


Ve) We) (ath) 
(2) @— a) x@) B'x(@rd)> 


wath 


‘now expand by some al gebraical method in powers of h, 


x (a 5 
| ina according to the notatSoni already used the result must be 
HOD 41 4eia eee 
x (a+ h) 


That is, 4, must be the coefficient of 4” in the expansion of 


7 (a +h) 
x(a +h) 


Similarly, the numerators of the other partial fractions may be 
determined. 


according to ascending powers of h. 


304. In the next Articles we shall give some theorems relative 

to limits of the roots of an equation; they were communicated to 

the writer by Professor De Morgan, in a letter dated Feb. 6, 1858. 
14—2 
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305. The following theorem relative to limits of the roots of 
an equation will be found to include two of those which are given 
in Chapter vii, and to add something to them. 


Let f(x) =p,0" + p,x"'+...+p,_,¢+p,; then we proceed to 


investigate a superior limit to the positive roots of the equation — 


f(a)=0. 


Let @ be equal to the coefficient of the first term, or to any- 
thing less; let b be equal to the least of the positive coefficients 
which immediately follow, and precede any negative coefficient, 
or to anything less; let ¢ be equal to the numerical value of the 
numerically greatest negative coefficient, or to anything greater. 
Suppose that 2"*~" is the first term with a negative coefficient. 
Then f(x) is certainly positive when the following expression is 
positive, 

aa +b (at +... tae) — (a +... +41), 
that is, when the following expression is positive, 


ee Se a 
ax” +b —c : 
x—1 a | 


that is, supposing « greater than unity, when 
ja(e- 1) +0] a —(b+0)a"*+e 


is positive, that is, a fortiori, when 


\e (v1) +d} at—( +0) 
is zero or positive. 


(1) Take b=0, and let c be the numzorically greatest negative 
coefficient ; then f(a) is positive if a(a—1)—c is zero or positive, 


that is, if «=1 +o or anything greater. See Art. 87. 


(2) Take b=0, and let ¢ be the numerically greatest negative 
coefficient ; then /() is positive if a(@—1)a*—c is zero or posi- 
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tive, and therefore a fortiori if a(«—1)**'—e is so; that is, if 


i 
| w=1+ (=) or anything greater. See Art. 89. 


(3) Put zero for a; then f(a) is positive if ba*—(b+c) is 


zero or positive, that is, if «= (1 + )' or anything greater. This 


is a new limit, which may be less than that in (2) when 6 can be 
_ taken greater than p,. 


(4) If ais not greater than 6 we have /(«) positive if 


{e(@e-1) ah a— (a+) 


1 


is zero or positive, that is, if «= (1 + - \F* or anything greater. 


This furnishes a less limit than that in (3) whenever 6 can be 
taken not less than p,. 


(5) Suppose that 6 is not less than ¢; then from (3) we 
obtain gi as a superior limit. 

(6) Suppose that @ is not less than ¢; then from (2) we 
obtain 1 + git as a superior limit. 

(7) Suppose that neither a nor 6 is less than ¢; then from 
(4) we obtain git as a superior limit. 

306. We shall now give another theorem on the limits of 


the roots of equations. It depends on the mode of calculating 


the value of an expression of the form aa” + bx""* + ca”? + ... for 
an assigned value of «, which we have explained in Art. 5. If 6 


denote that assigned value the calculation determines successively 


af, a+b, (a0+b)6, (46+ b)O+¢,...... 


Let f(z) =90 be the equation. Arrange f(x) in groups, each 
group consisting of all the positive terms which come together 
followed by all the negative terms which come together before 
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the next positive term. Thus, er only the signs, supposing 
we have the succession, 


++—-——+—4++4---—-—4--4, 


then they will be arranged in groups thus, 


(+4+---) (+=) (++----), (+--) + 


Let the first group involve the powers of x from 2” to a" ” 
both inclusive. Suppose the factor 2"? removed by division. 
Take @ on trial as a value of x, and calculate the value when 
x=-6 of the quotient after division by x’. If the result is 
positive denote it by A,, and put Aw" at the head of the next 
group. Suppose this group to extend to the term involving 2”. 
After A,x"™* has been prefixed to the second group divide by a”, 
and find the value of the quotient when «=6. If the result be 
positive denote it by A,, and put 4,2" at the head of the next 
group; and so on. If all the results be positive up to the last, 
6 is a superior limit of the positive roots. The number @ to be 
tried may be selected by one of the easier rules, remembering 
that it is not likely a number will be required much higher than 
the superior limit found from considering only the first group. 


For example, take an equation of the 18" degree. We will 
write down coefficients only, in groups, 


(7+4+3—- 80-100) + (20 —-100)+(3 + 2+ 1-—40—1000-— 1000) 
+ (70 — 8000 — 2000) + (1000 — 400 — 4000). 

Here from considering only the first group we see that 2 is 
too small; we will try 3. We proceed to calculate the value of 
Tat + 4a? + 307-802-100 . 

when «= 3. 


7 4 3 — 80 — 100 
7 25 78 154 362 


Thus A, = 362. 
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We proceed to calculate the value of 


362a? + 202-100 
when «= 3. 


362 20 -—100 
362 1106 3218 


Thus A, = 3218. 


We have next to calculate the value of 


321828 + 3a° + Qa* + a® — 402? — 1000x2 — 1000 
when «= 3. 


Jt is however sufficiently obvious now that we shall obtain posi- 
tive results to be denoted by A,, 4,, and 4,; so that 3 is a superior 
limit of the positive roots. | 


In this example the rule of Art. 90 would give 1+ ee : 

which is more than 70; and the rule of Art. 89 would give 
3 
1+ ze , which is more than 11. 

The following is a brief statement of the theorem. Divide 
the whole expression into successive positive and integer lots, 
| A,—-B,+C,-D,+...5 DP, % 7% 8... representing the last expo- 
/ nent of « in each lot. Divide 4,—B, by a’, and ascertain a 
value of x, say A, which makes the quotient positive ; let 7 be this 
quotient. Divide la'+CU,—D, by x’, and ascertain a value of a, 
say p, which is perhaps not greater than X but must not be less 
than A, which makes the quotient positive ; let m be this quotient. 
Continue the process with ma*+ #,—/',, and so on to the end. 
The last value of « used is greater than any root of the equation ; 
and the first value of x, namely A, is very often the last also. 


307. We shall conclude the present Chapter by demonstrating 
a remarkable theorem given by Cauchy, the object of which is to 
ascertain. how many roots real or imaginary lie within assigned 
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limits ; in fact, the theorem proposes to effect with respect to the 
roots in general what Sturm’s theorem effects with respect to the 
veal roots. 


308. Take any rectangular axes, and let x, y be the co-ordi- 
nates of any point. Let $(z) be any rational function of z; 
then (x+y /—1) can be expressed in the form p+qg/—1. A 
point whose co-ordinates are such that p and q simultaneously 
vanish, will be called a radical point. Describe any contour 
ABCD ; then the number of radical points which lie within this 
contour will be given by the following rule. Let a point move 


round this contour in the positive direction, and note how often p 


passes through the value 0 and changes its sign; suppose it to 
change & times from + to —, and 7 times from — to +; then the 


number of radical points which lie within the contour is 5 (b —). 


8] 


0 


It is to be observed that the contour is supposed to be so 
taken that no radical point lies on it; also if any imaginary root 
of the equation ¢(z)=0 is repeated two, or three, or more times, 
we consider that we have two, or three, or more radical points, 
althouzh these points coincide. By movement in the positive 
direction we imply that a radius vector drawn from a fixed point 
within the contour to the moving point passes over a positive 
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angle equal to four right angles, while the moving point passes 


round the contour. 


The theorem is proved by first considering the case of an in- 
finitesimal contour, and then the case of a finite contour. 


309. Take any point G, which is not a radical point, within 
the contour, and describe an infinitesimal contour including G. 
Suppose that the moving point passes in the positive direction 
round this infinitesimal contour; we have then four cases to 
consider. | 


(1) Suppose that neither p nor g vanishes within or on the 
contour. Here ; does not change sign at all during the circuit ; 


so that the rule asserts that there is no radical point within the 
contour, and this is true because p and q do not vanish. 


(2) Suppose that g does not vanish within or on the contour, 
but that p does. In this case may change sign as the moving 


point passes through a position for which » vanishes. But at the 
end of the circuit p has resumed its original sign, and thus there 
must have been the same number of changes from + to — as from 
—to+. Hence sand / are equal, and the rule asserts that there 
is no radical point within the contour, and this is true because q 
does not vanish. © 


(3) Suppose that p does not vanish within or on the contour, 


but that g does. In this case : never vanishes, so that the rule 


asserts that there is no radical point within the contour, and this 
is true because p does not vanish. 


(4) Suppose that both p and q vanish within or on the con- 
tour. If they do not vanish simultaneously we may divide the 
space bounded by the contour into other spaces, for some of which 
p alone vanishes, and for others qg alone vanishes ; thus we obtain 
two or more contours instead of one, and these fall under the 
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_ eases (2) and (3). We have then only to consider the case in 
which p and q vanish simultaneously, so that there is a radical 
point within or on the contour. And we may suppose the con- 


tour so small that there is only one distinct radical point within 
it, and none on it. 


Let a, 6 be the co-ordinates of this radical point; and put 
x=a+rcos@, and y=b+rsin 6; thus 
a+yN—1l-a+bN—-14+r(cos6+V—1 sin 6), 
~a+b/—1+y4, say. 
Suppose now that the equation (z) =0 has the root a+b/—1 


repeated m times; then d(a+bN—1+v) takes the form 
co" +¢,0"" +¢.0"** + .... where c, ¢,, c,,... are certain imaginary 
expressions of the standard form ; so that we may suppose 


c=h(cosa+—1 sin a), ¢,=h,(cosa,+—1 sin a,),... 
Hence, by De Moivre’s theorem we shall obtain 


Pp _heos(m0+a)+h,r cos {(m+1)0+a,}+h,r* cos {(m+2)0+a,\+... 
gq Asin (m6+a)+h,r sin {(m+1)6+a,'+h,r* sin {(m+2)0+a,}+... 


We may suppose 7 so small that the number of changes of sign 
shall be unaffected by 7; that is, we may proceed as if 2 = cot (m6+a). 


And as m@ increases from one multiple of wz to the next 
multiple of 7, there is always one passage through zero accom- 
panied by a change of sign from +to-—. Thus we have k= 2m, 


and /=0; so that 5 ( —l)=m, according to the rule. 


310. The theorem is thus proved for an infinitesimal contour; — 
and we shall now consider the finite contour ABCD. Let the 
contour be divided into an indefinitely large number of infini- 
tesimal contours, these contours being so taken that no radical 
point falls on any of them. Then the number of radical points 
within ABCD can be found by making a point describe ail these 
infinitesimal contours, and adding together the numbers furnished 
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by the rule, which we may denote by A (4-7). But the same 


result will be obtained if we omit all the interior lines of division, 
and retain only the boundary ABCD. For each point on any 
interior line of division belongs to éwo contours, and is therefore 
traversed by the describing point twice and in contrary directions ; 


P 


| so that, if in one case there is a change in . from + to —, there is 


a change in the other case from — to +, and on the whole the 


number oe: (k—@) is unaffected. Hence the interior lines of 


division may be omitted, and the moving point constrained to de- 
scribe the contour ABCD alone. 


Thus the theorem is proved. 


311. Wecan now immediately deduce the theorem that an 


- equation of the n degree must have » roots. Suppose the contour 
| ABCD to be a circle with the origin as centre and an indefinitely 


large radius. The value of will now depend only on the term in- 


volving the highest power of z in ¢(z); andif we suppose that term 


to be h(cos a+/—1 sina)z", we shall have’ =cot(n#+a). Thus we 


shall obtain 4=2n, and 7/=0; so that 5 (b —l)=n. 


312. We have drawn the figure in Art. 308 so that if from any 
point within the contour a radius vector is drawn in one direction 
it meets the contour in only one point. The figure however need 


not be so restricted; it may be such that a radius vector drawn in 


one direction may meet the contour any odd number of times. 
Hence as a point moves round the contour the radius vector drawn 
to the moving point from any fixed origin within the contour will 
not always revolve in the same direction. By the positive direc- 
tion of movement of the describing point we must understand that 


for which, although the vectorial angle may not be always increas- 
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ing, yet on the whole the positive angle 27 is gained in the 
circuit. 


The demonstration will not be affected by the admission of the 
kind of figure here contemplated ; for the infinitesimal contours 
may still be supposed, if we please, ovals which have only one radius 
vector drawn in any definite direction from a fixed origin. Or if 
we do not adopt this restriction we must observe that at the end 
of Art. 309, as @ now does not always increase, there may be more 


values of 6 for which ( vanishes, than we contemplated; but if so, 


there will be exactly as many more changes from + to — as from 
— to +. 


313. We have supposed throughout that there is no radical 
point on a contour considered. If there be, no change is made in 
our investigations except at the end of Art. 309; and here instead 
of having the range 27 for 6 we have only z, so that m occurs 
instead of 2m as the number of changes of sign. 


314. Cauchy's Theorem is given in the Penny Cyclopedia, 
Article Theory of Equations, in Mr De Morgan’s TJ'rigonometry: 
and Double Algebra, and in Mr De Morgan’s Memoir to which 
we have referred in Art. 32; from these sources the present 
account of it has been derived. 


XXV. INTRODUCTION TO DETERMINANTS. 


315. We now propose to give some account of the theory of 
determinants, a branch of Mathematics of comparatively recent 
origin, but already of great and rapidly increasing importance. In 
the present Chapter we shall consider some particular examples and 
illustrations which will enable the student to form a conception of 
the nature and properties of determinants; in the next Chapter 
we shall prove the principal general theorems of the subject, and 
in the last Chapter we shall give some applications to the theory 
of equations. 
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316. Consider the simultaneous equations 
ac+by=c, ac+by=c,; 
from these equations we obtain 


b,c, — 6, ¢, _ 4,6, — a,¢, 


A a Oe a,b,’ a a,6,— a0, 


The common denominator a,6,— a,b, is called the determinant of 
the four quantities a,, b,, a,, 6,, and is denoted by the following 
symbol, 

a, 6, 
a, 6, 


The numerators of the values of « and y are also determinants ; 
and we may exhibit the values of x and y thus, 


b 


a, b, n= Cy 1 a, b, a5 C, 
= ; = 
As) b, ; Cy b, PY) b, Wes C, 


317. The determinants here considered are all said to be of 
the second order, because they consist of terms each of which is the 
product of éwo quantities. The quantities a,, b,, a,, 6, which 
occur in the determinant a,b,— a,b, are called the constituents of 
the determinant ; the products a,6, and a,6, are called the ele- 
ments of that determinant. Thus a determinant of the second 
order consists of two elements involving four constituents. In 
the symbol used to denote this determinant the constituents are 
arranged in a square forming two rows or two columns. 


318. We shall now indicate some properties of determinants 
of the second order. 


Since we have 
ah,» b 


a 


i 


a, a, 


b,, 6, 


it follows that the determinant is not altered by changing the rows 
into columns, 


an a,b, — a,b, es 
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319. The following identities may be easily verified. 
b OG, 


a5 1 
Pe) b, 6, a, 


a, b, 
a,, 0, 


By a, 
b,, a, 


— —— —- 


Thus in the determinant, if the two rows or the two columns are 
interchanged, the sign of the determinant is altered, but not its 
value; if both these interchanges are made, the determinant is 


unaltered. 


320. We have 
P%,; b, me a) b, pa, , pb, nae a) b, 
Pa, b, Do) b, Pe) 6, a Mee) b, 


Thus if each constituent in one row or in one column is multiplied 
by a given quantity, the determinant is multiplied by that 
quantity. 


321. We have 


a 
a 


B,» a, 
H,, a, 


1 '|=0, =e 


ie 


‘ 


Thus if two rows or two columns are identical, the determinant 


vanishes. 
322. It may be proved by developing the determinants that — 
al b a,’, 6! 


pes 
/ / / 
a, a, 0, 


Fr 
a, b 

/ 
Aes b, 


oc Dy b, 
Ge) b, 


, 7 
a,+a,, 6,+6, 
/ / 
+ Oh, » b,+ 6, 


2 


Thus the determinant, each of whose constituents is the sum of two 
terms, 1s equivalent to the four determinants which can be formed 
by taking instead of each column one of its partial columns. As 
a special case, suppose a@,’= b, and a,’=6b,; then the second of the 
above four determinants vanishes by Art. 320, and we have 


yo, 
b., 6,’ 


/ 
ah, » b, 
/ 
Ce b, 


/ 
a,+6,, 6,+5, 


#3 
/ 
a,+6,, 6,406, 


— 


ahs b, 
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323, By Art. 322 we have 


aa, + OB, a, a, + 6B, 
a,0,+6,8,, a,a,+6,B, 


! 
ites a4, a, a, 4 dB, 6B, i) 6,8, a b,B,, sy has 
H,A,5 A, 6,B,, b,B, H,O5 6.8, 6.8; WO, 
=aa,)a,, a, PB, b., b, 4B; a5 b, 1% b,, a, 
W, a, hii G5 b, 6, a, 


by Art. 320. By Art. 321 the first two of the four determinants 
just written vanish. And by Art. 318 


b., a, _ | %: b 
b., a, Me) b, 
Thus we have left 
a,, 6 a, § e Paetb 
“cB Ba) 4 Ae oS a 
(2,8, - B,a,) a8 8 Ab 
: Therefore 

G15 B, x a) b, we a,a,+6.£,, a,a,+6,f, 
aos B, | ys b, | a,a,+ 6,£,, a,a,+ 6,8, 


Thus the product of two determinants of the second order is a 
determinant of the second order. 


As a particular case, suppose the constituents a,, 8,; 2,, B, to 
be respectively equal to the constituents a,, b,, a,, b,; then we 
find that the square of the determinant 


is equal to the determinant 


2 2 
a, +6", a,a4,+6,6, 
2 3 
a,a,+6,6,, a, +6, 


1-2? 
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324. We will now proceed to determinants of the third order. 
Consider the simultaneous equations 


a,c+byt+ez=d,, aa+byt+ecz=d,, a,c+byicz=d,; 


from these equations we obtain 


ise d, (0, c,—5, ¢) et d, (b,¢ fre C,) aT d, (6, ar” b,¢, 


oe a,(b,¢, — b,¢,) + Q, (,¢, = b, ¢,) i a,(6, c, — 6,¢,) 


and similar expressions for the values of y and z. 


The denominator of the value of x is called a determinant of 
the third order, involving the nine constituents a,, b,, ¢,, a,, b,, ¢,, 
a,, b,,¢,; the determinant consists of six elements, each element 
being the product of three constituents. This determinant is de- 


noted by the following symbol, 


a., 6, 6) 
Qo) b,5 C, 
a3) b., C; 


Since the value of this determinant is 
a, (b,c, — b,¢,) + a, (b,c, —b,c,) + a,(b, ¢, — b,c), 


we may express it in terms of determinants of the second order, 
thus, : 


b, } C, 
b.. C, 


bss C, 
6, C, 


a 


1 bss C, 


b,5 C; 


+ M, + M, 


The numerator of the value of x is also a determinant of the 
third order; we have only to change a,, a,, a, into d,, d,, d, 
respectively in the symbolical expressions already given for the 
denominator, and we obtain symbolical expressions for the 
numerator. 


We shall now see that determinants of the third order have 
the same properties as determinants of the second order. 


| 


4 


i 


| 
| 
fi 
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325. Suppose a,=1, a,=0, and a,=0; then we have 


: b., ¢.> igs 
0b 623.1. 7 
? 2? Q? spy? b , Cc 
3 3 

0, b.; Ca, 


Thus the determinant of the third order reduces in this case to 


_a determinant-of the second order. The values of 6, and c, have 


no influence on the value of this determinant, and we may if we 
please suppose them zero, 


Hence we see that when we have any relation holding among 
determinants of the third order we can deduce the corresponding 
relation for determinants of the second order by supposing certain 
constituents to vanish. 


326. It may be shewn by developing the determinants that 


a,|6,, ¢,|+a,]6,, ¢,|+ a, 16, ©, 
es oss bg 
=@,|6,, 6,|+ 6, ¢,, ¢,|+ ¢,|4@,, @, 
C,5 C, a, O, bib} 
that is, 
ba 6, C,. | Oy Gay Be 
W,, b., of haa 6, ba» b, 
&, 5; Oy 6, Ou, 61 e- 


Thus the determinant is not altered by changing the rows into - 
columns. 


327. The following identities may be easily verified, by 
expressing the determinants of the third order in terms of deter- 
minants of the second order and developing: 


M,.0., ¢, G4. O50: bi, G5 a, 
G5 b.; Opes b,; Go &,| = b,, C,, a, 
2) b., C, b,; Gs C;, ts C39 a, 


Thus if two columns are interchanged the sign of the determi- 
nant is altered but not its value, and therefore if this operation is 
T. E. 15 
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performed twice the determinant is unaltered. Hence, by Art. 326, 
if two rows are interchanged the sign of the determinant is altered 
but not its value, and therefore if this operation is performed twice 
the determinant is unaltered. 


Hence too it follows that if two columns are interchanged and 
also two rows the determinant is unaltered; so that 


a; 6.) ¢. b.,' W.,'e: 
Bins Oys £, 0.4 yt, 


328. As in Article 320 we may prove that if every consti-. 
tuent in one row or in one column is multiplied by a given: 
quantity the determinant is multiplied by that quantity. 


329. It is easy to shew that 


G,,° 9,0, 6,5 6,, i, 
a,, 6,, 6,|=0 and |a,, b,, c,|=0. 
Ws» b55 b, : > 6,5 Co 


Thus if two rows or two columns are identical the determinant: 
vanishes. 


330. It is easy to see that the determinant 
/ 4h 
@+a,+a,,-6,, ¢, 
, 7 
a,+a,+a,, 6,, ¢, 
? 4/ 
a,+4, +a, 6 


37 C; 


is equivalent to the sum of the three determinants 


, LA 
a,, 6, ©, a,, 6,,-¢, a,"; 6.5 ©, 
/ 4/ 
@,,°0 5%: G,°O., 'e, iSO. 0, 
‘ 4 A . 
a5 b., C, y) a, b., C, ) a, ’ b., C, 5) 


and a similar result would be obtained if each constituent in the 
first column consisted of the sum of four terms, or of the sum of! 
five terms, and so on. Again, if each of the constituents b,, 6,, 6, 
is replaced by three terms, each of the above three determinants’ 


becomes equivalent to the sum of three determinants; and so on, 
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In this way the following determinant may be seen to be equivalent 


to the sum of 27 determinants: 


/ 


/ “ / 4” , 
ad,+a,+a,°, 6,+6/4+06,", ¢,+¢, +¢, 

, Ld / 4) / M” 
a, +h, +a, , 6,4+6,+6,’, c,+¢, +¢, 


7 


4 iA / 4 4; 
a,+&, +a, 5 b, +0, +60, ¢,+¢, +¢, 


The 27 determinants are to be formed by taking instead of 
each column one of the partial columns; thus for example three 
of these determinants will be the three which are given above. 


331. As a particular case of Art. 330 we will take the follow- 
ing determinant : 
a,a,+6,8,+¢7,, a,a,+ 6, B+ 6, Yes a,a,+6,8,+¢,7, 
a,a,+6,B, +OLY19 a4, + b,B,+ Cos a,0,+b,B,+¢, 7, 
a,0,+0,8,+¢,7,5 0, + 6,8. + CsYes M0, +6,8,+¢,7, 


Tt will be found that of the 27 determinants of which this may 


be considered the sum, all except 6 vanish by Arts. 328 and 329. 
For example, we have for one of the 27 determinants, 


A, 0%, H,O,5 6B, a, a, 8, a» a; b, 
@,0,, 4,0,, 6, B, | that is, Gy H, 6, 
G0, @,A,5 b,B, Qs, ss b, 


by Art. 328; and this determinant vanishes by Art. 329. One of 


| the six determinants which remain is 


a,4.,, 6B, CY a, 2Ys a) 6, C, 
a,0.,, 6,8., Cy, | that is, a, 6, ¢, 
W045 6,8 2? CY As, b C, 


Another of the six determinants which remain is 


9,5 ©,Ye9 6B, a,7P; G5 o> 6, 

a,0,, Cy.) 6,P, | that is, @.» C5 5, 

0,5 C3Ye9 6.8, Gs) Cy, b, 
— 07,8, > ,, C 

that is, a,, 5,, ¢, | by Art. 327. 
1 a,,°0,, ¢, 


15—2 
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The result is that the six determinants which do remain 
constitute 


a> 6. C, 
{4 (Boys — BsY2) + %, (Bsy,— Byy,) + 4, (B.7.-B.y)} es 6,5 C, 
Ws, b.) C; 

Qi) B,, Yi | * | %) b,, Cc, 

that is, | a,, B,, y, Oy Lig 

a.» B,, Ys a, 655 C, 


Hence we see that the product of two determinants of the 
third order can be exhibited as a determinant of the third order.. 
If we suppose a,, },,... respectively equal to a,, B,, ... we obtain 
a determinant of the third order which is equivalent to the square 
of a determinant of the third order. 


332. We have now given sufficient examples of the nature 
and properties of determinants to enable the student to form a 
conception of the subject. We might have confined ourselves to 
determinants of the third order, because by Art. 325 the pro- 
perties of determinants of the second order can be immediately 
derived from the corresponding properties of determinants of the 
third order, but the method we have adopted will be of service to 
the beginner. In the next Chapter we shall give general demon- 
strations applicable to determinants of any order. 


Jt will be observed that we introduce the subject of determi- 
nants by considering the forms obtained in solving certain simul- 
taneous equations. The student thus may see at once that the 
expressions called determinants do naturally present themselves 
in mathematics. It is however more convenient in treating the 
general theory to give an independent definition of a determinant, 
and this we shall do in the next Chapter. It will prepare the 
student for that definition if we here consider the determinant of | 
the third order in this new light. 
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333. The value of the determinant 


a,» 5, C, 
ye te 
ss b.; C, 


be 


is a,b,c, — a,b,c, + a,b,c, — a,b,c, + a,b,c, — @,0.0,.. 


The first element here is a,b,c,, which is the product of con- 
| stituents situated diagonally in the square symbol denoting the 
determinant. The other elements may all be deduced from the 
first element in a way which we shall now explain. The suffixes 
_ 1, 2, 3 are to be attached to the letters a, 6, c in all the different 
| ways in which permutations can be made of these suffixes ; and 
_ the sign + or — is to be prefixed to any element according as it can 
be deduced from the first element by an even number or an odd 
number of mutual interchanges of two suffixes. Thus the second 
element given above is @,b,c,; this can be derived from the first 
_ element by interchanging the suffixes 2 and 3, and so according to 
_ the rule it is to have the sign —prefixed. The third element is 
a,6,c,; this can be derived from the second element by interchang- 
ing the suffixes 2 and 1, and therefore it can be derived from the 
first element by two interchanges of two suffixes, and so according 
to the rule it is to have the sign + prefixed. Similarly the remain- 


ing elements with their proper signs may be determined. 


334. The following examples are particular cases of determi- 
nants of the third order, which the student may verify : 


(1) |a, h, g 
h, 6, f |\=abe—af? — bg’ — ch’ + 2fgh. 
9 J; © 
(2) 1@w,y, 
| 1, ®, Ys = UY, — LY, + LY, — LY. + LY, — L,Y,» 
1, @, Ys 
(3) 1, a, +a.) a, &, 
1, b, +6,, 6, b, me (a,—6,)(6,—¢,)(¢,-a,) + (@,—, )(b,—¢, )(¢,—@,)- 
1, ¢, +¢,, ¢,¢, 
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(4) Ne eat 
—~y 1, allel +ats Ais ff. 


B, a 1 
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335. Let there be » symbols a,, a,,...@,,; then one of these 
symbols will be called higher than another when it has a greater 
suffix, so that for example a, is higher than a, or a,, a, is higher 


than @, or a, or @,, and so on. 


Now suppose that permutations are formed of these symbols ; 
then whenever in a permutation the higher of two symbols pre- 
cedes the other there is said to be a disarrangement. Thus, for 
example, in the permutation a,a,a,a, there are four disarrange- 
ments, namely @,4,, 4,0,, @,0,, and a,,. 


oe Fa 
336. The permutations of the symbols a,, a,,...a@, may be 
divided into two classes, those in which there is an even number 
of disarrangements and those in which there is an odd number. 


337. When in any permutation two symbols interchange their 
places while the others remain unchanged the number of disarrange- — 
ments is increased or diminished by an odd number. 


Let g and & denote two symbols of which & is the higher. 
Let A denote the group of symbols before g and &, let B denote 
the group between g and &, and let C denote the group after 
g and k; so that the permutations which we have to compare may 
be denoted by AgBkC and AkBgC. Then the difference of the 
numbers of the disarrangements depends upon the symbols which 
constitute the groups gBk and kBg. Let B consist of @ symbols 
and suppose that 8, of them are higher than g and A, of them 
higher than & Then in the group gBh, besides the disarrange- _ 
ments in B itself, there are B—£, +, disarrangements ; for g is 
higher than B—£, of the symbols in ZB, and there are B, symbols 
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in B higher than & In the group &Bg, besides the disarrange- 
ments in # itself, there are 8 — 8, + 8,+1 disarrangements ; for i 
is higher than B—£, symbols in B, and there are B, symbols in 
B higher than g, and & is higher than g. Therefore the difference 
of the numbers of the disarrangements is 


B- PB. +8 + l— <P — 6, +8,)s 
that is, 2(6,—,)+1,; thus this difference is an odd number. 


338. By repeated interchanges of two symbols all the permu- 
tations of a set of 2 symbols taken all together can be deduced 


_ from a given permutation. In this mode of deriving the permu- 
_ tations we shall, by Art. 337, obtain alternately permutations with 
_ an even number of disarrangements and permutations with an odd 
_ number of disarrangements. The whole number of the permu- 
- tations of a set of symbols taken all together is an even number ; 

- hence it follows that there are as many permutations with an even 

- number of disarrangements as there are with an odd number of 


disarrangements. 


339. Let there be »’ quantities arranged in the form of a 
square, thus 


@443 G9) GH, 39°° 1,4, 
49 G9) He, g900 Us, y 
q,,, 1? G9) Q39°° Un 


Here for any quantity a,,, the first suffix, r, indicates the row, and 


the second suffix, %, indicates the column in which the quantity 
a,, , appears. 


_ The above symbol is used to denote the determinant of the n* 
quantities occurring in it; these quantities are called constituents 
of the determinant. The value of the determinant is found by 
taking the aggregate of a certain number of elements, each element 
being the product of 2 constituents. The first element is the pro- 
duct of the constituents @,,,, %,,) %,39---@,,,» Which lie in the 


non 
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diagonal drawn from the upper left-hand corner of the square to) 
the opposite corner; we shall call this diagonal the diagonal of the 
square, for we shall only have occasion to refer to this diagonal. 
All-the other elements are to be derived from the first element 
G,, ,&,, %,,,---4,,, by permutations of the second suffixes, the first 
suffixes being left unchanged. The sign + or — is to be prefixed to) 
each element of the determinant according as it is or is not of the 
same class as the first element, the class being determined by the 
number of disarrangements in the permutations of the second 


suffixes ; see Art. 336. 


340. The above determinant is said to be of the n™ order 
because each element is the product of 7 constituents. The num- 
ber of elements is the same as the number of the permutations of 
nm things taken all together, that is [7 ; half of these elements will 
have the sign + prefixed, and half of them the sign — prefixed. It 
will be seen from the mode of formation of the elements, that each 
element involves one and only one constituent out of each row or 
each column in the symbol which denotes the determinant. 


341. Instead of the above symbol for the determinant, it is 
sometimes denoted by 2+4,, ,4,, .%s, 5---%,,,3 that is, the first ele- 
ment is written and the symbol 3+ put before it to indicate the 
aggregate of elements which can be derived from the first element 
by suitable: permutations and adjustment of the signs + and —. 
The constituents of the determinant may be denoted in various 
ways ; thus sometimes (2, £) is used instead of @,,, and in this case 
we must remember that (2, &) and (4,7) in general denote different 
quantities. In examples of determinants of low orders, we may 
find it convenient to avoid double suffixes, and use the same letter 
for all the constituents in one column, distinguishing the con- 
stituents by single suffixes; this notation was adopted in. the pre- | 
ceding Chapter. 


342. The other elements of a determinant are derived from 
the first element by permutations of the second suffixes while the 
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first suffixes remain unchanged ; these elements may however be 
derived in a different way, namely, by permutations of the first 
suffixes while the second suffixes remain unchanged. For suppose 
that a, B, y,...v represents a certain permutation of the » numbers 
1, 2, 3,...2; then a4 2,2 %,y---Gp,y 18 an element of the determi- 
| nant which arises from the first element by changing the second 
| suffixes 1, 2,...7, into a, B, y,...v, respectively. This element may 
_ however also be derived from the first element a, ,a,,,...a,,, if 
the second suffixes are left unchanged and the first suffixes are 
suitably changed, namely, a to 1, B to 2, y to 3,...v to w. In these 
two modes of derivation there is the same number of interchanges 
of two suffixes, and therefore the same sign is obtained to prefix to 
the element by the rule in Art. 339. - 


343. The value of a determinant is not altered if the successive 
rows are changed into successive columns; that is, 


@,49 B,,92°°-%, » M,,49 BH, 19+++&,, 4 
g 

a, 49 Go, 99***%, n oe Q,, 99 Ws, 99+, » 

419 eS oe Gn) A 


| For it is obvious from Art. 340, that the elements in these deter- 
-minants are of equal value; and they have the same signs, as 
appears from Art. 342. 


344. If two rows or two columns are interchanged, the sign of 
the determinant is changed. 


For let & denote the given determinant, &’ that which arises 
from the interchange. Then the elements in R and F& are the 
same as to value, and we have only to examine their signs. The 
first element in R’ can be derived from the first element in R by 

interchanging two of the second suffixes, and thus these elements 
| have contrary signs in the two determinants, Then an element 


] 


7 
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in F’ which arises from the first element in R’ by m interchanges 
of the second suffixes will be deducible from the first element in 2 
by m+1 interchanges, and therefore it will appear in # and F’ 
with contrary signs prefixed. 


345. If two rows or two columns are identical, the determinant 
vanishes. 


For by interchanging two rows or two columns, a determinant 
is changed from & to —# by Art. 341. But if two rows or two 
columns are identical, the interchange of these rows or columns 
can have no influence on the determinant, so that R=—A#; and 
therefore  — 0. | 


346. When all the constituents except one of a row or of a 
column vanish, the determinant reduces to the product of that con- 
stituent and of a determinant of the next inferior order. 


Consider, for example, the determinant 


a,» 6; Cis d, 
Chg, Bas C.5 d, 
Gs, 6,, C5, a, 
0, O60 5.9 


By three successive interchanges. of single rows we can bring 
the row which contains c, to be the highest row; and by two suc- 
cessive interchanges of single columns we can bring the column 
which contains c, to be the first column. Thus, by Art. 344, 


4 
Oo, Os Ory GE, | olde PO Oe OD 
&., 5.5 ¢, a, €,, @,, 0, a. 
Gay 5,5 Cay a, Con hey Das thy 
0, DD, tem Oo, Oey Oy Mee 


The first element of the determinant on the right-hand side is 
c,a,b,d,, and the other elements are to be derived from this by 
permutations of the suffixes. But c, is the only constituent with 


the suffix 4 which is not zero, and thus c, will be a factor of every 
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element which does not vanish, and the other factor will be de- 
ducible from a,b,d, by permutations of the suffixes 1, 2, 3, Thus 
the original determinant reduces to 

Ge 1)"e, ee hd C, 6, 
2? 6,5 


35 b,, 


d, 
d, 
d, 

This mode of demonstration applies, whatever may be the 
order of the proposed determinant. 


The negative sign which arises in this example from (—1)’ 
may if we please be removed by interchanging two rows or two 
columns in the determinant of the third order. 


347. The top row of a determinant of the m™ order can be 
brought to the bottom by »—1 successive interchanges of two 
rows ; and similarly, the first column can be brought to the end 
by ~—1 successive interchanges of successive columns. Each of 
these is called a cyclical interchange, and it is sometimes conve- 
nient to effect any proposed interchange of rows or columns by a 
series of cyclical interchanges, for the sake of greater symmetry in 
the arrangement of rows and columns. In the preceding example 
we may bring ¢, to the place which we want it to occupy by per- 
forming three successive cyclical interchanges of rows and two 
successive cyclical interchanges of columns. Thus we obtain for 
she original determinant the following forms successively : 


(F 1)" Ws) b., Cos d, Ge 1) Qs y b,, C35 d, (= 1)" 0, 0, C4) 0 
@,, 0, Cay B 0, 0) ¢,, 0 a,, 6,,¢,, d, 
0, 0, % 0 Gy, b; Ci» d, Ds, b.; Cy) d, 
3 a.) 6; C1) d, : PS) b.; C.> d, ; M5 b,, C5 d, 
(~1)"| 0,.¢,, 0, OF (+~1)¥]¢,, 0, 0, 0} (—1)¥e,| d,,-a,, 5, 
6, Ch) d, , a, | Cy» d,, a) b, d., A.) 6, 
b.5 Cy) d,, a, Co) d., a, ; b, d.,. Q, 5 b, 
6,5 C3; d,, a, : C55 d,, A; b, : 
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348. A determinant can always be expressed in the form of « 
determinant of any higher order. 


For example, by Art. 347, 
¢ L, G0; 0 1), 9,. 0, 


a,, 6,, ¢, 0 
&,, 5.,¢,) =| B, 4,,-9,,.¢: _|» i, 0, 0, 0 
G5 b.5 C, Y Do, 6. C, v, .B, > b., C, 
8, Ass 05, , Ps Yr Gay 4,5 ©, 

a, 8, a, b,, ¢, 


where £, y, 5, w, v, p, o, are any quantities. Similarly, we may) 
carry on this process to any extent. 


349. Let ¢ and & denote any two suffixes out of the set 
1, 2, ...%; let R denote the determinant 3+ a,,d,,. .-- Grn; 
and let A; denote the coefficient of Oh, , n &. Then each of the 
expressions : 


@;,1 Ay + G,,Ano+ ese +0;nAz ns 
and Gy, ; Ay, p+ Ge, Agi yt oo +Gn,¢4n, x9 
is equal to & or to 0, according as 7 and & are equal or unequal. 


For every element of R contains as a factor one out of the: 
constituents G1, Qi,25 4,5) --- Gi,ny Which form the <™ row. 
And since A, , denotes the coefficient of a; in R, we have 


R=, A, +0, 4, 94+--- +O, n Anne 


ty 


Similarly, we have 
R = Gy, Ay 5+ Oe, Ag gt ee +On,¢ An, « 


In the first of these expressions for A, put @,1=%,1, 
;,¢= My,2, --. and so on; thus we obtain the value of a determi- 


nant with two rows identical, which is zero by Art. 345. 


Similarly, in the second expression for #& put a@,;=4,;; 
My, ;=Me,4, --- and so on; thus we obtain the value of a determi- 
nant with two columns identical, which is zero by Art. 345. 
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, 350. Jf every constituent in one row or one column is multi- 


plied by a given quantity, the determinant is multiplied by that 
jquantety. 


For R= 4, ,4,,+4,.4,.+...+4,,4,,3 and if every term in 
the 7 row is multiplied by p we must put pa, , for a,,, pa,. for 
G@;, 2, and so on; thus we obtain p times the former result for the 
new determinant. 


Similarly, we may prove the theorem in the case in which all 
the constituents of a column are multiplied by a given quantity. 


351. If each of the constituents in one row or one column is 
the sum of m terms, the determinant can be considered as the sum 
of m determinants. 


Suppose, for example, that each constituent of the 2 row is 
the sum of m terms ; and suppose that 
@,,=P,+9,+7, +... 


@, g=Pot Qt lat ++ 


O, 5=Pst+IUgt Vato 


Then B= 0,1 A, 1+ G9 Aga t-.- +O, Ain 


I] 


Pi Aust Pe Ay gt... + Ui; Be 
+ WAgit GApet:.-+ GAin 
ce 


Agi t. TeAzpat +. TrAge 


Thus & may be considered as the sum of m determinants 
which have for their 7™ rows respectively 


Pi» Por +++ Pas 
G12 Jor 22> Vno 


v1 P55 eee Vg > 


@eeeteos eee eee 
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352. We shall now shew how the coefficient of a,, in a de- 
terminant can be itself exhibited as a determinant. In order to 
obtain those elements of a determinant which involve a certain 
constituent @,,, and those alone, we may suppose all the consti- 
tuents in the 7™ row to be zero, except a,;,; then putting 1 for a, , 
we shall obtain the required coefficient. 


Thus, 
Aye Gy,19 20+ Up Ay ny 1,441 s+ An 
Wi _1,19 +++ Uiiki1y U_ijyks U_iakyi1y «+ Us21 
0, 0, i, 0, Ne) 
Bit,t19 ++ UViyte1» Vizsny Uigiegiy «++ Ua, 0 
Qn, 19 a<* On, k-19 Gn, ko On, ky19 wee On, 


Thus A, , is here exhibited as a determinant of the n order. 
We may, without influencing the value of A,,, put 0 for each 
constituent in the &™ column except that which is 1. 


By Art. 346, or Art. 347, we may exhibit A,, as a determi- 
nant of the (n—1)" order. Thus, adopting the method of Art. 
347, we make 7—1 cyclical changes in the rows and k—1 cyclical 
changes in the columns. Therefore 


A,,=€x Wis seei? ae Weis nd C4359 ged Ws isk—-3 
a k+)3?9 a,, n? a, 1) a, k-] 
CO, e419 x3 Dn? Gl, 49 Ws k-1 
Gs. key? eee sag NET @;_ 5,49 ese es 


where ¢€= ( 5 Mii ant, =(- 1)et# (7—1), 


353. By the aid of Arts. 349 and 352 we can express any de- 
terminant of the m™ order as the aggregate of n terms, each of 
which is the product of one constituent and of a determinant of 
the (n—1)" order; the determinants of the (n—1)" order may 
themselves be similarly treated ; and the process continued to any 
extent. or example, : 


and 


a 


b 


1 
1 


fe 


¢; 


—d, 


_ 
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b,, Cos d, 
bs) C35 d, 
iy Gey d, 
b, C55 d, 
Cy, d, 
C, d,, a, 
d,, UW, 
d,| @,, 6, 
A 7e) b, 
a, bas C, 
Des Cs 


> » Pp? 
En, 19 Gn, 9 
6145 . 61,» 
eras pS 
C1,1> Cin 
Cn, 19 an Cr, n3 


—b, |c,,d,,a,|+¢,|d,, a,, 6, 
Cyy Ayy Wy d,, &,, 0, 
Cy Uy Uy dy, M,, 6, 
+¢,14,5.6,|+4,16., @ \ 
d,, b, by, Cy 
+d,| @,,¢,|+@,| ¢,, d, } 
Uy, Cs Cy, dy 
+a,|6,,d,|+0,| d,, a, } 
b,, d, dy, U, 
+b,|¢,, a, |+¢,| a, 6, \ 
Cy, Us My, b, 


Let there be two given sets of symbols, namely, 


Ci G1 by + Qj, 2 bp ot cee + Wi» Op p 


now prove the following results: 


Let R denote the determinant S+ec. .c 


Bisse *** 


c 


° 
mn 


these symbols being determined by the general relation 


We 
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d,, 0,, C, 


As, b.; C, 


ae) b,, C, 


354. We now proceed to an important part of the subject, 
_ that which relates to the multiplication of determinants. 


shall 
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(1) Suppose p less than x; then R=0. 


(2) Suppose p=; then F is equal to the product of the two 
determinants which consist of the two given sets of symbols in the 
order they occupy. 


(3) Suppose p greater than 2; then & is equal to the sum of a 
set of products of pairs of determinants, each pair of determinants 
- being formed by taking any m columns out of the first given set 
of symbols for one determinant, and the corresponding 2 columns 
out of the other given set of symbols for the other determinant. 


The first element of A is ¢, 16.4... Ca,,, and the value of 

this is 7 
(Baty, » 5s,,) (Zeta, 4 On, .) (2s, ¢ Os, 4) «+5 

where in the first factor = denotes a summation with respect to 7, 
in the second factor 3} denotes a summation with respect to s, in 
the third factor = denotes a summation with respect to ¢, and so 
on; and all these summations extend from 1 to p, both inclusive. 
Thus the product may be obtained by taking the sum of the 
values of the expression 


Dy Me, 5 Ms, ¢ eee b, 0570s ese 


when 7, s, , ... take all integral values from 1 to p. 


We may denote this sum by 
>, 8, t 


3 


(By, . As s As + ees o, Oy, bs 4 ee 


The other elements of # are derived from the first element by 
permutations of the second suffixes and prefixing the proper sign. 
Now from the general value of c¢, , it follows that by changing the 
second suffixes of the symbol c, no change is made in the suffixes 
of the symbol a, but the first suffixes of the symbol } are changed, 
and these alone. 3 


Hence we obtain a result which we may denote thus, 


R= ,,s,1,...(G, y 42,6 Us, t o> == b bs,4 bs, eee) 


lr 
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_ Here 3+6, 6,0, ,... constitutes a determinant of the n™ 
order, which is formed from the second given set of symbols by 
taking certain columns, and the & refers to changes of the first 
suffixes ; see Art. 342. 


We shall denote this determinant by Q. Now, in the first 
place, suppose p less than n. The suffixes 7, s, ¢,... are m in num- 
ber, and none of them can exceed p; hence it follows that there 
must be always two or more of them which have the same value. 
Thus Q always vanishes, by Art, 345 ; and therefore & vanishes. 


Secondly, suppose p=n. ‘Then the system of suffixes sé... 
can be a permutation of the 2 symbols 1, 2,...%; and they can 
be nothing else without making Y vanish. And by taking in 
succession different permutations the sign of Y will change, but 
not its value, by Art. 344. Thus the value of & reduces to the 
product of the determinant formed out of the second given set of 
symbols, by the sum of all the elements denoted by} +a, , a,,,---@,,.5 
where & refers to changes of the second suffixes. Therefore when 


pHn, 


Lastly, suppose » greater than m. Then the system of suffixes 
rst... can be any combination of 2 numbers that can be formed 
out of the » numbers l, 2,...%; and the number of such combi- 


nations is ae . Let Q have the same meaning as before, then 
Bae ss 

let P denote what Q becomes by changing 0 into a. Hence, as in 

the second case, we shall obtain PQ for one term in &, which arises 


[p 


from the selection of a definite combination out of the ——=— 
| z |p —n 


possible combinations. Therefore when p is greater than n we 


terms 


have R= PQ, where & refers to the summation of 


|p 
ln|p=” 


arising from all the possible combinations, 


TE. 16 


5! 


242 PROPERTIES OF DETERMINANTS. 


355. By the second case of the preceding Article we see that 
the product of two determinants of the order » can be exhibited 
as a determinant of the same order. Similarly, the product of! 
three determinants of the order » can be exhibited as a determi- 
nant of the order n; for we can first exhibit the product of two of’ 
them as a new determinant of the order », and then the product 
of this new determinant and the third of the original determi- 
nants can be exhibited as a determinant of the order n. Thus 
we see that the product of any number of determinants which 
are all of the same order can be exhibited as a determinant of 
that order. 


Hence generally the product of any number of determinants 
of any orders can be exhibited as a determinant of the same order 
as that of the determinant of the highest order among the factors. 
For by Art. 348, all the other determinants may be made to be of 
the same order as that which is of the highest order; and then 
the product of these determinants of the same order can be ex- 
hibited as a determinant of that order. 


356. Suppose we wish to form the product of the two deter- 
minants 


My,15° G1 n 
Bn, 19+ Dn, n 
and Os 5 o1--O; 


By Art. 343 we may change the successive rows into successive 
columns in either or both of these determinants. Thus, if we 
denote the product by 


@eetoeseeeseé 
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we may form the new constituents in four ways, for we may 
_ adopt either of the following laws throughout, 
lees C4 =U, 10g, + Hi, 2Oat ++ + in Onns 
| OY 6, p= %,1 91,4 + 209 ut 02 + Uy nOn ny 
or Ck — On + Be, Oz, + ee0 a On, On ns 
or Cik — hy Os, + a +. + On, iOn,k 
| 357. Let A,, denote the coefficient of a,, in a determinant ZR. 
| The system of symbols 


Axis Aya eer ee 


Ags, Ass; : ier 


As; yg bas jn 
is called the reciprocal of the system of symbols 


By19 U,09-+-U 9 
M,,, 13 On,29+++An, ne 


358. The determinant of a system which is the reciprocal of a 
proposed system of n* symbols is the (n—1)" power of the determi- 
nant of the proposed system. 


If we multiply the determinants 


ere eee see eee 


and a he | 


we obtain for the product 


16—2 
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where ¢,=A,10,1+4,.,.+.-.-+A,,a, Hence by Art. 349) 

the constituents of the last determinant have the value R or 0) 

according as 7 and & are equal or unequal. Thus this determinant: 

reduces to its first element ¢,,c,....¢,,,, that is, to R". Therefore: 
Fe. OES eS 


eeeesee eee eee 


A,yy . Fess 
therefore oR. ONO TY | oly 
By oe" ee 


359. Suppose we have a determinant of the n™ order, and in 
the square symbol denoting it suppose m columns and m rows 
destroyed ; the remaining symbols may then be supposed moved. 
close up so as to form a new square symbol which is a determinant 
of the order 7»—m. This determinant is called a partial determi- 
nant or a minor determinant, with respect to the original determi-. 
nant. The symbols common to the m rows and columns will form 
a square symbol which is a determinant of the order m. This is. 
also a partial determinant or minor determinant. The two. 
partial or minor determinants are said to be complementary to» 
each other. 


360. Let R denote a determinant of the order. A partial 
determinant of the reciprocal system of the order m is numerically 
equal to the product of A”™ and the complementary of the corre- 
sponding partial determinant of the original system. 


Let f, g,.--7, 8... denote one permutation of the m numbers 
1, 2,...n; and let 4, 4,...u, v,... denote another permutation. And 
suppose 7, g,... and 2, £,... to be groups of m numbers each, while 
7, 8... and U, v,... are groups of 7—m numbers each. Thus 


is a partial determinant of the reciprocal system of the order 
m; we shall denote it by S. 


eee sastes a eaiter ya 
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Now 


Cy, iy Oy, key ose Opus By vs eee 


ay, t? a, 


eeeeveve eee ene =e 
Dy, iy Dy, ky i Dyus Gy, v9 ree 
Ds, iy Os ky o++ D, uy Us, v9 v bebyy 


? 


»k) eee Vy uw» Qe vy eee 


seeerneevevee see 8 See Fee eee eee 


where ¢ is + 1 or —1 according as the permutations f, g, ... 1, 8, ... 
and 2, k, ... u, v, ... belong to the same class or to different classes. 


We now propose to obtain the product of these two deter- 


-minants, The determinant S may be raised to the order by 


‘inserting additional constituents; see Art. 348. Thus we may 
put for S the following determinant, ; 


avs Ay us ey ee Baie 


J, %? Ay 545 sndhie) Fee 
B,, és Beg Bis is ios 
Beas Ps sagen Bn ds y . Sie 


eoereseew ese see eeeecee eee eee eee 


where the constituents denoted by the letter 6 with suffixes are 
all supposed zero, except those which stand in the diagonal, which 
are all supposed equal to unity. 


Now form the product of S and «ef, which will be a new deter- 
minant of the order n. Let the constituents of this new determi- . 
nant be denoted by the letter ¢ with two suffixes, the first of which 
indicates as usual the row and the second the column. By 
Art. 356 there are four ways by which we may determine the 
constituents in the product of S and «ef; we shall select the first 
of these, according to which ¢,,, is obtained by multiplying respec- 


tively the constituents in the p™ row of S by those in the g row 


of eR. Thus | 
C,,,= Ay hy + Ay dnt... + Ayu ut Ay eGy yt 
C49 =Ay, 1, + Ay ny, + es +A, a, + Ay yg, + ‘i 


ug, u 
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Therefore by Art. 349, we have ¢,,,, ¢,,,,...¢,,,, all equal to &, 
while all the other constituents in the first m rows of the determi- 


nant which is the product of S and «f are zero. 


For the first term in the (m+1)™ row, we have 
Cmat1 = By, Uy, e+ By, xy ut. + By, yOu + B, vUpyt 200 = Oy uy 


because all the symbols denoted by B with suffixes which occur 
here are zero except B,,,, and that is unity. For the second term 
in the (m+1)" row we ‘have similarly 


Cm +1, 2 = My, us 


Proceeding in this way, we find that the (m-+1) row in the | 
product of S and ef is the same in the (m+ 1)™ column in eR. 


Similarly, the (m+ 2)" row in the product is the same as the 
(m+ 2)™ column. in €R. 


The determinant then which is equivalent to Sc reduces by 
Art. 346 to the product of R” and the following determinant of 
the (xn —m)" order, 

Dr,uy Upyy s+ 
Cres City ix 


Thus S =eh"™’ Byun Ur,v9 
Gs,us Dev winded 


361. The following examples may be verified by the student. 
In examples (4), (5), and (6), we have determinants of which the 
constituents are themselves determinants. 


(1) 0, a, B, Y 


” 0, Yy B, = a°a,*+B°B,*+y"y,"—2a0,B88,—2a0,yy,—2A8,yy, 
B, Vp 0, a, 


) B,, Gy 0 
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(2) 0," a, B, y 


oe 0, Y» B 
—-B, -y,, 9% Z = (aa, — BB, + yy,)" 
aah & —B,,-%, 0 


(3) 0, a, B, 7 
eh hs ee =6+ 6 (a? + BP +y?+a,°+B+y,) 


—B, ae oi 6, a, + (aa, — BB, + yy,)’ 
gaat —B,,—@ 6 
(4) 6g a 
I; J, h =a|d,h, g 
h, 6 
9, a, h e pad 
a Ae. h, b i 
(5) 1% : 
Lk h,g =h\a, h, 9g 
es h, 6 A, Oy: 
b,d1 lof Josie 
(6) be fel ve 
fhe; |%g\ |\nF ‘ 
a, ht, g 
J; ¢ C, 9 J, & th 
=the square of | h, 6, f 
h, >a ae 
at 19 Fe rae 
h, b qd; a a, h 
HS\ |i h\ [h, 6 
(7) a, 6 A ae C, & ye lao 
a,, 6 | Cy) d, b,, g, ay) d, Ci» &, 6; d, a 


Ete | 


248 APPLICATIONS OF DETERMINANTS. 


XXVITI. APPLICATIONS OF DETERMINANTS. 


362. Suppose we have to find the values of 2 unknown quan- 
tities #,, v,,...7, from the following 7 simple equations, 
Oy Ly + M1,2%e + Ay 3% +... + Dyn Xy, wt U1; 
Dg, Ly + ig, g Ly + Ag, gM +... + Ue, ny = Ups 
Dn, 1 Ly + Ay ge + An, 3X3 + oe TO x = Uy; 


Ny ~~ N 


Let & denote the determinant 3+a,,; 42,5 ...G,,3 and let A;, 
denote the coefficient of a,, in &. Then the values of the unknown 
quantities will be given by the formula 


Beaty, = Ur Ay p+ UgAg pt... + UpAn yy 
where & may have any value between 1 and n both inclusive. 


For let the given equations be multiplied respectively by 
Axi Asy---4n,,; and add the results. The coefficient of a, is 
then 

Qy,,Ayy + Men Aen + +--+ Onjz Angry 


which is equal to & by Art. 349. The coefficient of x; is 
Oy, Ay +O, Ae nt. + Oy iAn, ws 


«which is zero by Art. 349. 


We may write the formula which gives «, thus, _ 
hs, = 8, 


where S is also a determinant, namely the determinant which is 
obtained from & by removing the &* column of & and substituting 
for it the column formed of w,, w,,...u,,« : 

363. Suppose that the determinant & vanishes; then the — 
values of the unknown quantities become infinite. This indicates 
that the given equations are inconsistent; see Algebra, Chapter xv. 
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- 364. Suppose that w,, w,,-.. %, vanish, and that F& also 
vanishes. The method of Art. 362 gives for the unknown quan- 


tities the indeterminate form 7 In this case we may take n—1 


of the given equations, and these will be sufficient to determine 
the ratios of n—1 of the unknown quantities to the remaining 
unknown quantity. 


These ratios can however be at once assigned. Jor we shall 
have 


OR RS a ee ee ae eo 


| where 2 is any integer not greater than 7. 


For since L=0, we have by Art. 349, for all integral values 
| of 2 and & between 1 and n, 


Oy Ay 1 + OpeAire + Up spat... = 05 


and thus when #,, x,, “,,... are taken in the ratios assigned above, 
we have 3 
| Oy, Ly + Ay He + Ay 3X3 + veeeee =O, 


By taking n-1 of the given equations, and supposing 
(%, U, ...u, all zero, we shall obtain in general a single definite 
value for the ratio of each of n—1 of the unknown quantities to 
the remaining unknown quantity. Hence it follows that when 
fi =0 the ratios 


are independent of «. 


365. If wu, u,.-.u, all vanish and # does not vanish the 
system of equations in Art. 362 has no solutions, except we suppose 
©, ,,-..@, all zero. The condition A=0 is thus necessary in 
order that the unknown quantities may have values which are not 
Zero. 


366. . For example, in order that the equations 


ae+by+e2=0, 
02 + by + C2 ie 0, 
a,x2+by+c2=0, 
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may admit of solutions which are not zero we must have 


a5 b, C, 
De b., C, 


ay Oy Cyd = G, 


If this condition is satisfied the equations may be satisfied by 


CrP Se oe) ee, oe a, 5, 
b,, ¢, Cy a, a, 6)’ 

or @% 2 y 2 2%. 1.6, ¢.1 2] 6,5 & | > 1a, 5, 
Gigi te Cy &, Gig: O24. 

OC. as Pe ie 6 det Fa, 4s 
6, Ce Coy Go, b, 


These three forms = solution coincide my Art. 364. 


367. From the given ‘equations in Art. 362 we have deduced 
UA, +-UgAg,+UzAg ts... +U%,4,,= fu, 


UAy ot UzAy.+ UsAg ot .. .+0,4, = Ra, 


Uy Ayn + UgAgn + UgAeg nt vee + UpAnn = RU,- 


nu Ns 


Let p denote the determinant }+4,,A,,...A,,,; and let a,, 


denote the coefficient of A,;, in p. We may from the above equa- 
tions find the values of u,, w,,...u,; and by proceeding as in 
Art. 362 we shall obtain the general result 


p= Rl aa, oh Le Ay, 9 -- eee +2,04,4} . 


By comparing this result with the given equation in Art. 362, . 
Uy, Ly + Ay, gXq + eee + Oy,» Ly, = Ups : 
we have, since the values of wu, must be identical, 


R Oy, ¢ 


= Uy, 4 
p 
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But p=" by Art. 358; thus 
0 aiid ee 


368. We now proceed to apply determinants to another 
problem, that of forming the product of all the differences of 
given quantities. 


| Let » quantities be denoted by a,,a,,...a,. Let P denote the 
product of the differences obtained by iabicastiog each of these 2 
quantities from all those which follow it, so that 


P= (a~ a) (4-4) -- (4,4) (44 = 0) (84-4) -- (0,— 24-1) 


Then P may be exhibited as a determinant of the order ». For 
consider the determinant 


n—-l 

ty @, B46, 
a—l 

1a? 6. a, 
2 n—-1 

1, ay Ree 


This determinant is a rational integral function of the quantities 
a, @,,...a@,; and it vanishes when any two of these quantities are 
equal, by Art. 345. It is therefore divisible by the product 
which we have denoted by P. Also both the determinant and 
n(n—l), 
of a,, a,,...a,; therefore the quotient when the determinant is 
divided by P is some number. And this number must be unity, 
as we see by comparing the first element of the determinant with 
the product of the first terms of the binomial factors of which P 
/is composed. 


the product P are of the degree —-—~— in powers and products 


| 369. The determinant of the n™ order consists of | terms. 
The product P prior to simplification and cancelling would in- 


n(n—1) 


i volve a much larger number of terms, namely, 2 * . Thus the 
) deter minant is an advantageous form for the product on account 
‘ of the saving in terms. 
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370. We have 


ee 2 n—1l 2 n—1 
2 n—1l n—l 
n—l n—l 

a a ae eS Le Es nia: 


Now the product of these determinants can be exhibited as a 
single determinant; adopting the last of the four methods given in 
Art. 356, we have 


2 
i a 895 re) 859 §-1 
S\> 8,5 S.5 ‘ $. 
S,-1) s) S419" Son—2 


where Soa, +al+... +4,” 


371. Suppose for example that a,, a,,...a, are the roots of an 
equation of the n™ degree; then P’ is the product of the squares 
of the differences of the roots. Thus the product of the squares 
of the differences of all the roots of an equation can be exhibited 
as a determinant, the constituents of which are known in terms of 
the coefficients of the given equation, for s can be expressed in 
terms of the coefficients. | 


372. Suppose we have to find the values of the m unknown 
quantities x,, x,,...7, from the equations 
+ 0,4+0,+. +e, =1, 
Ua,+0,0,+0,0,+...+e a =F, 
2 2 2 ae 
Ua, +%,a, +%,a, +...+¢H 0, =0, 
0.9" +00 pa eae sor | 
The values of the unknown quantities will be determined by the | 
formula et 
a 
ais (a, —t) (a, —t) ry 2 (a,_, —t) (a,,,—#) dss (a, —t) 1 


a (a, vs a.;) (a, — a;) coe (a;_, _ a.;) (a,,, oe a,;) nF (a, — a;) ; 
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For by Art. 362 


Rn, = 8, 
where =| I, 1, SM aie 
O.5. Gay 8 Ge 4-4 
2 2 2 2 
Oy. he Mee 218, 


a,» 9 % Oa) n 
2 2 2 3 
Sys 4D gine. 5 By apg ee Oe 
n—1 n—1 u—l n—1 n—1 
a. 922 Gi ity t 9 Qigry +++, 


Now let the <” column in £& be placed first, and the 7” column in 
S be placed first ; see Art. 347. Then let the two determinants 
be changed into products of differences by Art. 368; and by can- 
celling common factors in the numerator and denominator we 
obtain the value of a, in the form assigned above. 


373. The method of determinants may also be used to obtain 
the resulting equation when certain quantities are eliminated 
from given equations. Suppose we have to eliminate x from, the 


equations /(x)=0 and ¢ (x) =0, where 
J (x) = 4, + 0,2 + 0,2" + &, 2°, 
d (x) =b, + b,0 + b,x". 
We may proceed thus, 
J (x) =a, +4,0+ 4,%° + a,x° + 0, 
af (2) = 0 + 4,0 + a, 2" + a, 2° + a,x", 
(x) =b,+ b,2+6b,27+0+0, 
ab (x) =0+6,0+6, 2° + b,2°+ 0, 


xp (2) = 0+0+ 6,0" +b, a* + b,x". 
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Let R=|a,, a, a 
a 


0 
| 0, 0, 


2}? 
then since by supposition /(«)=0 and ¢ (x) =0, and therefore also 
xf (x), xp (x), and x* (a) are all zero, it follows by Art. 365 that 
f= 0 is the necessary relation which must hold among the coeffi- 
cients of f(x) and ¢ (a). 


374. We have given a particular example in the preceding 
Article, as the general investigation to which we now proceed 
will thus be more intelligible. Let 

J (%) =a, + a,0+0,07+...+a,2"=0, 
d (©) =b,+06,0+6,0°+...4+6, 2"=0; 
and suppose we have to eliminate « between these equations. 


We have 
J (@) =, 40,04 6,07 + ...+0,2", 


af(c)= a wtaat...+a,_ 2" +a,2"", 


¢ a" f (a) = G0" + 0,0" +... 
b(a)=b, +b,0+b,a%+...4b.2%, 
ab(c)= bae+bar+...+b a+b a, 
x" b (x) = bx +b a +... 


Let & denote the determinant of the order m+ which has for its 
first m rows 
0, Oo Oe 


es Gece os Bo OE a, 


Qs a, Bey++- 


m? 


0, 0, Uy 9+++@ 2? a —}) q@) Onis 
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and for its next m rows 


bd, 6.5.58 @, 6 0) 0, 
0, ae b., n—-1) ' n? 0, 0,. 
0, 0, b,; n—-2? n-1? b, 0, 


then R=0 is the necessary relation among the coefficients in order 


i 
‘ 
| 
i 


that f(x) and ¢ (x) may simultaneously vanish. 


The relation R= 0 has been called the resultant or the elimi- 


- namt of the proposed equations f(x) =0 and ¢ (x) =0. 


375. The terms in the quotient obtained by dividing one 


algebraical expression by another may be exhibited as deter- 
minants. 


Let $ (x)=a,0"+ 0,0") + a,c" 7+ ...4+ 0,0" +... 


Y (a) = 6,2" + be +b P+ +b +... 5 


ae? 
and let the quotient of ¢ («) divided by (a) be denoted by 


Ci +O ete. ha 


Then will 
°F 1 b,, 0, 0, 0, rere a, 
: Aes b., b., 0, 0, TR SA a, 
o, b., bos 0, enw wate a, 
a; o., o., b.; bause o% a. 
6, bi Pas ee res cesses a. 


This may be shewn by trial to be true when 7=0, or 1, or 2; 
and it may be proved generally by induction. We will suppose, 
for example, that ¢,, ¢,, ¢,, 73, and g,, are admitted to be properly 
found by this law, and we wish to prove that ¢, is so also. 


By multiplying y(x) by the quotient and equating to ¢(a) we 


find 


0, = qb, + 7,0, + 9,0, + 9b, + 9,0, +9, gree eeeeereee (), 


and we have to shew that the value which we thus obtain for q, 
agrees with that found by the determinant. Let R denote the 
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determinant, then 


1 8y 0 @, 0,80, 4. 

ae b., by; 0, 0, 9, a, 

Baa Os es a Oe 

ie fre Sic aka 

b,, b,) 6.) b,, by a, 

id ae AS Soe 

=j{- §,b, +8,b,—8,b,+8,b,— - 8,5, +S,a, |, 
0 


where S,, S,, S,, S,, S,,S,, are determinants which arise from 2’ 
by suppressing the last row always and one column successively. 
Thus 


mo), 0, 0; 0, <a, a, 8,9). 9 
by 7, 2 O60.“ &, 05:90," BO 

Os Per O- a toi @, Os, 3,0; 0 

6,5 b,; by» 0, a, Os, 6,5 b bas 0 
b,, 6, 6, 5, a, a, 0., 05 ¥,, 0, 


b 
by Art. 344. Then by repeated use of Art. 346, we obtain a,b, 
as the value of the determinant; thus 


S, a 
8,2 - Tag Fo 
Again 
B= 4 b5°.0, 1G, -9, a, Big ay 3G, 9, 0 
b.,.: 9 Op,.0,. a, 6.,..@., #0, 9,.-9 
Ba, Bas 054, D4 .— | O55; Gy Og, 9, 0 
Ds OF, Oa Vie Day Mes: Cie Bia 2 
Dy C5: Bin Date 05, bin Oa, O55).05 
by Art. 344. Now it may be proved as in Art. 346 that 

DG, 0;, Uy 9 a, @ Pgh SAS 
a 2.,..0, 0, 0 b, 4, 4 tw 
o, &:;° 0,77 9,0 8.50.5 0; 
by; 2433 0,57 5,,:0 
G, Mi 9,6 dys, 
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b,, @ “ b, @ 
Thus S,=— 2 6; 6, O a | 0? “o bA aiigh? 
b » a 2 r aa 0 re 7 
1 1 b., b,; 6, 1? 1 
therefore LA =~q,. 
0 
Again, > Bi Ont. Oem. 
b,; by» 0, 0, G; b ’ 0, a 
6,, 6,0, 0, a,|) = i a 4, li | 
b,, 5., 5, 0, a, b,, b,, a, b,, 5, 
6.5 O59 Di, Duy Be 
= 9), ; 
therefore bi = @.. 
b, 
Similarly eae, 
b, 
8, 
Rn 
’ S, 
and 55> ze 
thus ib, =— 956, — 9,04 — q,0,~9,),> q), © Deevees (2) ; 


hence we see that & found from (2) agrees in value with q, found 
from (1); which was to be proved. The method which we have 
used with respect to g, is general, and thus g, has the value above 


assigned. 


376. We will finish with two examples. 


(1) Let there be a determinant of the order x +1 in which 
all the constituents are equal to unity except those which form 
the diagonal series, and these are 1, 1+a,, 1+a,,...1+a,; the 
value of this determinant is a,a,...d,. 

T. E. 17 
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For if any one of the quantities a,, a,,...a, vanishes the 
determinant vanishes, because it then has two rows identical ; 
thus the determinant is divisible by a,a,...a@,. And the quotient 


of this division must be unity, as we see by considering the first 
element of the determinant. 2 


(2) Let there be a determinant of the order in which all 
the constituents are unity except those which form the diagonal 
set, and these are 1+a,, 1+4,, ...1+a,; the value of this deter- 


minant is 
ag 1 
A,0,...@,,1+—+—+..4+—}. 
1 a, n 
For if any one of the quantities a,, a, ...a@, vanishes the 
determinant reduces to a case of the first example; and the term 


a,a,...@, 18 found by considering the first element of the deter- 
minant. | 
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EXAMPLES. 
I. 
1, Fivnp the quotient and remainder when 


a? + Ta + 30° + 17x? + 10” — 14 
is divided by a—4. 

2. Expand (a+.)”" in powers of a, and then obtain the are 
derived function of (a +2)”. 


3. Shew that the equation a + 3x°+2—6=0, has one root 
and only one between | and 2. 


II. 
1. Find a root of the equation at=+/—1. 
2. Find a root of the equation 2° = — Md RS 9 


— 


ITT. 
1. Form the equation whose roots are 1, 1,-—1, -2. 
2. Form the equation whose roots are 1+ —2 and 2+/ —3. 


3. Form the equation of the eighth degree one of whose roots 


Fierce ss 


4, Solve the following equations in each be which one root is 
given. 


(1) o—2°+8e+5=0; 1-2./—1. 

(2) ot+ 4° + 6a°+4424+5=0; J/—1. 

(3) at+a°—250°+412+66=0; 347-2. 

(4) ot + 20° dade t+ 4=0; 4/2, 

(5) a*— 2a? — 5a?- 6a+2=0; 24+,/8. 

(6) a — a — 8a + 20° + 210° -9e-54=0; J/2+N—1. 
17—2 
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5. Solve the equation «°—«*+ 8x*—9x”%—15=0, one root 
being ,/3, and another 1—2./—1. 


6. The equation «*—4a°+x2+¢c=0 has one root=3; find ¢ 
and the other roots. 


7. Find the sum of the reciprocals of the roots, the sum of 
the squares of the roots, and the sum of the squares of the reci- 
procals of the roots of a° — 6a° + 402° + 60a°—a—1=0. 


8. The equation x*— 21x* + 1662° —546x2%+580=0, has roots 
of the form a, B, a+ 8B +(a—f) Pi ee ; solve the equation. 


9. Find the sum of the cubes of the roots of a given equation. 


10. Form the equation the roots of which a, B, y, 6, are 


5(1+V3 #28), and = 5 (1 -J3#0/—2,)3); 


£ 
and thence prove that nit + aad fh +2. 5 U, 
af ay 
1l. Ifa, 0,c,... are the roots of an equation, find the value 
o . ¢ oe 
oF: ptatetatat.. 


12. Assuming that the arithmetic mean of any number of 
positive quantities is greater npr? their geometric mean, shew 


that if p,?—2p, is less than mp,", the equation has impossible 
roots, 


13. Ifa, b, ¢,... are the roots of an equation, shew that 
(l-p,+p,—...)?+(p,-p,+p,—+--) =(1 +a*) (14 6°) (1 +c’)... 
We cris tae : 
| 
1. Transform each of the following equations into another 


the roots of which are formed by adding to the roots of the origa 
nal equation the number assigned. | 
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(1) «°— 3a*-—27+4=0; 1. (2) a +a+1=03 3. 
(3) a +4e°-a%+11=0; —3. 


2. Transform each of the following equations into another 
wanting the second term. 


(1) a#—32°+4e—4=0. (2) a —62°+120+19=0. 
(3) a*-—8e°+5=0. (4) w°+5a*+ 32° +9%+xe-1=0. 


3. Transform each of the following equations into two others 
each wanting the third term. 


(1) a +5a*+8e—1=0. (2) 2°— 6a? + 9x2—-10=0. 
(3) a*—82?+182°—-15a+14=0. (4) a*—18a°—602’+2—-2=0. 


4, Transform the equation x* + 2a*+ ; + += 0 into another 


with integral coefficients; and unity for the coefficient of the first 
‘term, | 


8, Remove the second term and solve the equation 
a® — 182° + 157x—510=0. 


6. Transform each of the following equations into another 
whose roots are the squares of the differences of its roots; and 
discuss the nature of the roots. 


(1) x2*+7e-1=0. (2) «°—6e2+6=0. 


| 7. Transform «*—12a2°+12%—3=0 into an equation whose 
roots shall be the reciprocals of those of the given equation; and 
a diminish the roots of the transformed equation by unity. 


8. Shew that the equation a* + 2° —8%—15=0 has two real 
roots of contrary signs, and that it cannot have more real roots ; 
and that they lie between — 2 and 3. 


9. The roots of the equation x*+pa?+qua+r=0 are denoted 
by a, 6, ¢; transform the equation into others which have the 
roots assigned in the following cases, 
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(1): a, Bc. (2) b+e,c+a,a+b. . 
1 1 1 “oe 
Py eis’ Gia? oth oe ee 


(5) b’c’, ca’, a? b?. (6) Pe (ka), rf (kb), J (ke). 
(7) 5@+e~a), 3(e+a—2), 5(a+b—0), 


hg sdb. Cc 
©) geet Gra" aed" 
a b Cc 
(9) b+c-—a’ ¢c+6-6' a+6b—c" 
; 1 1 1 ae ge Pie ee ae 
(10) bc+ ca +s, ab +—. (11) B+e’, +a’, a’ +b’. 
bite b Vet. ero. 2 +h 


Cf 6 
(12) pee aaeg ars (13) 


(14) b-—c, c—b, c—a, a—c, a—b, b—a., 


be? ? ea ’ oe 


10. The roots of the equation 2°+qu+7r=0 are denoted by — 
a, b,c; transform the equation into others which have the roots 
assigned in the following cases. 


©) (F5)> a) @): 


(2) ba+ac, ch+ba, ac+ cb. 


1l. If a, 6, ¢ denote the roots of a*—6a°+1llz—6=0, form 
the equation whose roots are 
1 1 1 
+c? +a?’ a+b 
12. If a, 6, ¢ denote the roots of 2*—2x27+2=0, form the 
equation whose roots are 
+e +a a+B° 


3 3 6? 3 Cc ¥ i 


13. Prove that the third term of the equation 
a + pa+qeu+r=0, 
© ; 
cannot be removed if p* be less than 3g. | 
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14. Shew that the second and fourth terms of the equation 

| t+ pie t+p ce +p,c+p,=0, 

can be removed by the same transformation if 8p, = p,(4p, — p,’). 
15. Solve the following equations : 

(1) at+4a°+7a°+62—-10=0. (2) w*+4a°+32°-2e—-6=0. 
16. Shew that the equation 2°+4a°+6x2+3=0 does not 


admit of the second and third terms being removed by the same 
transformation, but that it does if multiplied by 2. 


17. Shew that it is possible to remove the second and third 
terms of an equation of the n™ degree if 


n x (sum of squares of roots) = square of sum of roots. 
es 


1. Shew that the equation 2°—4x°+3= 4 has. at least two 
imaginary roots. 


2. Shew that the equation x’ —2a*+2°-1=0 has at least 
four imaginary roots. 


3. What may be inferred respecting the roots of the follow- 
ing equations ? 


(1) «°—5a°+a*—a2-1=0. (2) a®—2"+a"+24+1=0. 


x 


1. Solve the following equations, each of which has equal 
roots. 


RG 


(1) a? —Ta*+162—12=0. (2) a? — 3a? 9x +27 =0. 

(3) a —a®-8e+12=0. aoe 8 
isons Oy 

(6) waxy =0. (6) a B+ 57570 

(7) a? + 8x" + 200 +16 =0. (8) be hpcatle 
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(9) a*—1la?+18*e—8=0. 

(10) «a*—2a°—a2?-4a+12=0, 

(11) a*—7a* +132? + 3u—18=0. 
(12) a*—4a*°- 6x? + 36a —27=0. 
(13) a*+ 130° + 33a’ + 312+10=0. 
(14) 2a*—12a°+192*?-62+9=0. 
(15) a*+ 160° + 792? + 1262+ 98=0. 
(16) 8a*+4a°— 182?+ lla —2=0. 
(17) a —a*— 2a° + 20° + w-1=0. 
(18) o°— 2a — 6a? + 4a? + 1324+ 6=0. 
(19) a°—13a* + 67a°—17 1x? + 2162—108=0. 
(20) 2° — 30° + 62° — 32°-32+2=0. 


2. Find the condition that «*—pxz*?+r=0 may have equal 
roots. | 


3. If x'+px*+qu'+rx+s=0 has three equal roots, shew 
that q° — 3pr + 12s =0. 


4. If a*+p,2"'+...+p, =0 have two roots equal to ay 
shew that p,a""'+ 2p,2""* +... +np,=0 has a root equal to a. 


5. If 2° +qu°+ru*?+t=0 has two equal roots, prove that 
one of them will be a root of the quadratic 


2g. bt 4g 
+ a Tee O. 
VIL. 


1. Find limits to the positive and negative roots of 
a° — 5a’ + oc + 120° — 1227+ 1 =0. 


2. Write a*— 82° + 1227+ 16a—39=0 so as to shew that 6 is _ 
a superior limit of the positive roots. 


3. Shew that the real roots of the following equations lie 
between the limits respectively assigned. 
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(1) a*—a*+4a°-32+1=0; and a 


(2) a*+a°—10e°-a2+15=0; —4 and 3. 

(3) 2° + da*+ x*— 16a*-202-—-16=0; —5 and 4. 
(4) («x* — 26) (a? +5ae+1)+60x=0; —5 and 3. 
(5) («’—4ae—2)’-43=0; —2 and 6. 

(6) a +a*+a°—252—36=0; —5 and 5. 


4, Find by Newton’s method limits to the roots of the 
following equations. 


(1) a* — x° — 5a? + 8a —-9 =0. (2) w«t— 5a? + 6x—1=0. 
0) *— a+ 4a? +e—4=0. (4) a*—5a°+ 11z*-—20=0. 


(5) a — Qu’ — 3a?-15a—3=0. 


5. Prove that «°+5a*—20a°-19x—2=0 has one root be- 
tween 2 and 3, but none greater than 3, and one root between —5 
and —4, but none less than — 5. 


6. Apply the method of Art. 102 to find the number and 
situation of the real roots of the following equations. 


(1) «—12%+17=0. (2) a«*-—32x7+20=0. 
(3) a —32+3=0. (4) 4a? + 9x?-127+2=0. 
(5) «’—a’x*?+c'=0. (6) a2” —pa?+r=0. 


7. Shew that the equation 3a*+ 8a°-—6x°-24¢+7r=0 will 
have four real roots if 7 is less than —8 and greater than — 13, 
and two real roots if ris greater than — 8 and less than 19, and 
no real root if r is greater than 19. 


VIE: 


1. Obtain the commensurable roots of the following equa- 
tions. | 
(1) «—106x—420=0. (2) 2° — 9a? + 22a —24=0. 
(3) 2° — 2a*— 254+50=0. (4) 2a*°-32°+ 2e2-3=0. 
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(5) 3a°—2a°-62+4=0. (6) 3a°— 26x + 342—12=0. 
(7) x*—2a°+ 8x-—16=0. (8) «*—a*°—13x’+ 16x%—48=0. 
(9) a*—a®—a?+19%—42=0. (10) at+ 8a°—7a*—49”+56=0. 
(11) «°— 3x*-— 9a? + 21a2* -— 10”2+24-0. 
(12) a°— 7a? + lla*—7Tax* +142? — 2824+ 40=0. 


2. The coefficients of the equation f(x) =0 are all integers ; 
shew that if f(0) and f(1) are both odd numbers the equation 
can have no integral roots. 


‘ae 


1. Solve the following equations each of which has two roots 
of the form a, ~a. 


(1) 2t—2a°—Qa7+8e—-8=0. (2) 2xf+3a°—7a*-272-18=0. 
(3) xt + 3a°+20°+92—-3=0. (4) at+a°—1le?+9e+18=0. 


2. Solve the following equations in each of which the roots 
are in Arithmetical Progression. 


(1) 2 —6a°+ 1llaz—6=0. (2) a? —9x° + 23x —15 =0.. 
(3) a*—8a°+140°+ 8a—15=0. (4) a*+ 4a°— 4a*°- 16x=0. 


3. Solve the following equations in which certain conditions 
relative to the roots are given. 


(1) 3a*°-2x°—27”2+18=0; product of two roots is 2. 

(2) — 3x°—6x—2=0; product of two roots is —1. _ 

(3) E — 42° + 5a’ —16x+4=0; product of two roots is 1. 

(4) 2a*—5a*+11a*—1lx#+6=0; product of two roots is 1. 

(5) «*—45x°— 402+ 84=0; difference of two roots is 3. 

(6) a+ Tx* + 15a°— 152° + 14a—8=0; one root double another. 


4. Solve the following equations in which the roots are of the 
forms respectively assigned. | 


(1) «#—10a”’+27%—18=0; a, 3a, 6a. 
(2) w*— 10a? + 3527 —502+24=0; a+1,a—1, 6+1,6-1. 
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(3)  6x'— 432°+ 107x*—108a+36=0; a, b, © 


(4) 2° + 8a* + 5a*°— 50x*-36x+72=0; a, 2a, b, 2b, a+ 6. 
(5) 2x°—4a°+ 10a*— 162°+ 440°— 162+ 56=0; a+,/2+,/b, +,/c. 
(6) «#° —12a*—2a°+ 372°+10x—10=0; 1+,/a, b+,/2, +,/e. 


5. Solve the following equations, each pair having a root in 
common. ? 


(1) «°—3a°-16e%—-12=0; 2° -—T2*°+5~+13=0. 
(2) w—32?+1la—9=0; 2 —52?+1la—-7=0. 


6. Solve x2°—72’?+36=0,. and a2 —32°—102+24=0, the 
former of which has a root equal to three times one of the roots 
of the latter. 


7. Solve the following equations which have two roots in 
common. 


at — 2x? — Tx? + 26a —-20=03 a* + 4a°— Qn? -124+8=0. 


8. Find in terms of m and a the roots of the equation 

a* + pas’ +(m? +m) a’a* + ga°x + a* =0, 
which are in geometrical progression ; and determine p and gq in 
terms of m and a. 


X. 


1. Solve the following reciprocal equations. 
(1) ax*— 2a*+3a°—22+1=0. (2) a*+4a°—5a?+4a+1=0. 
(3) Qa*—5a*+ 6a°-5a+2=0. (4) a*+42°-102°+40+1=0. 
1 (5) a —2Qa*—192°-192*-2e+1=0. (6) 2°—4a*+0°+2°—40+1=0. 
(7) 6a°— 1la*— 33a* + 3327+ lla —6=0. 
1 (8) 2a° — 5a’ + 4a*— 40° + 5a—2=0. 
} (9) 8a°—16a*—250°—162+8=0. (10) 1+a°=a(1+2)*% 
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2. Obtain roots of the following equations, and depress the 
equations. 
(1) a? — Qa°+ at+ a° —207+1=0. 
(2) a’ + 2a°— 82° — Tat — 72° — 8a? + 2e+1=0. 
(3) a+ 2a’ + 3x°+ Qa? — 2a? — 8a°-2a—-1=0. (4) w”-1=0. 


3. Exhibit the roots of «*+pu?+1=0 in the form 


yy 
"ae Oy 


4, Ifa, b, c,... denote the roots of the recurring equation 


a, 6, 


a" + pe"! + ga"? +... + 90° + pxt+1=0, 
2 2 2 2 ra 
yet ot.. “pa +4 ae . = (p* — 29)’— 1. 


5. In the recurring nate a" — pa" +... = 0, if the terms 


are alternately positive and negative and p sa greater than 27, 
the roots cannot be all real. 


XI. 
1. Solve the following equations. 
(1) #°—-—1=0, (2) @&—1=0. ° - {3) &+1=0. 
2. Shew that the factors of a*+ 6° +c* — 3abe are of the form 
_ a+ bi+e’, where ?—1=0. 
3. Shew that the factors of 
a?(a?— 4bd — c°)—b*(b?— dac — d*) +6? (c?— 4bd — a”) —d?(d?— dac — b’), 
are of the form a+ 0k + ck’ + dk’, where k*—1=0. 


XII. 
1. Solve the following equations. 
(1) a#’-—3e-—2=0, (2) «°—92-—28=0. 
(3) 2°—-x«%+6=0. (4) + 85. 
(5) 3a°-— 6x°?—-2=0. (6) a°—15a*— 33x + 847 =0. 


(7) a + Cas? = 36°. (8) 2-3 (a+ bt) = 2a(a*— 30"). 
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2. Determine the relation between g and r necessary in order 
that the equation «*+qx+r=0 may be put into the form 


a* = (0° + ae +b)’; 
and hence solve the equation 8x* — 36a” + 27 =0, 


3. If the roots of the equation 2°+pa2°+qu+r=0 are in 
Geometrical Progression, rp*=q*. Hence solve the equation 


a — a’ + 2u-8=0. 
4, If the roots of the equation 2° + qgx+7=0 are diminished 


by 4, shew that the transformed equation will have its roots in 
Geometrical Progression if 4 be such that 27rh* — 9q°h? — ¢° = 0. 


5. If the roots of the equation x + 3pa* + 3¢a +r=0 are in 
Harmonical Progression, 29°= r (3pq — 7). 


6. If the roots of the equation «°+ 3px*+ 3qa+r=0 are in 
Harmonical Progression, the equation rx’ + 2q°x+qr=0 contains 
the greatest and least of them. 


7. The impossible roots of x*+qu+r=0 being put under the 
form a+ — 1, shew that B = 30° + q. 


8. If r,a+,/8, a—,/B, are the three roots of the equation 
a +p.0° +p,0+p,=0, of which x is real, and if 2°+m,2°+ma=0 
is the equation resulting from the diminution of all the roots by ¢, 


shew that a=— "3! +7 and B=— > (m,+ 3), —D,°) 


9. Reduce the equation «+ pa°+gx+r=0 to the form 
y° —3y+m=0, by assuming «=ay+6; and solve this equation 
by assuming y= 2+ : . Hence shew that if the original equation 
| has equal roots, 


4 (p* — 39)’ = (2p° — 9pq + 277)’. 


: 10. . If the roots of the equation 2°+ px*+qr+7=0 are in 
| harmonical progression, so also are the roots of the equation 


(pq — 1) y° — (p* — 2pq + 8r) y? + (pq— 3r)y—7r=0. 
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XITT. 


1. Solve the following equations. 
(1) at+4a*+3e*—44e-84=0. (2) af—6a"—82—3=0. 
(3) a*—12x°+49a*°-78x+40—0. 
(4) at —2ax* + (a? — 20°) x* + 2ab*e— ab? =0. (Art. 192.) 


2. If r°—p*s=0 the equation a*+ pu* + ga*+ra+ p= 0 may 
be solved as a quadratic. 


{yes jolt s and p are positive and 27p* less than 256s the roots 
of the equation a*+ pa*+s=0 are all imaginary. 


4, Assuming that the equation a2*+ ga?+ra+s= 0 has roots 


of the form a+ —1, shew that the values of a and fB may be 
found by the equations, 


640° + 32qa* + (4q?— 16s) a? — 7° = 0, nN Bie 
Q 


>:6 BF 


1. Apply Sturm’s Theorem to determine the situation of the 
real roots of the following equations in which the values of some 
of Sturm’s functions are assigned. 


(1) «*—4a°— 32+ 23=0; f(a) =—491la +1871, f(x) =—. 

(2) wt—4a?+a?+60+2=03 f(a) =5a*—-10x—7, f(x)=a-1, 
J (x)=+. 7 

(3) at+a°+ae—-1=0; f(x) =3e°-12a+17, Art. 199. 

(4) o°—2a*+a?-82+6=0; f(x) = 16x°— 23x+9. 

(5) a + Bot 200" — 19-2 =0; f(x) = 200° + 60x" + 36a — 9, 
SJ, (x) = 96x0° + 187% + 67, f(x) =43651e + 54571, f(x) =+. 


2. Apply Sturm’s Theorem to shew that each of the follow- 
ing equations has only one real root ; and determine its situation. 


(1) 2 +62°+10a-1=0.° (2) a —Ga°?+8e+40=0, 
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| 3. Determine the situation of the positive roots of the 
equation a° — 2x* + 3x*—5x2—1=0, having given 
F(x) = 6a (a— 1)’ + 19x + 6. 


4, Apply Sturm’s Theorem to the following equations. 
(1) a’ +2°-22-—1=0. (2) «2° —4a°-4e+20=0. 
(3) a*+ 22°-4¢+10=0. (4) w«-x#%+1=0. 


XY, 


1. Shew that the equation 
x — 3a* — 240° + 95a — 462 — 101 =0, 


has all its real roots between —10 and 10, that it has one real root 
between —10 and —1, one between —1 and 0, no root between 
0 and 1, and one at least between 1 and 10. 


2. Apply Fourier’s Theorem to the equation 
e+ 32° + 72° +1024+1=0. 


XVI. 


1. Approximate by Lagrange’s method to the positive root of 
the equation 3a*°—4%—1=0.- | 


2. Approximate by Lagrange’s method to the root of the 
equation «* + a — 2a° —3a2—3=0, which lies between 1 and 2. 


: XVII. 
1. Apply Newton’s method to calculate the root which is 
situated between the assigned limits in the following equations. 
(1) .2°-4a—12=0; root between 2 and 3. 7 
(2) «°—4a*—7x+24=0; root between 2 and 3. 
(3). a —24a+44=0; root between 3-2 and 3:3. 
(4) a—15a—5=0; root between 4 and 4:1. 
(5) a*— 8a° +120’ +8x%—4=0; root between 0 and 1. 
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2. Apply Newton’s method to calculate a root of the follow- 
ing equations. | 
(1) w# +3x2-5=0. (2) 2 —32°—3x+20=0. 


XV ITI. 


1. Apply Horner’s method to calculate the root which is 
situated between the assigned limits in the following equations. 
(1) «+102 + 6x—120=0; root between 2 and 3. 
(2) a«*—2x°+ 21e—23=0; root between 1 and 2. 


(3) «*—5a*+ 37+ 352 —70=0; root between 2 and 3. 
2. Solve the equation «*—17=0 by Horner’s method. 


3. Calculate the real roots of the following equations by 
Horner’s method. 


(1) #+x2-3=0. (2) 2° +2x0e—20=0. 
(3) 3a°+5a—-40=0. (4) o°+10a*+8e—120=0, 


XIX. 
I. Find the value of the following symmetrical functions of 
the roots a, 6, ¢ of the equation «+ pa? +qu+r7r=0. | 
(1) (@+b+ab)(b+¢+be)(c+a+ ca). 
(2) (a@+b—2c)(b+c-—2a)(a+c— 20). 


(3) 3(a+b)’(at+e). (4) 3 (a@+b-2c)(b+c— 2a). 
os 0 ately) 


(7) (b-0(c—a (ay. 
2. Ifa, b, c, d are the roots of the equation 
xc’ + pu? +qu?+ra+s=0, 
find the value of 3(a + b)(c+d). 
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3. In the equation 2*+p,a""'+...+p,_,%+p,=9, suppos- 


ing the roots to be a, }, ¢,...¢ find 
(1) 3a*d. (2) S(a+b)(at+e)...(a+J). 


a2: eee. 


n=l 


4, Form the equation the roots of which are the squares of 
the sums of every three roots of the equation a*+pa*°+rxu+s=0. 
Also form the equation the roots-of which are the sums of the 
squares of every three roots of the same equation. 


5. If 8, S,, S,,... are the sums of the first, second, third,.. 
powers of the a of the equation f(«)=0, of the mn digi te, 
shew that 


an" 3 


6. If the equation 2*+p,2""+p,2""%+p,2"°+...+p,=0 is 
transformed into another of which the roots are the sum of every 
pair of roots of the original equation, find the first three coefficients 
of the transformed equation. 


XX, 


1. Transform the following equations into others whose roots 
are the squares of the differences of their roots. 


(1) w’*—4e+2=0. (2) of+4%4+3=0. (3) a*+1=0. 


2. Eliminate x from the equations 
ax’ +ba+c=0, an +b'e+c' = 0. 


EXE 
1. Find the sum of the assigned powers of the roots of the 
following equations: 
(1) .x*—a*—192?+49%—30=0; the cubes. 
(2) «°—32°-—5x2+1=0; the fourth powers. 
(3) 2° — 2a*—22a° — 2807+ 72a+144=0; the cubes. 
T. E. | 18 
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(4) a*+2¢+1=0; the inverse squares. 
(5) a°—a2-—1=0; the sixth powers. 


2. Ifa, 8, ¢,... are the roots of z*—1=0, find Sab’. 


3. If the sum of the r powers of the roots of oe equation 
x” +2+1=0 be expressed by S., and the sum of the 7" powers of 
their reciprocals by =,, prove that 


S..,-S,=1, and &_,-3,=2-2(-- 1)". 


4, In the equation 2” —2*°+1=0, find 3a"™, Sa"”’, and 3a’; 
supposing ” greater than 3. 


5. Find the sums of the 7 and (2m) powers of the roots of 
the equation x” — px’ +q=0, supposing ” greater than 7. 


XXII. 
1. Solve the equations 
(y—1)a°+ye+y’?—2y=0 
as dan Hl Seid j 
2. Solve the equations 


(y—1) a° + y(y+1) a + (8y° + y—2)x+2y=0 
(y—1) x nyse yet bye t= 0 \. 


3. Shew that the following equations have no solution: 


Se le al a) 
a —y'?+3=0 


XXIII. 


1. Find the first term of each value of y when expanded in) 
descending powers of x from the equation 
yx — ya’ + Byx* — y*a + 4y — 2a =0. 
2. Find the. first term of each value of y when expanded in: 
ascending powers of x from the equation 


ac? + oe! + arly — ary? + Qty? — aty* + y? — Say? + aity = 0. 
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MISCELLANEOUS EXAMPLES. 


1. If there be m quantities a, b, c..., and if » functions of 
them be taken of the form 
(a —b) (x —c)... 
(a —6) (a—c)...’ 


shew that the sum of these functions is unity. 


2. Remove the term which involves the cube of the unknown 


quantity from the baat yon 


a + da* + 2000 -1la+6=0. 


3. Shew how to transform an equation which has both 


changes and continuations of signs (1) into one which has only 


continuations of sign, (2) into one which has only changes of sign. 


4, If p and qare positive, the equation «”— px” +q=0 has 


four different real roots or none according as (= ) is greater or 


less than (4) ; and it has two pairs of equal roots if 


CY-GE) 


5. If -p 2%, - pat, —p,_x"*,... are the negative 
terms of an equation of the n™ degree, then the greatest root 
of the equation will be less than the sum of the two greatest of 


p 2 1 
the quantities (p,__,)*, (p,-,)’s (P,-.)'9 ++ 
6. If % be the last term of an equation of the n™ degree 


1 
whose roots are in geometrical progression, shew that k* is a root, 
if m be odd. Shew that, in a similar manner, one root of an 
equation of an odd degree whose roots are either in arithmetical 
or harmonical progression may be found. 


7. Find the greatest common measure of 
a — 6x + 7x° + Ta*~6a—3=0, 


and «°—2*-—32-1=0. Solve the equation 


ge = Gat + Ta? + 7a*®- 62 —-3=0. 
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8. Diminish by / the roots of the equation 
c+ ga*+ra+s=0; 


give such a value to f that the roots of the transformed equation 
may be of the form a, = ; > , and shew how this equation may 
be solved. Ex. a*—22*7+162+1=0. 


9. Shew by the process for extracting the square root of an 
algebraical expression that the equation 2*+ px°*+q2°+r2+s=0 
can be immediately reduced to quadratics if p’s—4gs+7°=0, 
or if p*—4pq+ 8r=0, 


10. Prove that the equation x:* + : qx’ + ra +8=0 cannot have 
all its roots real if g*+ 7° is positive. 


1l. If f(x) be a rational integral function of a, either f (x) = 0 
or f’ (a) =0 has certainly a real root. 


12. Shew how to find the value of the semi-symmetrical 
function a*b + 6’c+c’a of the roots of a cubic equation. 


13. Let a, 0, ¢,...4 denote the roots of the equation ¢ (x) =0, 
which is of the n™ degree and in its simplest form, and suppose 
these roots all unequal. Shew that the expression 

Wis awe olf Watt iL of 
$@) 80 $O* * FH 
is equal to unity if r= 2-1, and is zero if r is zero or any positive 
integer less than n — 1. 


ao 
abe...k ° 


14. If d(x)=a2"—1, and a, db, ¢,... are the roots of ¢(x)=9, 
shew that 


 Shew also, that if r=—1 the expression = 


Ee ae 8 
z"-l z-a “x£-b x-c 


15. Shew that the integral part of aq (\/3+,/5)"" is divi- 


J/3 
sible by 2”. 
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I 1. at + 11a? + 470? + 205” 4 830; remainder 3306. 
cuba (fn : wv-1 

IL. me Gee 77) N-h 2. 5+ at 

Hl, 7. ~ls 44; ISL Sends Roo 


: 
9. —p,°+3p,p,—3p, 10. a*-—2x°-20+1=0; then see Art. 48. 


11. (p,*- 2p,)P a 2 oP o=2 —n. 13. In the identity of Art. 45 


substitute successively /~1 and —»/—1 for a. 


— 2 
IV. 5. The roots are 6, 647 mi 7. y' — 2y* + 5=0. 
8. See Arts. 22 and 50, 15. Apply example 14. 


root 1 occurs three times. _- (18) The root —1 occurs three times. 


VI. 1. (15) —7 is a root. (16) - is a root. (17) The 
(19) 2 and 3 are roots. (20) The roots 1 and —1 are repeated. 


3. Suppose the root which is repeated to be denoted by a, and 
the other by 6; then the left-hand member of the proposed equa- 
tion must be identical with (#—a)*(«—b); then we may equate 
coefficients. : 


VIL 7. The roots of /(x)=0 are —-2,—1, 1; use Art. 102. 
| 3 2 
VIII. 1. (4) 5° (6) 3° 


Te 2: (3) -2,.3,8.-.6 -4-—Oee 


8.1) 3,5. (2) lay% (8) 24/3. (4) 3(84N=7), 


ey 9-1, 4 ey 4 ae 


i 
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4, (1) a=1, (2) a=3, b=2, (8) a=2, b=3. 
(4) a=1, db=-3. . (5) a=1, b=-3, c=—2, 
(6) a=3, b=—-1, c=5. 

5. (1) -1. (2) iA. 6. The roots are 6 and 2. 


7. The common roots are given by 2*+2a—4=0. 


8. Denote the roots by 3 ; 3? aB, a8°; equate their product 


to a‘,and the sum of the products of every pair to (m?+m)a’. 
It may be shewn that p must be equal to g. 


MEL, Lor iaypBodi lapis, x yey Oe —ta)-Qhe 94h 
(5) 5 (2*+ 2 +2), (6) | The root 11 occurs twice. 


6a - 


(7) 934.93 . (8) 2a. 


RAI: 1. : (1) 5,2. (2) The root —1 is repeated. 


(3) Diminish the roots by 3, and then the biquadratic can be 
solved. | 


XIV. 1. (1) A root between 2 and 3, another between 
3 and 4, and two impossible roots. (2) Two roots between 0 
and —1, and 2 between 2 and 3. 


XIX. 1. (1) (*7-9)*+p(r—q)+r. (2) 2p?—9pq + 274. 


Sy 8 rE ge Be (8) Oe — Set. toy EE 
(3) — 2p* + pg ee ee 


(6) G-LPP 43, (1) 5 (8-P')(Bor— a1) 5 (P9— Mr) 


2. 2¢. 3. (1) 3p,-p,p, (2) If we denote the equation by 
J (x) =9, the proposed expression following the symbol & becomes 


Seay: . Hence the required sum is ; | 
1 n 
9 {S.- ~9,8... +P 8,5" roe F oe 1) PSs} : 
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(3) seg he OA tien on. (4) gets, 2p.) P,.-, : 


P,, 
6. Let the transformed equation be 
“oe go gia 8 Eg am +... = 05 
then m=— a LD. 3g tall RY the fabeor tis powers of the 


roots of the transformed equation, and then the coefficients by 
Art. 244. We shall obtain 


q,= (n—1)p,3 madera 


Pp,’ + (n— 2) p, 3 


¢* Sore 7 — Pp, + (n— 2)"p,p, + (n— 4) p, 


XXIf. 1. The solutions are given by 
y° —-2y=0 and (y—1)x+y=0. 


2. The solutions are given by 
y’-1=0 and (y—1)%+2y=0. 
=- 2 
RMI 3; YoU. S Y=tN BC+ ...5 Y= Zot 
9. Six values of the form y=2"(u+ U), where w is to be 


determined from 1—w*'—u*+u°=0; three values of the form 
y =a 3(u+ U), where u is os be determined by 1—3u*=0; and four 


| values of the form y=a “Fy + U); where w is to be determined 
| by 3-u*=0. 


MISCELLANEOUS EXAMPLES. 


1. Call the sum ¢ (*); 3 then shew that ¢(a) —1 is identically 
zero by Art. 39. 


2. y°—12y° + 65y*— 840y? + 2037y — 1428 = 0. 


15. Form a quadratic with roots ,/3+,/5 and ,/3— mht then 
use Art. 261; see also Algebra, Art. 527. 
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Arithmetic & Algebra 


In their Principles and Applications. 


With numerous Examples, systemat- 
tcally arranged. 


Eighth Edit. 696 pp. (1861). Cr. 8vo. 
strongly bound in cloth. 10s. 6d. 


The first edition of this work was published 
in 1854. It was primarily intended for 
the use of students at the Universities, 
and for Schools which prepare for the 
Universities. It has however been found 
to meet the requirements of a much 
larger class, and is now extensively used 
in Schools and Colleges both at home and 
in the Colonies. It has also been found 
of great service for students preparing 
for the Mippie-Ciass and Crvit AND 
Miirary Service ExamMInations, from 
the care that has been taken to elucidate 
the principles of all the Rules. Testi- 
mony of its excellence has been borne by 
some of the highest practical and theo- 
retical authorities ; of which the follow- 
ing from the late DEAN PEACOCK may 
be taken as a specimen: 


‘Mr. Smith’s Work is a most useful 
publication. The Rules are stated with 
great clearness. The Examples are well 
selected and worked out with just suffi- 
cient detail without being encumbered by 
too minute explanations; and there pre- 
vails throughout it that just proportion of 
theory and practice, which is the crown- 
ing excellence of an elementary work.” 


2. Arithmetic 
For the Use of Schools. 


New Edition (1862) 348 pp. 

Crown 8vo. strongly bound in cloth, 
4s. 6d. Answers to all the Ques- 
tions. 


3. Key to the above, contain- 
ing Solutions to all the Questions 
in the latest Edition. Crown 8vo. 
cloth. 392 pp. Second Edit. 8s. 6d. 


To meet a widely expressed wish, the 
ARITHMETIC was published separately 
from the larger work in 1854, with so 
much alteration as was necessary to make 
it quite independent of the ALGEBRA. It 
has now a very large sale in all classes of 
Schools at home and in the Colonies. A 
copious collection of Examples, under 
each rule, has been embodied in the work 
in a systematic order, and a Collection of 
Miscellaneous Papers in all branches of 
Arithmetic is appended to the book. 


4. Exercises in Arith- 
metic. 104 pp. Cr. 8vo. (1860) 
2s. Or with Answers, 2s. 6d: 
Also sold separately in 2 Parts 
ls. each. Answers, 6d. 

These EXERCISES have been published 
in order to give the pupil examples in 
every rule of Arithmetic. The greater 
number have been carefully compiled 
from the latest University and School 
Examination Papers. 
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WORKS by ISAAC TODHUN TER, M.A. F.RB.S. 
Fellow and Principal Mathematical Lecturer of St. John’s College, Cambridge. 


1. Algebra. 
For the Use of Colleges and Schools. 


Third Edition. 642 pp. (1862). 
Strongly bound in cloth. 7s. 6d. 


This work contains all the propositions 
which are usually included in elementary 
treatises on Algebra, and a large number 
of Examples for Exercise. The author 
has sought to render the work easily in- 
telligible to students without impairing the 
accuracy of the demonstrations, or con- 
tracting the limits of the subject. The 
Examples have been selected with a view 
to illustrate every part of the subject, and 
as the number of them is about Sixteen 
hundred and fifty, it is hoped they will 
supply ample exercise for the student. 
Each set of Examples has been carefully 
arranged, commencing with very simple 
exercises, and proceeding gradually to 
those which are less obvious. 


2. Plane Trigonometry 
For Schools and Colleges. 


2nd Edit. 279 pp. (1860). Crn. 8vo. 
Strongly bound in cloth. ds. 


The design of this work has been to ren- 
der the subject intelligible to beginners, 
and at the same time to afford the student 
the opportunity of obtaining all the infor- 
mation which he will require on this branch 
of Mathematics. Each chapter is followed 
by a set of Examples; those which are 
entitled Miscellaneous Examples, together 
with a few in some of the other sets, may 
be advantageously reserved by the student 
for exercise after he has made some pro- 
gress in the subject. As the Text and Ex- 
amples have been tested by considerable 
experience in teaching, the hope is enter- 
tained that they will be suitable for impart- 
ing asound and comprehensive knowledge 
of Plane Trigonometry, together with 
readiness in the application of this know- 
ledge to the solution of problems. In the 
Second Edition the hints for the solution 
of the Examples have been considerably 
increased. 


3. Spherical Trigonometry. 
For the Use of Colleges and Schools. 


112 pp. Crown 8yo, (1859). 
Strongly bound in cloth. 4s. 6d. 


This work is constructed on the same 
plan as the Zreatise on Plane Trigono- 
metry, to which it is intended as a sequel. 
Considerable labour has been expended 
on the text in order to render it compre- 
hensive and accurate, and the Examples, 
which have been chiefly selected from Uni- 
versity and College Papers, have all been 
carefully verified. 


The Elements of Euclid 
For the Use of Schools and Colleges. 


COMPRISING THE First Six Books anp 
_ PORTIONS OF THE ELEVENTH AND 
TWtLFtH Books, wirH Nores, Ap- 
PENDIX, AND EXERCISES. 


384 pp. 18mo. bound. (1862). 3s. 6d. 


As the Elements of Euclid are usually 
placed in the hands of young students, it 
is important to exhibit the work in such 
a form as will assist them in overcoming 
the difficulties which they experience on 
their first introduction to processes of con- 
tinuous argument. No method appears to 
be so useful as that of breaking up the 
demonstrations into their constituent parts, 
and this plan has been adopted in the 
present edition. Each distinct assertion in 
the argument begins a new line; and at 
the end of the lines are placed the necessary 
references to the preceding principles on 
which the assertions depend. The longer 
propositions are distributed into subordi- 
nate parts, which are distinguished by 
breaks at the beginning of the lines. The 
Notes are intended to indicate and explain 
the principal difficulties, and to supply the 
most important inferences which can be 
drawn from the propositions. The work 
finishes with a collection of Six hundred 
and twenty-five Exercises, which have been 
selected principally from Cambridge Ex- 
amination papers and have been tested by 
long experience. As far as possible they 
are arranged in order of difficulty. The 
Figures will be found to be large and dis- 
tinct, and have been repeated when neces- 
sary, so that they always occur in immedi- 
ate connexion with the corresponding text. 
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WORKS by ISAAC TODHUNTER, M.A., F.R.S.—continued. 


5. 
The Integral Calculus 
And its Applications. 
With numerous Examples. 


Second Edition. 342 pp. (1862). 
Crown 8vo. cloth. 10s. 6d. 


In writing the present Treatise on the 
Integral Calculus, the object has been to 
produce a work at once elementary and 
complete—adapted for the use of beginners, 
and sufficient for the wants of advanced 
students. In the selection of the propo- 
sitions, and in the mode of establishing 
them, the author has endeavoured to ex- 
hibit fully and clearly the principles of 
the subject, and to illustrate all their most 
important results. In order that the stu- 
dent may find in the volume all that he 
requires, a large collection of Examples 
for exercise has been appended to the 
different chapters. 


6. Analytical Statics. 
With numerous Examples. 
Second Edition. 


Crown 8vo. cloth. 10s. 6d. 


In this work will be found all the pro- 
positions which usually appear in treatises 
on Theoretical Statics. To the different 
chapters Examples are appended, which 
have been selected principally from the 
University and College Examination Pa- 
pers; these will furnish ample exercise in 
the application of the principles of the 
subject. . 


7. EXAMPLES OF 
Analytical Geometry 


of Three Dimensions. 
76 pp. (1858). Crn. 8vo. cloth. 4s. 


A collection of examples in illustration 
of Analytical Geometry of Three Dimen- 
sions has long been required both by 
students and teachers, and the present 
work is published with the view of sup- 
plying the want. 


320 pp. (1858). : 


8. The 


Differential Calculus. 
With numerous Examples. 
Third Edition, 398 pp. (1860). 
Crown 8vo. cloth, 10s. 6d. 


This work is intended to exhibit a com- 
prehensive view of the Differential Caleu- 
lus on the method of Limits. In the more 
relementary portions, explanations have 
been given in considerable detail, with 
the hope that a reader who is without the 
assistance of a tutor may be enabled to ac- 
quire a competent acquaintance with the 
subject. More than one investigation of 
a theorem has been frequently given, 
because it is believed that the student de- 
rives advantage from viewing the same 
proposition under different aspects, and 
that in order to.succeed in the examina- 
tions which he may have to undergo, he 
should be prepared for a considerable va- 
riety in the order of arranging the several 
branches of the subject, and for a corres- 
ponding variety in the mode of demonstra- 
tion. 


9. Plane Co-Ordinate 
Geometry 


AS APPLIED TO THE STRAIGHT LINE 
AND THE CONIC SECTIONS. 


With numerous Examples. 
Third and Cheaper Edition. 
Crn. 8vo. cl. 326 pp. (1862). 7s. 6d. 


This Yreatise exhibits the subject in a 
simple manner for the benefit of beginners, 
and at the same time includes in one 
volume all that students usually require. 
The Examples at the end of each chapter 
will, it is hoped, furnish sufficient exercise, 
as they have been carefully selected with 
the view of illustrating the most impor- 
tant points, and have been tested by re- 
peated experience with pupils. In con- 
sequence of the demand for the work 
proving much greater than had been 
originally anticipated, a large number of 
copies of the Third Edition has been 
printed, and a considerable reduction 


effected in the price. 
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By ISAAC TODHUNTER, M.A. 
AN ELEMENTARY TREATISE ON THE 
Theory of Equations. 

With a Collection of Examples. 
Crown 8vo. cloth. 279 pp. (1861). 

7s. 6d. 


This treatise contains all the proposi- 
tions which are usually included in ele- 
mentary treatises on the Theory of Equa- 
tions, together with a collection of Ex- 
amples for exercise. This work may in 
fact be regarded as a sequel to that on 
Algebra by the same writer, and accord- 
ingly the student has occasionally been 
referred to the treatise on Algebra for pre- 
liminary information on some topics here 
discussed. The work includes three 
chapters on Determinants. | 


11. History of the Progress 
of the 


Calculus of Variations 
During the Nineteenth Century. 
8vo. cloth. 532 pp. (1861). 12s. 


It is of importance that those who wish 
to cultivate any subject may be able to 
ascertain what results have already been 
obtained, and thus reserve their strength 
for difficulties which have not yet been 
conquered. The Author has endeavoured 
in this work to ascertain distinctly what 
has been effected in the Progress of the 
Calculus, and to form some estimate of 
the manner in which it has been effected. 


— + 
A TREATISE ON 
Mechanics and Hydro- 
statics. 
With Solutions of Questions 


PROPOSED IN THE CAMBRIDGE SENATE HOUSE 


By W. H. GIRDLESTONE, M.A. 
Christ’s College. 


8vo. cloth. 100 pp. 1862. 


By J. H. PRATT, M.A. 


Archdeacon of Calcutta, late Fellow of 
Gonville and Caius College, Cambridge. 


A Treatise on 


Attractions, 


La Places Functions, and the Figure 
of the Earth. 


Second Edition. Crown 8vo. 126 pp. 
~ (1861). cloth. 6s. 6d, 


In the present Treatise the author has 
endeavoured to supply the want of a work 
on a subject of great importance and high 
interest—La Place’s Coefficients and Func- 
tions and the calculation of the Figure of 
the Earth by means of his remarkable ana- 
lysis. No student of the higher branches 
of Physical Astronomy should be ignorant 
of La Place’s analysis and its result—‘‘a 
calculus,” says Airy, ‘‘the most singular 
in its nature and the most powerful in its 
application that has ever appeared.” 

—_—~__—- 


By G. B. AIRY, M.A. 
Astronomer Royal. 


1. Mathematical Tracts 
On the Lunar and Planetary Theories, 
Figure of the Earth, the Undulatory 
Theory of Optics, $e. 
Fourth Edition. 400 pp. (1858). 
8vo. 15s. 


2. Theory of Errors of 


Observations 
And the Combination of Observations. 
103 pp. (1861). Crown 8vo. 6s. 6d. 


In order to spare astronomers and ob- 
servers in natural philosophy the confusion 
and loss of time which are produced by 
referring to the ordinary treatises em- 
bracing both branches of Probabilities, the 
author has thought it desirable to draw 
up this work, relating only to Errors of 
Observation, and to the rules derivable 
from the consideration of these Errors, for 
the Combination of the Results of Obser- 
vations. The Author has thus also the 
advantage of entering somewhat more 
fully into several points of interest to the 
observer, than can possibly be done in 4 
General Theory of Probabilities. 
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By GEORGE BOOLE, D.C.L., F.RS. 


Professor of Mathematics in the Queen’s 
University, Ireland. 


Differential Equations 


468 pp. (1859). Crn. 8vo. cloth. 14s. 


The Author has endeavoured in this 
treatise to convey as complete an account 
of the present state of knowledge on the 
subject of Differential Equations as was 
consistent with the idea of a work in- 
tended, primarily, for elementary instruc- 
tion. The object has been first of all to 
meet the wants of those who had no pre- 
vious acquaintance with the subject, and 
also not quite to disappoint others who 
might seek for more advanced informa- 
tion. The earlier sections of each chapter 
contain that kind of matter which has 
usually been thought suitable for the 
beginner, while the latter ones are devoted 
either to an account of recent discovery, 
or to the discussion of such deeper ques- 
tions of principle as are likely to present 
themselves to the reflective student in con- 
nection with the methods and processes 
of his previous course. 


2. The Calculus of 


Finite Differences. 
248 pp. (1860). Crown 8vo. cloth. 
10s. 6d. 


In this work particular attention has 
been paid to the connexion of the methods 
with those of the Differential Calculus—a 
connexion which in some instances in- 
volves far more than a merely formal 
analogy. The work is in some measure 
designed as a sequel to the Author’s Trea- 
tise on Differential Equations, and it has 
been composed on the same plan. 


——>——_ 


Elementary Statics. 


By the Rev. GEORGE RAWLINSON 
Professor of Applied Sciences, Elphin- 
stone Coll., Bombay. 

Edited by the Rev. E. STURGES. M.A. 
Rector of Kencott, Oxfordshire. 
(150 pp.) 1860. Crn. 8vo. cl. 4s. 6d. 
This work is published under the au- 
thority of H. M. Secretary of State for 


India for use in the Government Schools 
and Colleges in India. 


By P. G. TAIT, M.A., and 
W. J. STEELE, B.A. 
Late Fellows of St. Peter’s Coll. Camb. 


Dynamics of a Particle. 
With numerous Examples. 
304 pp. (1856). Cr. 8vo. cl. 10s. 6d. 


In this Treatise will be found all the 
ordinary propositions connected with the 
Dynamics of Particles which can be con- 
veniently deduced without the use of 
D’Alembert’s Principles. Throughout the 
book will be found a number of illus- 
trative Examples introduced in the text, 
and for the most part completely worked 
out; others, with occasional solutions or 
hints to assist the student are appended to 
each Chapter. 

—_~+——— 


By the Rev. G. F. CHILDE, M.A. 


Mathematical Professor in the South 
African College. 


Singular Properties of 


the Ellipsoid 


And Associated Surfaces of the nth 
Degree. 


152 pp. (1861). 8vo. boards. 10s. 6d. 


As the title of this volume indicates, 
its object is to develope peculiarities in 
the Ellipsoid; and further, to establish 
analogous properties in unlimited con- 
generic series of which this remarkable 
surface is a constituent. 

—— 
“By J. B. PHEAR, M.A. 


Fellow and late Mathematical Lecturer of 
Clare College. 


Elementary Hydrostatics 


With numerous Examples and 
Solutions. - 


Third Edition. 156 pp. (1868). 
Crown 8vo. cloth. 4s. 6d. 


‘* An excellent Introductory Book. The 
definitions are very clear ; the descriptions 
and explanations are sufficiently full and 
intelligible; the investigations are simple 
and scientific. The examples greatly en- 
hance its value.”—ENGLisH JOURNAL OF 
EDUCATION. 

This Edition contains 147 Examples, and 
solutions to all these examples are given 
at the end of the book. 
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By Rev. 8S. PARKINSON, B.D. 


Fellow and Prelector of St. John’s Coll. 
Cambridge. 


1. Klementary Treatise 
on Mechanics. 


With a Collection of Examples. 


Second Edition. 345 pp. (1861). 
Crown 8vo. cloth. 9s. 6d. 


The Author has endeavoured to render 
the present volume suitable as a Manual 
for the junior classes in Universities and 
the higher classes in Schools. With this 
object there have been included in it those 
portions of theoretical Mechanics which 
can be conveniently investigated without 
the Differential Calculus, and with one 
or two short exceptions the student is not 
presumed to require a knowledge of any 
branches of Mathematics beyond the ele- 
ments of Algebra, Geometry, and Trigo- 
nometry. A collection of Problems and 
Examples has been added, chiefly taken 
from the Senate-House and College Ex- 
amination Papers—which will be found 
useful as an exercise for the student. 
In the Second Edition several additional 
propositions have been incorporated in 
the work for the purpose of rendering 
it more complete, and the Collection of 
Examples and Problems has been largely 
increased. 


2. A Treatise on Optics 
304 pp. (1859). Crown 8vo. 10s. 6d. 


A collection of Examples and Problems 
has been appended to this work which 
are sufficiently numerous and _ varied 
in character to afford useful exercise 
for the student: for the greater part of 
them recourse has been had to the Ex- 
amination Papers set in the University and 
the several Colleges during the last twenty 
years. 


Subjoined to the copious Table of Con- 
tents the author has ventured to indicate 
an elementary course of reading not un- 
suitable for the requirements of the First 
Three Days in the Cambridge Senate 
House Examinations, 


By R. D. BEASLEY, M.A. 
Head Master of Grantham School. 


AN ELEMENTARY TREATISE ON 
Plane Trigonometry. 


With a numerous Collection of 
Examples. 


106 pp. (1858), strongly bound in 
cloth. 3s. 6d. 


This Treatise is specially intended for 
use in Schools. The choice of matter has 
been chiefly guided by the requirements 
of the three days’ Examination at Cam- 
bridge, with the exception of proportional 
parts in logarithms, which have been 
omitted. About Four hundred Examples 
have been added, mainly collected from 
the Examination Papers of the last ten 
years, and great pains have been taken 
to exclude from the body of the work any 
which might dishearten a beginner by 
their difficulty. 
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By J. BROOK SMITH, M.A. 
St. John’s College, Cambridge. 


Arithmetic in Theory 
and Practice. 


For Advanced Pupits. 


PartI. Crown 8yo. cloth. 3s. 6d. 

This work forms the first part of a Trea- 
tise on Arithmetic, in which the Author 
has endeavoured, from very simple prin- 
ciples, to explain in a full and satisfactory 
manner all the important processes in that 
subject. 

The proofs have in all cases been given 
in a form entirely arithmetical: for the 
author does not think that recourse ought 
to be had to Algebra until the arithmetical 
proof has become hopelessly long and per- 
plexing. 

At the end of every chapter several ex- 
amples have been worked out at length, 
in which the best practical methods of 
operation have been carefully pointed out. 
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By G. H. PUCKLE, M.A. 
Principal of Windermere College. 


Conic Sections and 
Algebraic Geometry. 


With numerous Easy Examples Pro- 
gressively arranged. 


Second Edition. 264 pp. (1856). 
Crown 8vo. 7s. 6d. 


This book has been written with special 
reference to those difficulties and misap- 
prehensions which commonly beset the 
student when he commences. With this 
object in view, the earlier part of the 
subject has been dwelt on at length, and 
geometrical and numerical illustrations of 
the analysis have been introduced. The 
Examples appended to each section are 
mostiy of an elementary description. The 
work will, it is hoped, be found to con- 
tain all that is required by the upper 
classes of schools and by the generality 
of students at the Universities. 


——>— 


By EDWARD JOHN ROUTH, M.A. 


Fellow and Assistant Tutor of St. Peter’s 
College, Cambridge. 


Dynamics of a System 
of Rigid Bodies. 


With numerous Examples. 


336 pp. (1860). Crown 8vo. cloth. 
10s. 6d. f 


Conten7?s: Chap. I. Of Moments of 
Inertia. —II. D’Alembert’s Principle. — 
III. Motion about a Fixed Axis.—IV. 
Motion in Two Dimensions.—V. Motion 
of a Rigid Body in Three Dimensions.— 
VI. Motion of a Flexible String.—VII. 
Motion of a System of Rigid Bodies.— 
VIII. Of Impulsive Forces.—IX. Miscel- 
laneous Examples. 


The mrumerous Examples which will be 
found at the end of each chapter have 
been chiefly selected from the Examina- 
tion Papers set in the University and 
Colleges of Cambridge during the last few 
years. 


The 
Cambridge Year Book 


AND UNIVERSITY ALMANACK 
For 1863. 
Crown 8vo. 228 pp. price 2s. 6d. 


The specific features of this annual pub- 
lication will be obvious at a glance, and 
its value to teachers engaged in preparing 
students for, and to parents who are send- 


ing their sons to, the University, and to 


the public generally, will be clear. 

1. The whole mode of proceeding in 
entering a student at the University and 
at any particular College is stated. 

2. The course of the studies as regulated 
by the University examinations, the man- 
ner of these examinations, and the specific 
subjects and times for the year 1863, are 
given. 

3. A complete account.of all Scholar- 
ships and Exhibitions at the several Col- 
leges, their value, and the means by which 
they are gained. 

4, A brief summary of all Graces of the 
Senate, Degrees conferred during the year 
1861, and University news generally are 
given. 

5. The Regulations for the Locat Ex- 
AMINATION of those who are not members 
of the University, to be held this year, 
with the names of the books on which the 
Examination will be based, and the date 
on which the Examination will be held. 


——~--—— 


By N. M. FERRERS, W.A. 
Fellow and Mathematical Lecturer of 
Gonville and Caius College, Cambridge. 
AN ELEMENTARY TREATISE ON 


Trilinear Co-Ordinates 
The Method of Reciprocal Polars, 
and the Theory of Projections. 


154 pp. (1861). Cr. 8vo. cl. 6s. 6d. 


The object of the Author in writing 
on this subject has mainly been to place 
it on a basis altogether independent of the 
ordinary Cartesian System, instead of re- 
garding it as only a special form of abridged 
Notation. A short chapter on Determi- 
nants has been introduced. 
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By J. C. SNOWBALL, M.A. 
Late Fellow of St. John’s Coll. Cambridge. 


Plane and Spherical 
Trigonometry. 


With the Construction and Use of 
Tables of Logarithms. 


Ninth Edition. 240 pp. (1857). 
Crown 8vo. 7s. 6d. 


In preparing a new edition, the proofs 
of some of the more important propositions 
have been rendered more strict and ge- 
neral; andaconsiderable addition of more 
than Tivo hundred Examples, taken prin- 
cipally from the questions in the Examina- 
tions of Colleges and the University, has 
been made to the collection of Examples 
and Problems for practice. 


EGET “ose 80d 


By W. H. DREW, M.A. 
Second Master of Blackheath School. 


Geometrical Treatise 
on Conic Sections. 
With a copious Collection of Examples. 


Second Edition. Crown 8vo. cloth. 
4s. 6d, 


In this work the subject of Conic Sec- 
tions has been placed before the student 
in such a form that, it is hoped, after 
mastering the elements of Euclid, he may 
find it an easy and interesting continuation 
of his geometrical studies. With a view 
also of rendering the work a complete 
Manual of what is required at the Uni- 
versities, there have been either embodied 
into the text, or inserted among the ex- 
amples, every book work question, prob- 


lem, and rider, which has been proposed * 


in the Cambridge examinations up to the 
present time. 


Solutions to the Pro- 
blems in Drew’s Co- 
nic Sections. 


Crown 8vo. cloth. 4s. 6d. 


CAMBRIDGE CLASS BOOKS 


Senate-House Mathe- 


matical Problems. 
With Solutions. 
1848-51. By Ferrers and Jackson. 8vo. 
15s. 6d 


et ae " (Rivers). By JAmEson. 8vo. 

8. 6d. 

1854. By Watton and MAckeEnzIE. 
10s. 6d. 

1857. By Campion and Watton. 8vo. 
8s. 6d. : 


1860. By RovurH and Watson. Crown 
8vo. 7s. 6d 


The above books contain Problems and 
Examples which have been set in the 
Cambridge Senate-house Examinations at 
various periods during the last twelve 
years, together with Solutions of the same. 
The Solutions are in all cases given by 
the Examiners themselves or under their 
sanction. 

> 


By H. A. MORGAN, M.A. 
Fellow of Jesus College, Cambridge. 


A Collection of Mathe- 
matical Problems and 


Examples. 
With Answers. 
190 pp. (1858). Crown 8vo. 6s. 6d. 


This book contains a number of prob- 
lems, chiefly elementary, in the Mathe- 
matical subjects usually read at Cam- 
bridge. They have been selected from 
the papers set during late years at Jesus 
College. Very few of them are to be met 
with in other collections, and by far the 
larger number are due to some of the most 
distinguished Mathematicians in the Uni- 
versity. 

-———>-— 


Cambridge University 


Examination Papers. 
Crown 8vo. 184 pp. 2s. 6d. 


A Collection of all the Papers set at the 
Examinations for the Degrees, the 
various Triposes, and the Theological 
Certificates in the University, with List 
of Candidates Examined and of those 
Approved, and an Index to the Subjects. 
1860-61. 


ee 
FOR SCHOOLS AND COLLEGES. 


A Treatise on 
Solid Geometry. 


By PERCIVAL FROST, M.A., 
St. John’s College, and 


JOSEPH WOLSTENHOLME, M.A., 
Christ’s Coll. Cambridge. 


472 pp. 8vo. cloth. 18s. 1863. 


The authors have endeavoured to present 
before students as comprehensive a view of 
the subject as possible. Intending as they 
have done to make the subject accessible, 
at least in the earlier portion, to all classes 
of students, they have endeavoured to ex- 

_plain fully all the processes which are 
most useful in dealing with ordinary theo- 
rems and problems, thus directing the 
student to the selection of methods which 
are best adapted to the exigencies of each 
problem. In the more difficult portions of 
the subject, they have considered them- 
selves to be addressing a higher class of 
students; there they have tried to lay 
a good foundation on which to build, if 
any reader should wish to pursue the 
science beyond the limits to which the 
work extends. 


a 


AN ELEMENTARY TREATISE ON 
The Planetary Theory. 


WITH A COLLECTION OF PROBLEMS, 


By C. H. H. CHEYNE, B.A. 
Scholar of St. John’s College, Cambridge. 


148 pp. 1862. Crn. 8vo. cloth. 6s. 6d. 


In this volume, an attempt has been 
made to produce a Treatise on the Planetary 
Theory, which being elementary in cha- 
racter, should be so far complete, as to 
contain all that is usually required by 
students in the University. A collection 
of Problems has been added, taken chiefly 
from Cambridge Examination papers of 
the last twenty years. 
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By JOHN £. B. MAYOR, M.A. 


Fellow and Classical Lecturer of St. John’s 
College, Cambridge. 


1. Juvenal. 
With English Notes. 


464 pp. (1854). Crown 8vo. cloth. 
10s. 6d. 


‘*A School edition of Juvenal, which, , 
for really ripe scholarship, extensive ac- 
quaintance with Latin literature, and fa- 
miliar knowledge of Continental criti- 
cism, ancient and modern, is unsurpassed, 
we do not say among English School-books, 
byt among English editions generally.”— 
EDINBURGH REVIEW. 


——>—_—- 


2. Cicero’s 
Second Philippic. 
With English Notes. 


168 pp. (1861). Fep. 8vo. cloth. 5s. 


The Text is that of Halm’s 2nd edition, 
(Leipzig, Weidmann, 1858), with some 
corrections from Madvig’s 4th Edition 
(Copenhagen, 1858). Halm’s Introduction 
has been closely translated, with some 
additions. His notes have:been curtailed, 
omitted, or enlarged, at discretion; pas- 
sages to which he gives a bare reference, 
are for the most part printed at length ; 
for the Greek extracts an English version 
has been substituted. A large body of 
notes, chiefly grammatical and historical, 
has been added from various sources. A 
list of books useful to the student of 
Cicero, a copious Argument, and an Index 
to the introduction and notes, complete the 
book. 

——->-—— 


By P. FROST, Jun., M.A. 
Late Fellow of St. John’s Coll. Cambridge. 


Thucydides. Book VI. 


With English Notes, Map and Index. 
8vo. cloth. 7s. 6d. 


It has been attempted in this work to 
facilitate the attainment of accuracy in 
translation. With this end in view the 
Text has been treated grammatically. 


: 


’ Second Edition. 
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By B. DRAKE, M.A. 
Late Fellow of King’s Coll. Cambridge. 


1. Demosthenes on the 


Crown. 
With English Notes. 


Second Edition. To which is pre- 
fixed AiscHINEsS AGAINST CTEsI- 

' pHON. With English Notes. 

287 pp. (1860). Feap. 8vo. cl. 5s. 


The first edition of the late Mr. Drake’s 
edition of Demosthenes de Corona having 
met with considerable acceptance in vari- 
ous Schools, and a new edition being called 
for, the Oration of A‘schines against Ctesi- 
phon, in accordance with the wishes of 
many teachers, has been appended with 
useful notes by a competent scholar. 


2. 4aschyli Eumenides 


With English Verse Translation, 
Copious Introduction, and Notes. 


8vo. 144. pp. (1853). 7s. 6d. 


**Mr. Drake’s ability as a critical Scho- 
lar is known and admitted. In the edition 
of the Eumenides before us we meet with 
him also in the capacity of a Poet and 
Historical Essayist. The translation is 
flowing and melodious, elegant and scho- 
larlike. The Greek Text is well printed : 
the notes are clear and useful.”—Guar- 
DIAN. : 

aeiSieLoe Wipe at 
By C. MERIVALE, B.D. 
Author of ‘‘ History of Rome,’ &c. 


Sallust. 
With English Notes. 


172 pp. (1858). 
Feap. 8vo. 4s. 6d. 


“This School edition of Sallust is pre- 
cisely what the School edition of a Latin 
author ought to be. No useless words 
are spent init, and no words that could 
be of use are spared. The text has been 
carefully collated with the best editions. 
With the work is given a full current of 
extremely well-selected annotations.’’— 
THE EXAMINER, 


The **Catritina” and *‘ JucurrHa”’ may 
be had separately, price 2s. 6d. each, 
bound in cloth. 


CLASS BOOKS 


By J. WRIGHT, M.A. 
Head Master of Sutton Coldfield School. 


1. Help to Latin 
Grammar. 
With Easy Exercises, and Vocabulary. 


Crown 8vo. cloth. 4s. 6d. 


Never was there a better aid offered 
alike to teacher and scholar in that ardu- 
ous pass. The style is at once familiar 
and strikingly simple and lucid; and the 
explanations precisely hit the difficulties, 
and thoroughly explain them.’’—ENGLIsH 
JOURNAL OF EDUCATION, 


2. Hellenica. 
A FIRST GREEK READING BOOK. 


J 


Second Edit, Feap. 8vo. cl. 3s. 6d. 


In the last twenty chapters of this 
volume, Thucydides sketches the rise and 
progress of the Athenian Empire in so 
clear a style and in such simple language, 
that the author doubts whether any easier 
or more instructive passages can be 
selected for the use of the pupil who is 
commencing Greek. 


3. The Seven Kings of 
Rome. 
A First Latin Reading Book. 


Third Edit. Feap. 8vo. cloth. 3s. 


This work is intended to supply the 
pupil with an easy Construing-book, which 
may, at the same time, be made the 
vehicle for instructing him in the rules of 
grammar and principles of composition. 
Here Livy tells his own pleasant stories 
in his own pleasant words. Let Livy be 
the master to teach a boy Latin, not some 
English collector of sentences, and he will 
not be found a dull one. 


4. Vocabulary and Ex- 
ercises on *‘ The Seven 
Kings of Rome.’’ 

Fep. 8vo. cloth. 2s. 6d. 


*,* The Vocabulary and Exercises may 
also be had bound up with ‘ The 


Seven Kings of Rome.” 5s. cloth. 


a i UNH ch ary 


FOR SCHOOLS AND COLLEGES. 


By EDWARD THRING, M.A. 
Head Master of Uppingham School. 


Elements of Grammar 
Taught in English. 
With Questions, 


Third Edition. 136 pp. (1860). 
Demy 18mo. 2s. 


2. The Child’s English 
Grammar. 
New Edition. 86 pp. (1859). Demy 
18mo. 1s. 


The Author’s effort in these two hooks 
has been to point out the broad, beaten, 
every-day path, carefully avoiding digres- 
sions into the byeways and eccentricities 
of language. This Work took its rise 
from questionings in National Schools, 
and the whole of the first part is merely 
the writing out in order the answers to 
questions which have been used already 
with success. The study of Grammar in 
English has been much neglected, nay by 
some put on one side as an impossibility. 
There was perhaps much ground for this 
opinion, in the medley of arbitrary rules 
thrown before the student, which applied 
indeed to a certain number of instances, 
but would not work at all in many others, 
as must always be the case when princi- 
ples are not put forward in a language 
full of ambiguities. The present work 
does not, therefore, pretend to be a com- 
pendium of idioms, or a philological trea- 
tise, buta Grammar. Or in other words, 
its intention is to teach the learner how to 
speak and write correctly, and to under- 
stand and explain the speech and writings 
of others. Its success, not only in National 
Schools, from practical work in which it 
took its rise, but also in classical schools, 
is full of encouragement. 


8. School Songs. 


A COLLECTION OF SONGS FOR 
SCHOOLS. 


WITH -THE MUSIC ARRANGED FOR 
FOUR VOICES. 
Edited by Rev. FE. THRING and 
H. RICCIUS. 
Music Size. 7s. 6d. 
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By EDWARD THRING, M.A. 


4. A First Latin Con- 
struing Book. 


104 pp. (1855). Feap. 8vo. 2s. 6d. 


This Construing Book is drawn up on 
the same sort of graduated scale as the 
Author’s English Grammar. Passages © 
out of the best Latin Poets are gradually 
built up into their perfect shape. The 
few words altered, or inserted as the pass- 
ages go on, are printed in Italics. It is 
hoped by this plan that the learner, whilst 
acquiring the rudiments of language, may 
store his mind with good poetry and a 
good vocabulary. 


—— > --— 


By C. J. VAUGHAN, D.D. 
Head Master of Harrow School. 


St. Paul’s Epistle to 
the Romans. 


The Greek Text with English Notes. 


Second Edition. Crown 8vo. cloth. 
(1861). 5s. 


By dedicating this work to his elder 
Pupils at Harrow, the Author hopes that 
he sufficiently indicates what is and what 
is not to be looked for in it. He desires 
to record his impression, derived from the 
experience of many years, that the Epis- 
tles of the New Testament, no less than 
the Gospels, are capable of furnishing 
useful and solid instruction to the highest 
classes of our Public Schools. If they are 
taught accurately, not controversially ; 
positively, not negatively; authorita- 
tively, yet not dogmatically; taught with 
close and constant reference to their literal 
meaning, to the connexion of their parts, 
to the sequence of their argument, as well 
as to their moral and spiritual instruc- 
tion ; they will interest, they will inform, 
they will elevate; they will inspire a re- 
verence for Scripture never to be dis- 
carded, they will awaken a desire to drink 
more deeply of the Word of God, certain 
hereafter to be gratified and fulfilled. 


14, 


a; 
By 0. J. VAUGHAN, D.D. 


Notes for 
Lectures on Confirmation. 
With Suitable Prayers. 


4th Edition. 70 pp. (1862). 
8vo. ls. 6d. 


This work, originally prepared for the 
use of Harrow School, is published in the 
belief that it may assist the labours of 
those who are engaged in preparing can- 
didates for Confirmation, and who find it 
difficult to lay their hand upon any -one 
book of suitable instruction at once suffi- 
ciently full to furnish a synopsis of the 
subject, and sufficiently elastic to give free 
scope to the individual judgment in the 
use of it. It will also be found a hand- 
book for those who are being prepared, as 
presenting in a compact form the very 
points whieh a lecturer would wish his 
hearers to remember. 
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The Church Catechism Illus- 
trated and Explained. By 
ARTHUR RAMSAY, M.A. 


18mo. cloth. 2s, 


3. 


Hand-Book to Butler’s Ana- 
logy. By C. A. SWAINSON, 
M.A. 55 pp. (1856). Crown 8vo. 
ls. 6d. 


Fep. 


4, 


History of the Christian 
Church during the First 
Three Centuries, and the 
Reformation in England. 
By W. SIMPSON, M.A. Fourth 
Edition. Fep. 8vo. cloth. 3s. 6d. 
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Analysis of Paley’s Eviden- 
ces of Christianity. By 
CHARLES H. CROSSE, M.A. 
115 pp. (1855). 18mo. 3s, 6d. 


FORTHCOMING BOOKS. 


1; 


Treatise on Natural Philo- 


sophy. 
By WILLIAM THOMSON, LL.D., 
F.R.S., late Fellow of St. Peter’s Coll., 
Cambridge, Professor of Natural Phi- 
losophy in the University of Glasgow ; 
and PETER GUTHRIE TAIT, M.A., 
late Fellow of St. Peter’s College, 
Cambridge, Professor of Natural Phi- 
losophy in the University of Edin- 
burgh, With numerous Illustrations. 
[In the Press. 


fe 


The Narrative of Odysseus. 
Homer’s Odyssey, Books ix—xii. The 
Greek Text with English Notes. For 
Schools and Colleges. By JOHN 
E. B. MAYOR, M.A., Fellow and 
Principal Classical Lecturer of St. 
John’s College, Cambridge. 

[Nearly Ready. 
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First Book of Alegbra. For 
Schools. ByJ.C. W. ELLIS, M.A., 
and P. M. CLARKE, M.A., Sidney 
Sussex College, Cambridge. 

| Preparing. 
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Aristotelis de Rhetorica. 
With Notes and Introduction. By 
E. M. COPE, M.A., Fellow and Assist- 
ant Tutor of Trinity College, Cam- 
bridge. 


5. 


The New Testament in the 

Original Greek. Text revised by 

B. F. WESTCOTT, M.A., and F. J. 

' HORT, M.A., formerly Fellows of 
Trinity College. 
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CAMBRIDGE MANUALS 


FOR THHROLOGICAL STUDENTS. 


1. History of the Christian 
Church during the Middle 
-Ages. By Arcupracon HARD- 
WICK. Second Edition. 482 pp. 
(1861). With Maps. Crown 8vo. 
cloth. 10s. 6d. 

This Volume claims to be regarded as 
an integral and independent treatise on 
the Medizeval Church. The History com- 
mences with the time of Gregory the Great, 
to the year 1520,—the year when Luther, 
having been extruded from those Churches 
that adhered to the Communion of the 
Pope, established a provisional form of 
government and opened a fresh era in the 
history of Europe. 


2. History of the Christian 
Church during the Refor- 
mation. By Arcupn. HARD- 
WICK. 459 pp. (1856). Crown 
8vo. cloth. 10s. 6d. 

This Work forms a Sequel-to the Au- 
thor’s Book on The Middle Ages. The 
Author’s wish has been to give the reader 
a trustworthy version of those stirring 


incidents which mark the Reformation 
period. 


3S. History of the Book of Com- 
‘ mon Prayer. With a Rationale 
of its Offices. . By FRANCIS 
PROCTER, M.A. Fifth Edition. 
464 pp. (1860). Crown 8yo. cloth. 
10s. 6d. 


In the course of the last twenty years 
the whole question of liturgical knowledge 


has been reopened with great learning and 
accurate research, and it is mainly with 
the view of epitomizing their extensive 
publications, and correcting by their help 
the errors and misconceptions which had 
obtained currency, that the present 
volume has been put together. 


4. History of the Canon of 
the New Testament during 
the First Four Centuries. 
By BROOKE FOSS WEST- 
COTT, M.A. 594 pp. (1855). 
Crown 8vo. cloth. 12s. 6d. 


The Author has endeavoured to connect 
the history of the New Testament Canon 
with the growth and consolidation of the 
Church, and to point out the relation 
existing between the amount of evidence 
for the authenticity of its component parts 
and the whole mass of Christian literature. 
Such a method of inquiry will convey both 
the truest notion of the connexion of the 
written Word with the living Body of 
Christ, and the surest conviction of its 
divine authority. 


5. Introduction to the Study 
ofthe GOSPELS. ByBROOKE 


FOSS WESTCOTT, M.A. 4458 


pp. (1860). Crown 8vo. cloth. 
10s. 6d. 


This book is intended to be an Intro- 
duction to the Study of the Gospels, In 
a subject which involves so vast a literature 
much must have been overlooked; but the 
Author has made it a point at least to 
study the researches of the great writers, 
and consciously to neglect none. 


This Series of Tuxotocicat Manvats has been published with 
the aim of supplying Books concise, comprehensive, and accurate ; 
convenient for the Student, and yet interesting to the genera] 


reader. 


Handsomely bound in ex- 
tra cloth, 4s. 6d. Morocco 
‘plain, 7s. 6d. Morocco ex- 
tra, 10s. 6d, each Volume. 


Uniformly printed in 18mo. W775 
with Vignette Titles by roe a 
T. Woolner, W. Holman | % 

Hunt, &c. % 


THE GOLDEN TREASURY 


OF THE BEST SONGS AND LYRICAL POEMS IN THE ENGLISH 
LANGUAGE. 
Selected and arranged, with Notes, by F. T. PALGRAVE. 


-FIrTEENTH THOUSAND, with a Vignette by T. WooLner. 


THE CHILDREN’S GARLAND. 
FROM THE BEST POETS, 
Selected and Arranged by COVENTRY PATMORE, 


Fourrn THovusanp, with Vignette by T. WooLner. 


THE PILGRIMS PROGRESS. 
By JOHN BUNYAN. 


With Vignette by W. Hotman Hunt. 
Large paper copies, crown 8vo. cloth, 7s. 6d., half morocco, 10s. 6d, 


THE BOOK OF PRAISE. 
FROM THE BEST ENGLISH HYMN WRITERS. 
Selected and arranged by ROUNDELL PALMER. 


Ninru THOvsAND, with Vignette by T. WooLner. 


BACON’S ESSAYS AND COLOURS OF GOOD 


AND EVIL. 
With Notes and Glossarial Index, by W. ALDIS WRIGHT, MV. A., 
Trinity College, Cambridge. 
And a Vignette of Woolner’s Statue of Lord Bacon. 
Large Paper Copies, Crown 8yo. cloth, 7s. 6d., half-morocco, 10s, 6d. 


THE FAIRY BOOK. 
THE BEST POPULAR FAIRY STORIES SELECTED AND RENDERED ANEW. 
By the Author of “John Halifax, Gentleman.” 
With a Vignette by J. Norn Paron, R.8.A, 
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